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384 . 

ON THE TEANSFOEMATION OF PLANE CIJEYES. 


[From the Proceedings of the London Mathematical Society^ voL i. (1865 — 1866), No. iii- 

pp. 1 — 11. Bead Oct. 16, 1865.] 

1. The expression a double point,” or, as I shall for shortness call it, a " dp,” 
is to be throughout understood to include a cusp : thus, if a curve has 5 nodes (or 
double points in the restricted sense of the expression) and k cusps, it is here regarded 
as having S + a; dps. 

2. It was remarked by Cramer, in his ^'Th^orie des Lignes Oourbes” (1750), 
that a curve of the order n has at most (n — 1) (n ~ 2), = ^ (ti^ — 2n) -l- 1, dps. 

3. For several years past it has further been known that a curve such that the 
coordinates {x : y \ z) of any point thereof are as rational and integral functions of 
the order n of a variable parameter 6, is a curve of the order n having this maximum 
number J(w— l)(?z— 2) of dps. 

4. The converse theorem is also true, viz.: in a curve of the order n, with 
^(n — l){n — 2) dps, the coordinates {x z y i z) of any point are as rational and integral 
functions of the order n of a variable parameter 9 — or, somewhat less precisely, the 
coordinates are expressible rationally in terms of a parameter 6. 

5. The foregoing theorem, as a particular case of Riemann’s general theorem, to> 
be presently referred to, dates from the year 1857 ; but it was first explicitly stated 
only last year (1864) by Clebsch, in the Paper, ‘"Ueber diejenigen ebenen Ourven deren 
Coordinaten rationale Functionen eines Parameters sind,” Grelle, t. LXiv. (1864), pp. 
43—63. 

6. The demonstration is, in fact, very simple; it depends merely on the remark 
that we may, through the - 1) ((«-- 2) dps, and through 2n — Z other points on the 
given curve of the order n, together ^ (n^ + w.) — 2, = ^ (7^ — 1) (w + 2) — 1, points, draw 

C. VI. 1 
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a series of curves of the order — 1, given by an equation 27+57 = 0, containing an 
arbitrary parameter 5; any such curve intersects the given curve in the dps, each 
counting as two points, in the 2/i — 3 points, and in one other point; hence, as there 
is only one variable point of intersection, the coordinates of this point, viz., the coordi- 
nates of an arbitrary point on the given curve, are expressible rationally in terms of 
the parameter 5. The demonstration may also be effected in a similar manner by 
means of curves of the order — 2. 


7. Before going further, it will be convenient to introduce the term “ Deficiency, 

viz., a curve of the order n with | (n — 1) {% — 2) — 7) dps, is said to have a deficiency 
= i): the foregoing theorem is that for curves with a deficiency =0, the coordinates 
are expressible rationally in terms of a parameter 5. Since in such a curve the 

different points succeed each other in a certain definite order, viz., in the order 
obtained by giving to the parameter its different real values from — ao to oo , the 
curve may be termed a unicursal curve. 

8. Riemann's general theorem, as applied to plane curves, is stated, but not in 

its complete form, by Schwarz, in the Paper, “De superficiebus in planum explica- 
bilibus primorum septem ordinum,’' Grelle, t. Lxrv. (1864), pp.- 1 — 17: to complete the 
enunciation it is necessary to refer to page 137 of Riemann’s own Paper, “ Theorio 
•der Abelschen Functionen,” Orelle, t. Liv. (1857), pp. 115 — 155, viz., the enunciation 
will be: 

9. For a curve of any order with a given deficiency i), the coordinates may bo 
expressed as follows: 

D = 0, rationally in terms of a parameter 5, or what comes to the same thing, 

rationally in terms of the parameters (^, rj), connected by an equation of 

the form (1, ^)(1, 17) = 0. 

D>0, rationally in terms of the parameters (^, rj) connected by an equation of 

a certain form, viz.: 


D = l, the equation is (1, ?)^(1, 97)® =0, or (what comes to the same thing) 

rj is the square root of a quai'tic function of 

D = 2, the equation is (1, f)^ (1, 97)2 = 0, or (what comes to the same thing) 

97 is the square root of a sextic function of 

D > 2, viz. : 

D odd, the equation is (1, ?>"(1, 97)^ = 0, and is besides such, 

that treating (^, 97) as Cartesian coordinates, the curve thereby 

represented has (/x^ — 2)^ dps. 

D even, = 2/1. - 2, the equation is (1, (1, 97)^ = 0, and is besides such, 

that treating (f, 97) as Cartesian coordinates, the curve thereby 

represented has (jj, — 1) (/x ~ 3) dps. 


To see mor^ clearly the meaning of this, write 


in place of (^, 17), so 


that the coordinates {x : y i z) are expressible rationally and homogeneously in terms 
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of Vy Oy connected by an equation of the form (^, 97 )^ = 0. Such an equation, 

treating therein (^, 97, f) as coordinates, belongs to a curve of the order 2 /x, with a 
yL4-tuple point at (^ = 0, ^ /^-tuple point at (97 = 0 , f=0), and which has besides 

(fj, — 2y or (/^ — 1) (/4 — 3) dps, according as D = 2/<6 — 3, or 2yLt — 2. The coordinates (cc:^: z) 
of a point of the given curve are expressible rationally in terms of the coordinates 
(1^ • • 0 of a point on the new curve ; and we may say that the original curve is 

by means of the equations which give {x : y \ z) in terms of (f : 97 : g) transformed 
into the new curve. 


11. A curve of the order 2/^ may have ^ (2fju — 1) (2fM — 2), = 2/a^ — 3//. + 1 dps ; 
hence in the new curve, observing that the /-t- tuple points each count for \ — fx) dps, 

we have 


In the case D= 2fjL — S, 

Deficiency = 2//,^ — 3yu. + 1 

/. 

- /jb^ + 4*fjb-4i 

= 2/L6 — 3, = D 


In the case D = 2/<6 — 2, 

Deficiency = 2/^® — 3yLt + 1 

— fj? + 4/x — 3 
= 2ya — 2, = D 


Moreover for i) == 0, the transformed curve is a conic, with 0 dps, and therefore with 
deficiency = 0 ; in' the case D ~ 1, it is a quartic with 2 dps, and therefore deficiency 
= 2 ; in the case D = 2 it is a quintic with a triple point == 3, and a double point 
= 1, together 4 dps, and therefore deficiency = 2. Hence in every case the new curve 
has the same deficiency as the original curve. 


12. The theorem thus is that the given curve of the order n, with deficiency D, 
may be rationally transformed into a curve of an order depending only on the 
deficiency, and having the same deficiency with the given curve, viz. : D = 0, the new 
curve is of the order 2 (=2) +2); 2) = !, it is of the order 4(=D + 3); 2) = 2, it is 
of the order 5 (= D + 3) ; and 2) > 2, it is for B odd, of the order 2) + 3 ; and for B 
even, of the order 2) + 2. It will presently appear that these are not the lowest values 
which it is possible to give to the order of the new curve. Riemann’s object was, 
not that the order of the transformed curve might be as low as possible, but that the 
equation in (f, 97 ) might be in each of these parameters separately of the lowest 
possible order; and this he effected by giving to the transformed curve the two /4-tuple 
points. 

13. It is to be noticed that the theorem that for any rational transformation of 
one curve into another the two curves have the same deficiency is in effect given (as 
a consequence of Riemann’s theory) by Clebsch in the Paper, ‘'Ueber die Singularitaten 
algebraischer Curven,” Orelle, t. LXlv., pp. 98 — 100. I have, by the assistance of a 
formula communicated to me by Dr Salmon, obtained a direct analytical demonstration 
of this theorem. 

14. I remark that (x, y, z) being connected by an equation, if {x i y : z) are 

given rationally in terms of (^ : 97 : f), then it follows that (f : ^ • S) also 

1—2 
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expressible rationally in terms of : y : 5): it is convenient to consider the trans- 
formation from this point of view, and I now proceed to the independent development 
of the theory, as follows: 

15. We have a given curve U={tJ0, y, — with deficiency i), which is by the 

transformation ^ : r) :^ = P : Q : R (where P, Q, R are given functions {x, y, each 
of the same order k) transformed into the curve T = (|, 77, = 0. The transformed 

curve has, as we know, the same deficiency P as the original curve. 

16. To find the order of the transformed curve, we must find the number of 

its intersections with an arbitrary line af + Jt; + = 0. Writing in this e(|uatiou 

I : ?7 : J’^P : Q : P, wo obtain the equation aP -f 5Q + cP = 0, and combining there- 
with the equation P = 0, the two equations, being of the orders k and n respectively, 
give kn systems of values of (x : y : 2), and to each of these, in virtue of the 
equations f : 77 : §'=:P : Q : P, there corresponds a single set of values of (f : 7; : f), 
and thei’efore a single point of intersection ; hence the number of intersections, that is, 
the order of the transformed curve, is — kn. 

17. If, however, the curves P = 0, Q=0, P = 0, meet in an ordinary point of 

the curve P = 0, then it is easy to see there is a reduction = 1 in the foregoing 

value ; and so if they meet in a dp of the curve P = 0, then there is a reduction 
== 2. More generally if the curves P = 0, Q = 0, P=0 each paji^s through the same a 
■dps and ^ ordinary points of the curve P= 0, then there is a reduction = 2a H- yS. In 

fact the curve aP + 5Q 4* oP « 0, meets the curve P «= 0, in kn points ; but among 

these are included the a dps, each counting as 2 intersections, and the points; the 
number of the remaining intersections is = hi — 2a — /S, and the order of the trans- 
formed curve is equal to this number. 

I assume that we have k<n: 

18. A curve of the order k may be made to pass through pohits ; it 

is moreover known that if any three curves, P = 0, Q = 0, P — 0, of the order k each 
pass through the same (k -h 3) — 1 points, then the three curves have all their inter- 
sections common, the equations being, in fact, connected by an identical relation of 
the form aP + J 3 Q ^ yR= 0 , To make the order of the transformed curve as low as 
possible, we must make the curves P = 0, Q — 0 , P = 0, meet on the curve P = 0 in 
as many points as possible, and it appears from the remark just made, that the 
greatest possible number is =4^<;(/iJ + 3)-2; in particular, for k = n-l, ?i-2, n-3, 
the number of points on the curve P = 0 will be at most equal to 

^ (7^2 — 7^) — ^ (72,2 __ 2 n) — 2, respectively. 

19. Hence, considering the curve P=0 with deficiency P, or with ^(n“--3?i) -*^4- 1 
dps, first if A = — 1, we may assume that the transforming curves P = 0, Q = 0, P = 0 
of the order rt -- 1, each pass 

through the ^ — 3?z) — P + 1 dps, 

and through 27^ 4-P— 4 other points, 

together ^ (n^ 4- n) 


— 3 points of the curve P ~ 0. 
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This being so, each of the three curves will meet the curve 27= 0 

in the dps, counting as — 872, — 2i) + 2 points, 
in the 2?^ + Z) — 4 points, 

and in i) + 2 other points, 

together — n points ; 

whence the order of the transformed curve is =2) + 2. 

20. In precisely the same manner, secondly, if 'k — n—% then we may assume 

that the transforming curves P = 0, Q= 0 , P = 0, of the order tz — 2, each pass 

through the J (tz® — Stz) — P + 1 dps, 

and through 9Z +P — 4 other points, 

together ^ (n^ — ?z) — 3 points of the curve d = 0 ; 

and this being so, each of the three curves will meet the curve Z7 = 0 

in the dps counting as ?z^ — Stz — 2P + 2 points, 
in the ?z+ P — 4 points, 

and in P -f 2 other points, 

together — 2 n points ; 

whence the order of the transformed curve is also in this case = P 4* 2. 

21. I was under the impression that the order of the transformed curve could 

not be reduced below P + 2, but it was remarked to me by Dr Clebsch, that in the 
case P > 2, the order might be reduced to P H- 1. In fact, considering, thirdly, the 

case k=^n — Z, we see that the transforming curves P = 0, Q = 0, P = 0 of the order 

7Z — 3 may be made to pass 

through the \ {n^ — Stz) — P + 1 dps, 

and through P — 3 other points, 

together \ (n^ — Stz) — 2 points of the curve Z7 = 0 ; 

and this being so, each of the three curves meets the curve 27=0, 
in the dps counting as (n^ - Sn) — 2P + 2 points, 
in the P — 3 points, 

and in P + 1 other points, 

together — 3 n points ; 

whence the order of the transformed curve is in this case =P+1. 

22. The general theorem thus is that a curve of the order n with deficiency P, 
can be, by a transformation of the order 1 or ?z — 2, transformed into a curve of 
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the order D + 2; and if Z»>2, then the given curve can be by a transformation of 
the order n — 3 transformed to a curve of the order D + 1'. the transformed curve 
having in each case the same deficiency D as the original curve. 

23. In particular, if J) = l, a curve of the order n with deficiency 1, or with 

^ («“ — 3/i) dps, can be transformed into a cubic curve with the same deficiency, that 
is with Odps; or the given curve can be transformed into a cubic. This case is 
discussed by Clebsch in the Memoir “Ueber diejenigen Curven deren Coordinaten 
elliptische Functionen eines Parameters sind,” Grelle, t. LXIV., pp. 210 27l. And he 

has there given in relation to it a theorem which I establish as follows : 

24. Using the transformation of the order ji—1, if besides the 2 h + D — 4(= 2?i — 3) 

points on the given curve Z7* == 0, we consider another point 0 on the curve, then we 
may, through the ^ (n^ — 3n) dps, the 2n — 3 points and the point 0, draw a sei ios ot 
curves of the order n - 1, viz., if P„, Q„, Bo, are what the functions P, Q, B, become 
on substituting therein for (re, y, z'), the coordinates (z’o, yo> ■®^o) <^f given point 0, 
then the equation of any such curve will be aP + &(2 + cP = 0, with the relation 
aPo + hQo + cBo between the parameters a, b, c; or (what is the same thing) eliminating 
c, the equation will be a{PBo- PoB) + b{QBo- QoB) =-0, which contains the single 
arbitrary pai’ameter ci : b. In the cubic which is the transformation of the given curve 
we have a point 0' corresponding to 0 and if (fo> Vo, So) be the coordinates of this 
point, then corresponding to the series of curves of the order ji-1, we have a series 
of lines through the point O' of the cubic, viz., the lines a^ + br) + o^=0 with the 
relation + 5yo -i- c^o — 0 between the parameters j or, what is the same thing, we 
have the series of lines a(^^o- ^^o) + b(v^o- ^Vo) = 0, containing the same single 
parameter a : b. By determining this parameter, the curves of the order n — 1, will 
be the cmwes of this order through the dps, the 2« — 3 points, and the point 0, 
which touch the given curve U=0; and the lines will be the tangents to the cubic 
from the point O'; as the number of tangents to a cubic from a point on the cubic 
is =4, it is clear that the values of the parameter a : b will be determined by a 
certain quartic equation ; and there will of course be 4 tangent cui'ves of the order 
n-1 corresponding to the 4 tangents to the cubic. Now by Dr Salmon’s anharmonic 
property of the tangents of a cubic, if on the cubic we vary the position of the 
point O', the absolute invariant P P of the quartic in (a : b) remains unaltered ; 
that is the absolute invariant of the quartic which determines the 4 tangent 

curves of the order n — l is independent of the position of the point 0 on the given 
curve U=0, and since the tangent curves in question have the same relation to 
each of the 2w - 3 points and to the point 0, it follows that the invariant is also inde- 
pendent of the position of each of the 2n-3 points; that is, we have the following 
theorem, viz. : 

26. Considering a curve of the order n with deficiency = 1 ; we may, through the 
^(n^-3n) dps, and through any 2m -2 points on the curve, draw so as to touch the 
curve, four curves of the order m-1; viz., these are given by an equation aP' + 6Q' = 0, 
where the ratio a : b is determined by a certain quartic equation 6)'‘ = 0; then 

theorem, the absolute invariant of the quartic function, is independent of the 
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positions of the — 2 points on the curve Z7 = 0, and it is consequently a function 
of only the coefficients of the curve P ~ 0, being, as is obvious, an absolute invariant 
of the curve 27 = 0. 

26. And, moreover, if the curve U=0 is by a transformation of the order — 1, 
by means of 2?^— 3 points on the curve as above, transformed into a cubic, then the 
absolute invariant 7® h- tP of the quartic equation which determines the tangents to 
the cubic from any point 0' on the cubic (or, what is the same thing, the absolute 
invariant >8® of the cubic, taken with a proper numerical multiplier) is independent 
of the positions of the 2?^ — 3 points on the curve 27= 0, being in fact equal to the 
above-mentioned absolute invariant of the curve 27 = 0. The like results apply to the 
transformation of the order n — 2. 

27. Suppose now that we have D>2, and consider a curve of the order n with 
the deficiency J), that is with ^ — 3?i) — 7) + 1 dps, transformed by a transformation 
of the order n — 3 into a curve of the order 7) + l with deficiency D; then, assuming 
the truth of the subsidiary theorem to be presently mentioned, it may be shown by 
very similar reasoning to that above employed, that the absolute invariants of the 
transformed curve of the order 7)4-1 (the number of which is =47)— 6), will be 
independent of the positions of the 7) — 3 points used in the transformation, and will 
be equal to absolute invariants(^) of the given curve 27 = 0. 

28. The subsidiary theoi'em is as follows: consider a curve of the order 7)4-1, 
with deficiency 7), that is, with ^7)(7) — 1) — 7) = |(7)2— 37)) dps; the number of 
tangents to the curve from any point O' on the curve is = (7) 4- 1) 7) — (D^ - 37)) — 2, 
= 47) — 2, (this assumes however, that the dps are proper dps, not cusps,) the pencil of 
tangents has 47) — 5 absolute invaidants, and of these all but one, that is, 47) — 6, 
absolute invariants of the pencil are independent of the position of the point 0' on 
the curve, and are respectively equal to absolute invariants of the curve. 

29. To establish it, I observe that a curve of the order 7) 4- 1 with deficiency D, 
or with J {IP — 37)) dps, contains -J- (7) 4- 1) (7) 4- 4) — J (7)^ — 37)), = 47) 4- 2 arbitrary 
constants, and it may therefore be made to satisfy 47) 4- 2 conditions. Now imagine a 
given pencil of 47) — 2 lines, and let a curve of the form in question be determined 
so as to pass through the centre of the pencil, and touch each of the 47) — 2 lines ; 
the curve thus satisfies 47) — 1 conditions, and its equation will contain 47) 4- 2 — (47) — 1), = 3 
arbitrary constants. But if we have any particular curve satisfying the 47) — 1 conditions, 
then by transforming the whole figure homologously, taking the centre of the pencil 
as pole and any arbitrary line as axis of homology, so as to leave the pencil of lines 
unaltered (analytically if at the centre of the pencil i??=0, y — 0, then by writing 
acc + /3y yjs in place of z) the transformed curve still satisfies the 47) — 1 conditions, 
and we have by the homologous transformation introduced into its equation 3 arbitrary 
constants, that is, we have obtained the most general curve which satisfies the conditions 
in question. The absolute invariants of the general curve are independent of the 

1 It is ri^t to notice that the absolute invariants spoken of here, and in what follows, are not in general 
rational ones. 
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3 arbitrary constants introduced by the homologous transformation ; and they are 
consequently functions of only the coefficients of the given pencil of 41) — 2 lines ; 
this being so, it is obvious that they will be respectively equal to absolute invariants 
of the pencil of 4i)--2 lines. The number of the absolute invariants of the general 
curve of the order i) -j- 1 is =-| (D + 1) (Z) + 4) + 1 — 9, but there is a reduction = 1, for 
each of the dps, hence in the present case the number is J (D + 1) (Z) + 4) — -J- (JD^^ — 3Z)) — 8, 
= 4i) — 6 ; and there are thus 41) — 6 absolute invariants of the curve, each of them 
equal to an absolute invariant of the pencil ; that is, of the 4i) — 5 absolute invariants 
of the pencil, there are 4Z) — 6, each of them equal to an absolute invariant of the 
cuiwe, and consequently independent of the position of the point 0' on the curve ; 
which is the theorem which was to be proved. I believe the reasoning is quite 
correct, but there are some points in it which require further examination, it is 
therefore given subject to any correction which may hereafter appear to be necessary. 

30. The general subject may be illustrated by considerations belonging to solid 
geometry. If we imagine the original curve and the transformed curve as situate in 
different planes, then joining each point of the original curve with the corresponding 
point on the transformed curve, we have a series of lines forming a scroll (skew 
surface); if the two curves are of the orders n, n' respectively, then the complete 
section by the plane of the oiuginal curve is made up of this curve of the order n, 
and of 'nf generating lines ; and similarly the complete section by the plane of the 
transformed curve is made up of this curve of the order n\ and of n generating 
lines. Conversely, given a scroll of the order 7z + n', any two sections of this scroll, 
being in general curves of the same order n + n', are rational transformations the one 
of the other; but for the general scroll of the order it is not possible to find 

sections breaking up as above. 
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ON THE CORRESPONDENCE OF TWO POINTS ON A CURVE. 

[From the Proceedings of the London Mathematical Society, voL r. (1865 — 1866), No. vii. 

pp. 1 — 7. Read April 16, 1866.] 

1. In a unicursal curve the coordinates (so, y, z) of any point of the curve are 
proportional to rational and integral functions of a variable parameter 6, Hence, if 
two points of the curve correspond in suchwise that to a given position of the first 
point there correspond d positions of the second point, and to a given position of 
the second point a positions of the first point, the number of points which correspond 
each to itself is =a+a'. For let the two points be determined by their parameters 
6, 6' respectively — then to a given value of 0 there correspond d values of 0\ and 
to a given value of ff there correspond a values of 6\ hence the relation between 
(0, 0') is of the form (0, 1)* (0^, 1)*' = 0 ; and writing therein 0' = 0, then for the points 
which correspond each to itself, we have an equation (0, !)*+«' = 0 of the order a 4- a'; 
that is, the number of these points is =a+a'. 

2. Hence for a unicursal curve we have a theorem similar to that of M. Chasles' 
for a line, viz., the theorem may be thus stated: 

If two points of a unicursal curve have an (a, d) correspondence, the number of 
united points is =a + a', 

3. But a unicursal curve is nothing else than a curve with a deficiency i) = 0, 
and we thence infer 

THEOBEai If two points of a curve with deficiency D have an (a, d) corre- 
spondence, the number of united points is =a+a'-h2irD; in which theorem is a 
coefficient to be determined. 

4. Suppose that the corresponding points are P, P' and imagine that when P 
is given, the corresponding points P' are the intersections of the given curve by a 

c. VI. 2 
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curve © (the equation of the curve @ will of course contain the coordinates of P 
as parameters, for otherwise the position of P' would not depend upon that of P). 

I find that if the curve @ has with the given curve k intersections at the point P, 

then in the system of (P, P'), the number of united points is 

a ~ a H- a' -h 24P, 

whence in particular, if the curve ® does not pass through the point P, then the 
number of united points is = a + a', as in a unicursal curve. 

4*. The foregoing theorem is easily proved in the particular case where the k 
intersections at the point P take place in consequence of the curve 6 having a ^’-tuple 

point at P. Taking U = (a?, y, = 0 as the equation of the given curve (which for 

greater simplicity is assumed to be a curve without singularities), then if we suppose 
(«, y, z) to be the coordinates of the point P, and y\ z') to be the coordinates 
of the point P', write U = {x, y, zy^, 27' = y\ 27' being what 27 becomes on 
writing therein (x\ y\ z') in place of {x, y, z)\ and 

©=(«, y, zY{x\ y\ z'Y {yz^-y^z, zx'-z'x, xx/^x'yf, 

viz., © is a function of the order k in yz' — yz\ zod --z'x, dy — x'y, the coefficients of 
the several powers and products of these quantities being functions of the order C6 in 
{x, y, z) and of the order a' in {x\ y\ /), which functions are such that they do not 
all of them vanish, identically, or in virtue of the equation 27=0, on writing therein 
{x\ y\ /) = (^, y, z). Taking for a moment {x, y, z) as current coordinates, suppose 
that the equation of the given curve is 27 = 0 ; then if {x, y, z) are the coordinates 
of the point P, we have 27=0, and similarly if {x\ y\ sf) are the coordinates of the 
point P' we have 27' = 0. The equation © = 0, considering therein (a?, y, z) as the 
coordinates of the given point P (and so as parameters satisfying the equation 27 = 0) 
and (ia/, y', y) as current coordinates, will be a curve having a A-tuple point at P, 
we have thus the case above supposed; and P being given, the corresponding points 
P' are given as the intersections of the curves 27' = 0, ® = 0, which are respectively 
of the orders m and a' + A ; the total number of intersections is thus = m (a! 4- &), 
but inasmuch as the curve @ = 0 has a A-tuple point at P, k of these intersections 
coincide with the point P, and the number of the remaining intersections, that is 
the number of positions of the point P', is =ma' + (w-l)*. Similarly when P' is 
given, the number of positions of the point P is =ma + (m~l)7c: and we have 
therefore 

a + a' = m (a + a') + 2 (m - 1) A. 

To find the united points, it is to be observed, that upon writing {x', y\ sd) = {x^ y, z\ 
the fiinction © becomes identically = 0 ; but if we suppose, in the first instance, that 
P', P, are consecutive points on the curve 27 = 0, then we have 

yz'-y'z : zx*-sfx : xy'-x'y^S^U] SyU ; hJJ) 
and the equation © = 0 assumes the form 

®^(x, y, zY(x, y, zYiS^U, SyU, = 
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which, (o}, y, z) being current coordinates, is the equation of a curve of the order 
a -h o/ + (m — l)k; the united points are the intersection of this curve with the given 
curve Z7 = 0, and the number of the united points is thus 

a = m (a + o') + m (?7^ — 1) A;. 

Hence attending to the above-mentioned value of a 4- a', we have 

a = a + a' + (m — 1) (m — 2) 

But in the case of a curve 27=0, without singularities, we have 2Z) = (m — 1) (m — 2), 
and we have thus the required formula 

a = a 4 - a' 4- 2&D. 

The investigation in the case where the k intersections at P arise wholly or in 
part from a contact of the curve or any branch or branches thereof, with the 
given curve 27, is more difficult, and I abstain from entering upon it. 

I apply the theorem to some examples : 

5. Investigation of the class of a curve of the order m with S dps. Take as 
corresponding points on the curve two points, such that the line joining them passes 
through a fixed point 0: the united points will be the points of contact of the 
tangents through 0; that is, the number of the united points is equal to the class 
of the curve. The curve ® is here the line OP, which has with the given curve a 
single intersection at P; that is, we have A = l. The points P' corresponding to a 
given position of P are the remaining m — 1 intersections of OP with the curve ; 
that is, we have a'=m — 1; and in like manner a = m — 1. Hence the class is 
= 2 (m — 1) 4- 21), viz., this is = (2m — 2) 4- (m® ~ 3m 4- 2 — 2S), which is =m2--m — 2S, as 
it should be. 

6. It is in the foregoing example assumed that the dps are none of them cusps; 
if the curve has S-hfc dps, k of which are cusps (or what is the same thing, S nodes 
and K cusps) ; then the number of united points is equal 2 (m — 1) 4- 2i), = m® — m — 2S — 2a: ; 
but in this case each of the cusps is reckoned as a united point, and we have, therefore, 
class + K = m^ — m — 2S — 2 k, that is, class =m®— m— 28 — Sat. This will serve as an 
instance of the special considerations which are required in the case of a curve with 
cusps, but in what follows, I shall assume that the dps are none of them cusps and 
thus attend bo the case of a curve of the order on, with 8 dps, and therefore of the 
class w, = m® — m — 28, and of the deficiency 2) = -J- (m — 1) (m — 2) — 8, = -J- (w — 2m 4- 2). 

7. Investigation of the number of inflexions. Taking the point P' to be a 
tangential of P (that is, an intersection of the curve by the tangent at P), the 
united points are the inflexions, and the number of the united points is equal to the 
number of inflexions. The curve @ is here the tangent at P, having with the given 
curve two intersections at P; that is A — 2. P' is any one of the m — 2 tangentials 
of P, hence a' = m — 2; and P is the point of contact of any one of the n—2 

2—2 
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tangents from to the curve^ that is, a = — 2. Hence the number of inflexions is 

= + =m + ?^-4-f 2 ( 9 ^- 2 w^+ 2 ), =3(7^-m), which is right. 

8. For the purpose of the next example it is necessary to present the fundamental 

equation a = a + a' + 2*i) under a more general form. The curve @ may intersect the 
given curve in a system of points P' each p times, a system of points each 
q times, &c., in such manner that the points (P, P'), the points (P, Q'), &c., are pairs 
of points corresponding to each other according to distinct laws; and we shall then 
have the numbers (a, a, a), (b, ^S'), &c., belonging to these pairs respectively; viz, 

(P, P') are points having an (a, a') correspondence, and the number of united points 
is =a; similarly (P, Q) are points having a (/3, /3') correspondence, and the number 
of united points is =b; and so on. The theorem then is 

p (a — a — a') + j (b — yS — ^0 + ••• = 

9. Investigation of the number of double tangents: — Take P', an intersection with 
the curve of a tangent drawn from P to the curve (or what is the same thing, P, P' 
cotangentials of any point of the curve); the united points are here the points of 
contact of the several double tangents of the curve; or if t be the number of double 
tangents, then the number of united points is =2 t. The curve @ is the system of 
the w — 2 tangents from P to the curve ; each tangent has with the curve 1 inter- 
section at P, that is, A = — 2 ; each tangent, besides, meets the curve in the point 
of contact Q twice, and in (m — 3) points P'. Hence, if (a, a, a!) refer to the points 
(P, Q% and (2 t, yS, y3') to the points (P, P'), we have 

2(a-a-cf) + 2T-y3-yS' = 2(n-2)P. 

Moreover, from the last example the value of a — a — a' is = 4P, and the formula thus 
becomes 

2T-y3-^' = 2(n-G)P; 

but from above it appears that we have y3 — 2)(7r2. — 3), whence 

2t = 2 {n — 2) (m — 3) + 2 (9^ — 6) P, 

= 2 (9^ ~ 2) (m - 3) + (n — 6) {n — 2m + 2), 

= 71^ — lOn + 8m, 

which is right ; in fact, observing that i (the number of inflexions) is = Zii — 3m, the 
formula is equivalent to 2t -t- 3t ~ — w — m, that is, m = w — 2t — 3^. 

In the foregoing examples the curve @ is a line or system of lines; but I give 
an example in which ® is a system of conics, and in which, as will appear, we have 
to consider the two characteristics (ya, v) of the system. 

10. Investigation of the number of conics which can be drawn, satisfying any 
four conditions, and touching the given curve; or say of the number of the conics 
{^Z) (1). Take P', an intersection of the given curve by a conic (4-Z) passing through 
the point P, then the number of the united points is equal to that of the conics 
(4iZ) (1). The curve ® is here the system of the conics (iz) which pass through P ; 
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hence, if (ji, v) be the characteristics of the system of conics {4iZ), the number of the 
conics through P is each of these has with the given curve 1 intersection at 

P, and consequently k = fi. Moreover, each of the conics besides meets the curve in 
(2m — 1) points, and consequently a = a' = ^ (2m — 1). Hence the formula gives the 
number of united points 

= 2/jl (2m — 1) -I- /i,(7i — 2m + 2), 

— fjL(n + 2m) ; 

or, as this may be written, 

= + V7n + m (2/i -- v). 

But the system of conics (4iZ) contains {2fL — v) point-pairs {coniques infiniment aplaties), 
each of which, regarded as a pair of coincident lines, meets the given curve in m 
pairs of coincident points ; that is, the point-pair is to be considered as a conic 

touching the given curve in m points ; and there is on this account a reduction 
= m (2 /a — z/) in the number of the united points ; whence, finally, the number of the 
conics (4iZ) (1) is = /a ?2 -1- vm. It is hardly necessary to remark that it is assumed 
that the conditions (4iZ) are conditions having no special relation to the given curve. 

11. As a final example, suppose that the point P on a given curve of the order 

m, and the point Q on a given curve of the order m\ have an (a, a') correspondence, 
and let it be required to find the class of the curve enveloped by the line PQ. 
Take an arbitrary point 0, join OQ, and let this meet the curve m in P', then 

(P, P') are points on the curve m, having a (met, moi') correspondence; in fact, to a 
given position of P there correspond o' positions of Q, and to each of these m 
positions of P', that is, to each position of P there correspond ma' positions of P' ; 
and similarly to each position of P' there correspond m'a positions of P. The curve 
@ is the system of the lines drawn from each of the a' positions of Q to the 

point 0, hence the curve ® does not pass through P, and we have ^=0. Hence the 

number of the united points (P, P'), that is, the number of the lines PQ which pass 
through the point 0, is —ma'-hm'a, or this is the class of the curve enveloped by PQ. 

12. It may be remarked, that if the two curves are curves in space (plane or of 

double curvature), then the like reasoning shows that the number of the lines PQ 
which meet a given line 0 is =7na' -f-m'a, that is, the order of the scroll generated 
by the line PQ is =ma' + m'a. 
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ON THE LOGARITHMS OF IMAGINARY QUANTITIES. 


[From the Proceedings of the London Mathematical Sooietyt vol. II. (1866 — 1869), 
pp. 50 — 54. Read Dec. 12, 1867.] 


The theory of the logarithms of imaginary quantities admits of a remarkably simple 
representation. 

Let P denote at pleasure the imaginary quantity co + iy, or else the point the 
coordinates of which are (a?, y); viz., P regarded as a quantity will denote oc-i-iy) 
but we may also speak of the point P. 


Writing thus 
and similarly 
we have of course 


P 


F = 0 )+ if , 
P __ so +iy 


p 

an imaginary quantity X ^iY\ and the point p? will be the point the coordinates 
of which ai*e (X, F). 

We have 

P = 

viz., r is the radical being positive, and ^ is an arc such that 


cos ^ = 



sin 5 = 


y 

Vir® + y-' 


and moreover 6 may be taken to be an arc between the limits — tt, H-tt. The arc 
so defined may be denoted by tan""^-, so that we have ^ = tan"i^. 

^ W 00 
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It is to be observed that 6 has always a determinate unique value, except in 
the single case x negative, where we have indeterminately 6 = ±ir. 

It is further to be remarked that, taking A for the origin of coordinates, we have 
9 = angle xAP, considered as positive or as negative according as P lies above or 
below the axis of x. 

Starting ft’om the equation 
we have similarly 
and 


where ^ is derived from ^ in the same way as 9 from P, or fi’om P'. 

Consequently 

and therefore 9^ — <j> a multiple of Stt, say 

^ = 2m7r, 

and in this equation the value of m is determined by the limiting conditions above 
imposed on the values of 9, 9\ To see how this is, suppose in the first instance 
that the fitnite line or chord P'P, considered as drawn from P' to P, cuts the negative 
part of the axis of x upwards ; P is then above, P' below, the axis of x ; that is, 
9, — 9' are each positive ; and drawing the figure, it at once appears that the sum 
9 + {—9')j that is 9 — 9', is a positive quantity greater than tt. And in this case the 
angle will be equal to 27r — (0 — taken negatively, that is, ^ {27r — 0')}, 

or 9 — 9' — <l> — 2m', But, in like manner, if P'P cut the negative part of the axis of 
X downwards, P will be below, P' above, the axis oi x; —9 and 9' are here each 
positive, and the figure shows that the sum — 9 9' is greater than tt ; and in this 

case the angle ^ is = 27r — (— d + 0') ; that is, we have 9 — 9' — <!> — — 27r. In every 

other case, (that is, if the chord P'P either does not meet the axis of x, or if it 

meets the positive part of the axis of x,) 9—9' and <f> are each in absolute magnitude 
less than tt, and we have 9 — 9' — (}) = 0, So that we see that, according as the chord 
P'P, considered as drawn from P' to P, meets the negative part of the axis of x 

upwards or downwards, or as it does not meet the negative part of the axis of x, 

the value of 9 — 9' — (f> is = 27r, = — 27r, or = 0. 

Taking now logr to represent the real logarithm of the positive real quantity r, 
we may, as a definition of the logarithm of the imaginary quantity P(=i»-fiy), write 

log P = log r + i9. 

The value so defined is of course one out of the infinite number of values of the 
logarithm, and it may for distinction be termed the "selected” value. In all that 
follows, the symbol "log” is to be understood to denote the selected value. We have 

logP =logr +i9. 


P 

P' = r'e^^\ 


P 

F'' 


r 
r' ^ 
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and similarly 
and 

Hence 


log P' = log r' + iQ\ 
logp = logp + i(^. 

log P - log jP = logp + i {Q — & — <f>), 


SO that, by what precedes, log P — log P', if the chord P'P, considered as drawn from 

P 

P' to P, cuts the negative part of the axis of x upwards, is = log p, + 2i7r ; if the 

P 

chord cuts the negative part of the axis of x downwards, it is =logp; — 2i7r, and 

P 

in every other case it is ==log -p. 


It is to be remarked that log P, as above defined, is a continuous function of 
p (= a? -j- with the single exception that, if the point P move from above to below 
or from below to above the negative part of the axis of x, the imaginary part of 
the logarithm changes from -1- itt to — iw, or from — itt to + itt, in the two cases 
respectively. And we are thus led to another mode of looking at the question. 

Consider the integral 


The value of the integral may depend on the series of values assumed by the variable 
z as it passes from the limit to the limit 5 = P, or say it may depend on the 

path of the variable 2 ; in order to give the notation a precise signification, we must 
therefore fix the path of the variable z; and I do this by taking the path to be 

dz d/tc 

the right line P'P. Write now z = P\u, we have — = — ; z = P' gives u = l; z^P 

Z V/ 

p 

gives w = p, ; and it is easy to see that, the path of z being along the right line 

P' to P, that of u is along the right line 1 to p? [that is, from the point the 

P\ 

coordinates whereof are x = l, y = 0, to the point -pj . 


We have thus 


J pf z u ' 

C du 

the path in each case being a right line as above. The indefinite integral / — == log w ; 

P 

and as u passes from 1 to p, there is no discontinuity in the value of logw; the 
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value of the right-hand side is thus =logp 7 . As regards the left-hand side, the 

indefinite integral is in like manner =log^; but here, if the chord F'P cuts the 
negative part of the axis of sc, there is a discontinuity in the value of log z, viz., 
if the chord P'P, considered as drawn from P' to P, cuts the negative part of the 
axis of sc upwards, there is an abrupt change in the value of log z from — i'lr to + w ; 
.and similarly, if the chord cut the negative part of the axis of sc downwards, there 
is an abrupt change from + iir to — ^7^ ; in the former case, by taking the definite 
integral to be log P — log P', we take its value too large by 2i7r, in the latter case 
we take it too small by 2^7^; that is, the true value of the definite integral is in the 
former case = log P — log P' — 2i7r, in the latter case it is == log P — log P' 4- 2i7r. But 
if the chord PP does not cut the negative part of the axis of sc, then there is not 
any discontinuity, and the true value of the definite integral is =logP — logP. We 
have thus in the three cases respectively 


log P - log P' = log p + 2iTr, 
= log^-2i’7r, 
= log -p } , 


which agrees with the previous results. 


It may be remarked, that it is merely in consequence of the particular definition 
adopted that there is in the value of log P a discontinuity at the passage over the 
negative part of the axis of sc; with a different definition of the logarithm, there 
would be a discontinuity at the passage over some other line from the origin; but a 
discontinuity somewhere there must be. For if, as above, the chord P'P meet the 
negative part of the axis of sc, then forming a closed quadrilateral by joining by right 

P P 

lines the points 1 to P, P to P, P' to and ^ to 1; the only side meeting the 

negative part of the axis of x is the side PP ; the integral j — , taken through the 
closed circuit in question, or say the integral 


(i:-/>onT 


has, by what precedes, a value in consequence of the discontinuity in passing from 
P' to P ; viz., this is = — 2i7r or = 2i7r, according as the chord PP, considered as 
drawn from P to P, cuts the negative part of the axis of sc upwards or downwards; 
but this value or -h 22 V must be altogether independent of the definition of 

the logarithm; whereas if, by any alteration in the definition, the discontinuity could 
be avoided, the value of the integral, instead of being as above, would be =0. The 
foregoing value — 2i7r or -|-2iw is in fact that of the integral taken along (in the one 
0. VI. 3 
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or the other direction) any closed curve surrounding the point 0 — 0 for which the 

function - under the integi’al sign becomes infinite : but in obtaining the value as 
z 

above, no use is made of the principles relating to the integration of functions which 
thus become infinite. 


The equation 
gives 


log P = log r + iO 


pm — ^mlogP — 


or say 


(a; + 




where, m being any real quantity whatever, denotes the positive real value of 
We have thus a definition of the value of and the value so defined may 

be called the selected value. And similarly, for an imaginary exponent + we 

have 

4- = e (logr+z^) 

-ss (i)e+<7logr) 

= rP (p^+^^ogr) ^ 

which is the selected value of + 


It may be remarked, in illustration of the advantage (or rather the necessity) of 

having a selected value, that in an integral J^dz, taken between given limits along 

a given path, it is necessary that we know, for the real or imaginary value of z 
corresponding to each point of the path, the value of the function and consequently, 
if ^ is a function involving log^ or z”\ the indeterminateness which presents itself 
in these symbols (considered as belonging to a single value of z) is, so to speak, 

indefinitely multiplied, and J^dz is really an unmeaning combination of symbols, unless 

by selecting, as above or otherwise, a unique value of log z or z^, we render the 
function to be integrated a determinate function of the variable. 
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NOTICES OF COMMUNICATIONS TO THE LONDON MATHE- 
MATICAL SOCIETY. 

[From the Proceedings of the London Mathematical Society, voL ii. (1866 — 1869), 
pp. 6—7, 25—26, 29, 61—63, 103—104, 123—125.] 

December 13, 1866. pp. 6 — 7. 

Peof. Cayley exhibited aod explained some geometrical drawings. Thinking that 
the information might be convenient for persons wishing to make similar drawings, he 
noticed that the paper used was a tinted drawing paper, made in continuous lengths 
up to 24 yards, and of the breadth of about 56 inches (0; the half-breadth being 
therefore sufficient for ordinary figures, and the paper being of a good quality and 
taking colour very readily. Among the drawings was one of the conics through four 
points forming a convex quadrangle. The plane is here divided into regions by the 
lines joining each of the six pairs of points, and by the two parabolas through the 
four points; and the regions being distinguished by different colours, the general form 
of the conics of the system is very clearly seen. (Prof. Cayley remarked that it would 
be interesting to make the figures of other systems of conics satisfying four conditions; 
and in particular for the remaining elementaiy systems of conics, where the conics pass 
through a number 3, 2, 1 or 0 of points and touch a number 1, 2, 3 or 4 of lines; 
the construction of some of these figures is, however, practically a great deal more 
difficult.) Other figures related to Cartesians and Bicircular Quartics. One of these 
was a figure of a system of triconfocal Cartesians; and derived from this by inversion 
in regard to a circle, there was a figure of a system of quadriconfocal bicircular 
quartics: in the assumed position of the inverting circle, each quartic consists (like 
tLe Cartesian which gives rise to it) of an exterior and an interior continuous curve, 
and the general aspect of the figure is that of a distortion of the original figure of 
the Cartesians. Another figure was that of the bicircular quartic, for which the 

1 Sold at Messrs LeeLertier-Barbe’s, Begent Street, at 6d. per yard, or 9«. the piece. 

3—2 
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algebraical sum of the distances of a point thereof from three given foci is = 0 (this 
was selected for facility of construction, by the intex’sections of circles and confocal 
conics). The quartic consists of two equal and symmetrically situated pear-shaped 
curves, exterior to each other, and including the one of them two of the three given 
foci, the other of them the third given focus, and a fourth focus lying in a circle 
with the given foci: by inversion in regard to a circle having its centre at a focus 
the two pear-shaped cuiwes became I'espectively the exterior and the interior ovals of 
a Cartesian. There was also a figure of the two circular cubics, having for foci four 
given points on a circle ; and a figure (coloured in regions) in prepai'ation for the 
construction of the analogous sextic curve derived from four given points not in a cii'cle. 


March 28, 1867. pp. 25 — 26. 

Pi’ofessor Cayley mentioned a theoi’em included in Prof. Sylvestex'^s theory of 
derivation of the points of a cubic curve. Writing down the series of numbers 

1, 2, 4, 5, 7, 8, 10, 11, 13, 14, 16, 17, &c., viz., all the numbers not divisible by 3, 

then (repetitions of the same number being permissible) taking any two numbei's of 

the series, we have in the series a third number, which is the sum or else the 

dilference of the two numbers (for example, 2, 2 give their sum 4, but 2, 7 give their 
difference 5), and we have thus a series of triads, in each of which one number is 
the sum of the other two. The theorem is, that it is possible on a cubic curve to 
construct a series of points, such that denoting them by the above numbers respectively, 
then for any triad of numbers as aforesaid the points denoted by the three numbers 
respectively lie in limeA. And the theorem gives its own construction: in fact the 
series of triads is 112, 224, 145, 257, 178, 248, &c. Take 1, an arbitrary point on the 
•cubic, then (by the theorem) the triad 112 shows that 2 is the tangential of 1 ; 
224 shows that 4 is the tangential of 2; 145 that 5 is the third point of 1 and 4; 

257 that 7 is the third point of 2 and 5. So far we have no theorem; we have 

merely, starting from the point 1, constructed by an arbitraiy process the points 

2, 4, 5, and 7. But going a step further; 178 and 448 show, the first of them, that 

8 is the third point of 1 and 7, the second of them, that 8 is the tangential of 4. 

We have here the theorem that the third point of 1 and 7 is also the tangential 
of 4. Similax'ly, 10, 11, 13 are each of them (like 8) determined by two constructions; 

14, 16, 17, 19, each of them by three constructions, and so on; the number of con- 
structions increasing by unity for each group of four numbers. And the theorem is, 

that these constructions, 2, 3, or more, as the case may be, give always one and the 

same point. Prof. Cayley mentioned that on a large figure of a cubic curve he had, 
in accordance with the theorem, constructed the series of points 1, 2, 4, 5, 7, 8, 10, 11, 
13, 14. 


April 15, 1867. p, 29. 

Prof. Cayley communicated a theorem relating to the locus of the ninth of the 
points of intersection of two cubics, seven of these points being fixed, while the eighth 
moves on a straight line. 
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March 26, 1868. pp. 61 — 63. 

Prof. Cayley made some remarks on a mode of generation of a sibi-reciprocal 
surface, that is, a surface the reciprocal of which is of the same order and has the 
same singularities as the original surface. 

If a surface be considered as the envelope of a plane var37ing according to given 
conditions, this is a mode of generation which is essentially not sibi-reciprocal ; the 
reciprocal surface is given as the locus of a 'point varying according to the reciprocal 
conditions. But if a surface be considered as the envelope of a quadric surface 
vaiying according to given conditions, then the reciprocal surface is given as the 
envelope of a quadric surface varying according to the reciprocal conditions; and if 
the conditions be sibi-reciprocal, it follows that the surface is a sibi-reciprocal surface. 
For instance, considering the surface which is the envelope of a quadric sur&ce 
touching each of 8 given lines; the reciprocal surface is here the envelope of a quadric 
surface touching each of 8 given lines ; that is, the surface is sibi-reciprocal. So 
again, when a quadric surface is subjected to the condition that 4 given points shall 
be in regard thereto a conjugate system, this is equivalent to the condition that 4 
given planes shall be in regard thereto a conjugate system — or the condition is sibi- 
reciprocal ; analytically the quadric surjSice + lif -{- cz^ -h dw^ = 0 is a quadric surface 

subjected to a sibi-reciprocal system of six conditions. Impose on the quadric surface 
two more sibi-reciprocal conditions, — for instance, that it shall pass through a given 
point and touch a given plane, — the envelope of the quadric will be a sibi-reciprocal 
surface. It was noticed that in this case the envelope was a surface of the order 
(= class) 12, and having (besides other singularities) the singularities of a conical point 
with a tangent cone of the class 3, and of a curve of plane contact of the order 3. 
In the foregoing instances the number of conditions imposed upon the quadric surface 
is 8 ; but it may be 7, or even a smaller number. An instance was given of the 
case of 7 conditions, viz., — the quadi-ic surface is taken to be ao(^ + hy^-\‘cz^:\-d'uf^ = 0 
(6 conditions) with a relation of the form 

Ahc -f Boa + Oah + Fad + Gbd + Scd = 0 

between the coefficients (1 condition); this last condition is at once seen to be sibi- 
reciprocal ; and the envelope is consequently a sibi-reciprocal surface — viz., it is a 
surface of the order (= class) 4, with 16 conical points and 16 conics of plane contact. 
It is the surface called by Prof. Cayley the " tetrahedroid,” (see his paper ""Sur la 
surface des ondes,” Liouv. tom. xi. (1846), pp. 291 — 296 [47]), being in fact a homo- 
graphic transformation of Fresnels Wave Surface. 

{Prof. Cayley adds an observation which has since occurred to him. If the quadric 
surface aa^ 4- hy^ -1- cz^ -h dw^ = 0, be subjected to touch a given line, this imposes on 
the coefficients a, &, c, c2, a relation of the above form, viz., the relation is 

A^hc -h B^ca -1- G^ah F^ad -h G^hd H- R^cd = 0 ; 

where A, B, C, F, (?, R are the "six coordinates” of the given line, and satisfy 
therefore the relation AF+BQ-\-GR^0, It is easy to see that there are 8 lines for 
which the squared coordinates have the same values B®, C^, F^, R ^ ; these 
8 lines are symmetrically situate in regard to the tetrahedron of coordinates, and 
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moreover they lie in a hyperboloid. The quadric surface, instead of being defined as 
above, may, it is clear, be defined by the equivalent conditions of touching each of the 
8 given lines : that is, we have the envelope of a quadric surface touching each of 
8 given lines; these lines not being arbitrary lines, but being a system of a very special 
form. By what precedes, the envelope is a quartic surface. It appears, however, that 
in virtue of the relation AF + BG + GH = 0, this is no longer a proper quartic surface, 
but that it resolves itself into the above-mentioned hyperboloid taken twice. That 
is, restoring the original J., J5, &c., in place of &c., the envelope of the 

quadric = where a, b, c, d vary, subject to the condition 

Abe -h Bca + Cab + Fad + Obd + Hcd — Oy (which is in general a tetrahedroid), is when 
A, B, Cj F, G, H are the squared coordinates of a line (or, what is the same thing, 
when ViL!F+ VjBff + VfiH = 0) a hyperboloid taken twice, viz., this is the hyperboloid 
passing through the given line and through the symmetrically situate seven other lines.} 

November 12, 1868. pp. 103, 104. 

Professor Cayley gave an account to the Meeting of a Memoir by Herr Listing, 
‘‘Census raumlicher Complexe oder Verallgemeinerung des Euler’sehen Satzes von den 
Polyedern,’’ published in the Gottingen Transactions for 1862. The fundamental theorem 
is a relation a — (6 — «) + (c — /c' + tt) ~ (d — a;" + tt' — &>) = 0 existing in any figure whatever 
between a the number of points, b the number of lines, c the number of areas, 
d the number of spaces, and certain supplementary quantities «, tt, tt', w. In 

an extensive class of figures these last are each = 0, and the relation is a — 64-c — cZ = 0; 
thus, in a closed box, a = 8, & = 12, c = 6, d = 2 (viz., there is the finite space inside, 
and the infinite space outside, the box): if the box be opened, a = 10, 6 = 15, c = 0, 
d = l; if the lid be taken away, a = 8, 6 = 12, c = 5, d = l; in each case, a — 6 + c — cZ = 0. 
If the bottom be also taken away, a = 8, 6 = 12, c=4, c?=l; but here one of the 
supplementary quantities comes in, /t'' = l, and the theorem is a — 6+c — (cZ— /c") = 0. 
The chief difficulty and interest of the Memoir consist in the determination of the 
supplementary quantities a:, k\ ic\ tt, tt', a>. 

December 10, 1868, pp, 123 — 125. Appended to Paper by Mr T. Cotterill “On a 

Correspondence of Points etc.'' 

Observations by Professor Cayley and Mr W. K. Clifford on the connexion of the 
transformation with Cremona's general theory, and the analytical formulae. 

According to Cremona's general theory, — taking (a?!, yi, and as 

current coordinates in the two planes respectively, — if we take in the first plane, any 

three points 1, 2, 3, and any other three points 4', 5', 6', then if Xi = 0, Fi = 0, 
are quartic curves, each having the double points 1, 2, 3, and the simple points 
4', 6', we have a transformation i z^ — Xi : Yi : leading to a converse 

system 

• yi * Zi^iX^ I Y2 : Z^_i 

of the like form ; viz., there will be in the second plane three points 4, 5, 6, and 

three other points 1', 2', S', such that X^^O, Y^ — O, are quartics having the 

double points 4, 5, 6, and the simple points 1', 2', 3'. 
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Analytically, Cremona’s transformation is obtained by assuming the reciprocals of 
2/2 j ^2 to be proportional to linear functions of the reciprocals of z -^ — (of course, 

this being so, the reciprocals of yi, will be proportional to linear functions of 
the reciprocals of z.^. Solving this under the theory as above explained, write 


if 


Hence 


I 

>2 

1 



yi 

( 




X2 yi Zi 



q h i 
: — 1 1 — 


) 

^ ^ Vi Zij 



Px 
- Qi 
l:Px 


Pi = Ciyi2!i + hzj^x^ + 

Qi = dyjz^ 4 * ez^x^ +fosiyi, 

Pi = gyi^ + hziXj -f ix^y^, 

X.2 ‘ y^ ‘ Z!o = QiJRri : PiPi : PiQi* 


QijKi = 0, &c., are quartics, or generally aQiiZi + Qi = 0 is a quartic, having 

three double points (yi = 0, = 0), (zi = 0, = 0), (ooi = 0, 3/1 = 0), and having besides the 
three points which are the remaining points of intersection of the conics (Qi = 0, JSx = 0), 
(Pi = 0, Pi = 0), (Pi = 0, Qi = 0) respectively ; viz., these last are the points 


i t : - == ei — ^ : fa-id : dh’-ge, &c. &c. 

Xi yi Zi 


The double and simple points are fixed points (that is, independent of a, 7), and the 
formulae come under Cremona’s theory. It is, however, necessary to show that if the 
points 4 ', 5 ', 6' are in a line, the points 1', 2', 3 ' are also in a line. This may be 
done as follows : 


Let there be three planes A, B, C, and let the points of the first two correspond 
by ordinary triangular inversion in respect of the triangle on the plane A, and 
on the plane B. Let also the planes B, C correspond by ordinary triangular inversion 
in respect of the triangle ^2 on the plane B, and 73 on the plane G. Then the corre- 
spondence between A and 0 is the one considered, the points 123 forming the 
triangle ot^ and the points 4 5 6 forming the triangle 73. The points 4 ' 5 ' 6 ' and 1 ' 2 ' 3 ' 
in the planes A, 0 respectively correspond to the triangles A? A; and the conditions 

that 4 ', 5', 6' shall be in a line and that 1', 2 ', 3 ' shall be in a line, are the same 

condition, namely, that the triangles ySj, ^2 shall be inscribed in the same conic. 
Analogous properties must apparently belong to Cremona’s other transformations, and 
the investigation of them will form an interesting part of the theory. 

It is important, also, to notice the relation of the transformation to Hesse’s “Ueber- 

tragungsprincip,” Grelle, tom. lxvl p. 15 , which establishes a correspondence between 
the points of a plane and the point-pairs on a line. If Aa^+ 2 Bxy + Gf ==0 is the 
equation of a point-pair^ the coordinates in the plane are taken by Hesse directly, 
but in the present Paper inversely proportional to A, B, G. 
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388 . 

NOTE ON THE COMPOSITION OF INFINITESIMAL ROTATIONS. 


[From the Quarterly Jom^al of Pure and Applied Mathematics, vol. viil. (1867), 

pp. 7—10.] 

The following is a solution of a question proposed by me in the last Smith's 
Prize Examination : 

“Show that infinitesimal rotations impressed upon a solid body may be compounded 
together according to the rules for the composition of forces.” 

Definition. The “six coordinates” of a line passing through the point {Xq, y^, 
and inclined at angles (a, /3, 7 ), to the axes, are 

a = cos a, f^yo cos y — Zq cos /?, 
h = cos g =^Zq cos ol-- Xq cos 7 , 
c = cos 7 , h = Xq cos ^8 — yo cos a . 

I use, throughout, the term rotation to denote an infinitesimal rotation j this 
being so. 

Lemma 1. A rotation © round the line (a, h, c, f g, h), produces in the point 
(x, y, z), rigidly connected with the line, the displacements 

Bx = g)( • cy — bz+ f), 

Sy = <o(—cx , 4- az + g), 

Sz^G) ( bx — ay . + A). 

Lemma 2. Considering in a solid body the point (x, y, z), situate in the line 
{a, b, G, f, g, A), then for any infinitesimal motion of the solid body, the displacement 
of the point in the direction of the line is 

= al + bm'^ cn+fp+gq^^^ hr. 
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where Z, m, n, p, q, r are constants depending on the infinitesimal motion of the solid 
body. 

Hence, firsts for a system of rotations 

0)1 about the line (oi, 6 i, Ci, /i, ^i, 

0)2 ,, ,, C^ 2 } O 2 , ^3, ^3j Ag), 

&C. 

the displacements of the point (x, y, z), are 

. y^cco — ^S&o) + Syie), 
gy = — ^2co> . + ^2ao) + S^o), 

S.sr = a; 26 o) + ySao) . + SAo) ; 

and when the rotations are in equilibrium, the displacements {Bx, Sy, of any point 
(x, y, z) whatever must each of them vanish; that is, we must have 

2o)a = 0, 2o)6 = 0, 2o)C = 0, 2o^ = 0, 2o)^ = 0, 2o)A = 0, 

which are therefore the conditions for the equilibrium of the rotations o>i, 0 ) 2 , &c. 

Secondly, for a system of forces 

Pi along the line (oi, 61 , Ci, /i, W 

P 3 „ ,, ^ 2 > ^ 2 ? ^2 7 Q27 ^2)7 

&C. 

the condition of equilibrium as given by the principle of virtual velocities is 

2P (al + hm + C7i-^fp-\-gq + hr) — 0 ; 

or, what is the same thing, we must have 

XPa = 0, tFb = 0, 2Pc=0, 2P/=0, XPg^O, tPh = 0, 

which are therefore the conditions for the equilibrium of the forces Pi, P 2 , &c. 

Comparing the two results we see that the conditions for the equilibrium of the 
rotations coi, 6 ) 2 , &c. are the same as those for the equilibrium of the forces Pj, Pg, &c. ; 
and since, for rotations and forces respectively, we pass at once from the theory of 
equilibrium to that of composition ; the rules of composition are the same in each case. 

Demonstration of Lemma 1. 

Assuming for a moment that the axis of rotation passes through the origin, then 
for the point P, coordinates {x, y, z), the square of the perpendicular distance from 
the axis is 

= ( . —yooBy+zcoB^y 

+ ( X cos 7 . — ^ cos a y 

-h (— ^cos/3+y cosa . )®, 


O. VI, 


4 
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and the expressions which enter into this formula denote as follows ; viz. if through 
the point P, at right angles to the plane through P and the axis of rotation, we 
draw a line PQ, = perpendicular distance of P from the axis of rotation, then the 
coordinates of Q referred to P as origin are 

— 2/ cos 7 + cos / 3 , 


X cos 7 , — ' ^ cos a, 

— it’ cos /3 -h 2/ cos Gc . , 


respectively. Hence the foregoing quantities each multiplied by co are the displacements 
of the point P in the directions of the axes, produced by the rotation co. Suppose 
that the axis of rotation (instead of passing through the origin) passes through the 
point (a?c, 2/o, Zq) ; the only difference is that we must in the formulae write 
(a; — /To, 2/ — 2 /oj ^ — in place of (x, y, z)\ and attending to the significations of the 
six coordinates (a, 6, c, /, h) it thus appears that the displacements produced by the 
rotation are equal to (o into the expressions 

. -cy+hz+f. 


respectively. 


Gx , --az -\-g, 
— 6a? -f ay . + \ 


Demonstration of Lemma 2. 

For any infinitesimal motion whatever of a solid body, the displacements of the 
point (xj y, z) in the directions of the axes are 

= ? . -‘ry’\-qz, 

Sy = ?w-fra . — 


and hence the displacement in the direction of the line (a, / 3 , 7), is 

Sx cos a ■+■ Sy cos j 8 -j-Sz cos 7, 

which, attending to the signification of the six coordinates (a, 6, c, /, y, h), is 

= al + bm + cn -hjfp + yy + hr, 
which is the required expression. 

It is proper to remark that the last-mentioned expressions of (Sx, Sy, Sz) are in 
fact the displacements produced by a translation and a rotation. If we assume that 
every infinitesimal motion of a solid body' can be resolved into a translation and a 
rotation, then, since a translation can be produced by two rotations, every infinitesimal 
motion of a solid body can be resolved into rotations alone, and the foregoing expressions 
for the displacements produced by a rotation, combining any number of them and 
writing (Icoa, S©/, Swy, 2 a)A) = (-jp, -g, -r, I, m, n) respectively, lead to the 

expressions for the displacements Sx, Sy, Sz produced by the infinitesimal motion of the 
solid body. 
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389 . 

ON A LOCUS DERIVED FROM TWO CONICS. 


[From the Quarterly Journal of Pure and Applied Mathematics, yoL vin. (1867), 

pp. 77—84.] 


Requibed the locus of a point which is such that the pencil formed by the 
tangents through it to two given conics has a given anharmonic ratio. 


Suppose, for a moment, that the equation of the tangents to the first conic is 
{x — ay) {x — hy) = 0 , and that of the tangents to the second conic is (a? — cy) (x — dy) = 0 , 
and write 


A = (a — h)(c — d), 
B =(a-c)(d-b), 


so that 
write also 


C =(a-d){b^c), 


A + R H” C7 = 0, 



then the anharmonic ratio of the pencil will have a given value k if 

(k-h)(k-k,) = 0i 


that is, if 

or, what is the same thing, if 




tliat is, if 


A^(2k + iy + 4!BC-A^ = 0-, 
A^iZk + iy- (.B-oy = 0 , 


4—2 
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where 

— {c — df, 

B — C=(a+ &)(c + c?) — 2 {ah H- cd), 

are each of them symmetrical in regard to 6, and in regard to c, cZ, respectively. 

Let the equations of the two conics be 

TI = (a , h , c, f, g, h'^OG, y, 4“ = 0, 

U'=^{a\ h\ c\f\ g\ y, 

and let (a, y8, 7) be the coordinates of the variable point. Putting as usual 

{A, B, a, F, Q, H)^{ho^f\ ca-g\ ah-h% gh^af, hf--bg,fg^c/i), 

K = ahc — af^ — hg^ — ch^ H- 2fgh, 

the equation of the tangents to the first conic is 

B, c, -P, (?, H'ix, r, zy^Q, 

where 

X = yy — ^z, yx, ^ = /Sit* — ay, 

and therefore 

aX + ^74-7^-0. 

Hence substituting for Z the value — i(aX + /3F), we find, for the equation of the 

7 

tangents, an equation of the form 2hXF+bP= 0, which has, in eifect, been taken 

to be (X — a7)(X — 6F) = 0; that is, we have 

1 : a + 6 : a6 = a : — 2h : b ; 


and, in like manner, if the accented letters refer to the second conic 

1 : c + d : ocZ = a' : -2h' : b'. 


Substituting for a, h, b their values, and for a', h', V the corresponding values, we find 


i \ a + 1 : ah 


1 : o-\-d \ cd 


= J.ry2_2G^a+ 

: — 2 {Hy^ — Fay — G-jiy + Ca/3) 
; £7^- 2X^37 + (7/3^ 


= A'y^-2&ya + 0'a? 

: - 2 (irV - Fay ^ G'l3y -f G'aj3) 
: SV-2jP'/37+a'^l 


We then have 

(a — hy = (a + by — 4ja6, 

= 4 {Sy^ — Fay — Qffy 4- Oa^y 

- 4 {Arf - 2(?7a 4- Ga^) {By^ - 2-P/37 4- G0% 
=:^47=(JS(7-X2^ ... 5 a, A 7 )^ 

= - 4 irfK{a, ... Ja, 7)2, 
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and similarly 

We have, moreover, 

(a + 6) (c + d) — 2 {ah + cd) 

= 4 {Hrf — Fory — Q^y + Ca^) (H'y^ — F'oy — Q'^y + G'a/3) 

2FBy + ) (A'rf - 2Q'ya + 0"a=) 

-2{Frf-2F'^y+G'B^ ){Arf-2Gyoi + Goi!‘\ 

= -2rf (BG' + FG- 2FF, . . .^a, /3, yf, 
and substituting the foregoing values, we find 
4>(2k+iyKK’(a, ...5a, A yfia’, ...^a, 0, y^- {(BG' + FG -2FF, ...$«, 0, 7)t = 0, 
or putting for shortness 

@ = (BG' + FG- 2FF ', ., ., GH' + G'H -AF- A'F , ., .^a, 0, yf, 

the equation of the locus is 

4 (2^; + lyKE ' . UU' - = 0, 

where (a, 0, y) are current coordinates. The locus is thus a quartic curve having 
quadruple contact with each of the conics U =0, U' — 0; viz. it touches them at their 
points of intersection with the conic @ = 0, which is the locus of the point such that 
the four tcmgents form a harmonic pencil. 

The equation may he written somewhat more elegantly under the form 

4 (2k + ly . KU. K'U' - 0= = 0 ; 

viz. in this equation we have 

KU=(BC -n... Jpi,0,yf, 

K'U = (B'G' -F\ ... 5a, 0, y^, 

® = (BC' + FG-2FF, ...5a, 0, yf 

In the last form the equation is expressed in terms of the coefficients (A, ...), (A', ...) 
of the line equations of the conics, viz. these may be taken to be 

(A, ...5^ V, ?)= = o, (A', ...5r, V, 0^=0. 

In particular, if each of the conics break up into a pair of points, viz. (I, m, n) and 
(p, q, r) for the first conic, (V, m', rtf) and (p', f, r') for the second conic, then the 
line equations are 

2 (Zf Ami] A n^)(p^ + qrj +r^) = 0, 

2(V^ + m'ri + n'^(p'^Afr, + 'Fi) = Q, 
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so that 

A = 2Zj), . .F — mr + nq, . . 

A’^2l'p',..F^mV 

(BG —F, — (mr —nq, np —Ir, Iq —mp)-, 

(B'C -F\...) = - (•«^V' - n'q', n'p' - IV, I'q' - m'pj, 

BC + B'G — 2FF = 2 {(mn' — m'n) (qr' — q'?’) — (mr' — iiq')(m'r— ii'q\ ...] 


and substituting these values the equation is 


(2A+1)= 

/3, 7 

i2 

7 


a, /3 , 7 

a . 7 

- 

if 


1, m, n 


1', in', n' 


Z, m, n 

:p, q, r 


l , in, n ! ; f , in', n' 


p, q, ■>' 


p', q' , r' 


l\ m\ n 

\p', q', r' 


p', q, r' : p, q , r ■ 


which, ii A, B, G denote 


d 0> 7 


0 , 7 

} 

ft 


0, 7 

1, m, n 


1’, m', n' 


1, n 


p'> q> 

p, q, r 


p'. q' , r' 


l\ vi\ n' 


p, q, ^ 


respectively, (J. + 5 + 0=0) is, in fact, the equation 


(2i + l)M“-(5-C')» = 0, 

or, what is the same thing, 
that is 


«. /S. 7 

I , m, II 

7 . 


7 

I', 111', It' 

p, q , r 


« = -7 or k = 

A A 


0 . 


either of which expresses the anharmonic property of the points of a conic in tins 
form given hy the theorem ad quatiior Uneas. 

Reverting to the case of two conics, then if these be referred to a set of con- 
jugate axes, the equations will be 


«iB®+6y’ + C^:“=0, 

aV + 6y + cV = 0, 

we have K-aho, K' = a'Vd, 

® = (hd + Vo) aa'a? + (oa' + da) hVif + (dV + a'h) odz\ 
and the equation of the quartic curve is 

4 (2^! + 1)* abca'Vd (aaP + + oz^) (a' a? + 6y + dz^) 

- \{bd + Vc) aa'a? + (cd + da) 6i»y + (oF + ah) oo'z^}^ = 0. 
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I suppose in particular that the two 


conics are 


0^ + mjr® — 1 = 0^ 
+ 2/® — 1 = 0, 


the equation of the quartic is 


4 (2* 4* 1)= 4- my"- - 1) (map' 4 - _j_ _ i}2 q ; 


or putting X = this is 


X ^- + 2/- — 


+ 1 Y 
4- m) 


■ 4- m 2 /^ — 1) {moP 4- 3 /® — 1) = 0. 


To fix the ideas, suppose that m is positive and >1, so that each of the conics 

is an ellipse, the major semi-axis being = 1, and the minor semi-axis being = ^ , 

\/{m) 

For any real value of k the coefficient X is positive, and it may accordingly be assumed 
that X is positive. 

We have — > 2. < q or the radius of the circle is intermediate between 
m {m -f 1) m 

the semi-axes of the ellipses, hence the points of contact on each ellipse are real points. 


Writing for shortness 


4- 1 


the equation is 


{cP 4 - my^ — 1) {msP -f 2 /® — 1) — ^ (^ + y® — = 0. 


For the points on the axis of a?, we have 


that is 


and thence 


{cP-1) (7ri^2_q)_x(^-a)2 = 0, 

(w - X) 4- {“ (1 4- m) 4- 2Xa} cP + (l- X(P) = 0, 


(m — X) = •!• (1 4- m) — Xa 4 -J- V {(^ 1)^ 4- 4X (1 — a) (1 — ma)]^ 

or, substituting for a its value, this is 


. Cm+— ] 

V m/ 


{m-'K)x^ = i{m + \) Y + 1^^ ViCwi + 1)" - 4X}. 

Remarking that the values “re in the order of increasing magnitude, 
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(m — X) i (771 + 1) — 


771 -I- 


77i+- 


and considering successive values of X; first the value X = — , == ~ — have 

r+m) 

i- (^4--') 

n V 

{m + 1) i (wJ + ^ - 2 ) ± i (wi - 1) 

p-;i) 

or observing that 

(TO+l)^m + ^- 2^ = (»i + l)i(wi- l)= = ^(wi- l)(wi“- ]) = («i- 1) - > 


this is 


(m — X) a'- = 0, or 




777 +■ 


m 


or, what is the same thing, 

(m-i)(!^t|.grA)^,o, or 




m 


(m 4- — ) 

V «i/ 


, »’ = 0, or 




77t 


m+ ■ 


77V^ 4- — 1 ’ 


’//i 


The next critical value is X = '?^^. The curve here is 

(a*- + mif — 1) (mw^ 4- 2/^ — 1) — m (a® 4- J/’* — a)**^ = 0, 

771 (x^ + 7 /) + (1 4- i7ir) ay - (m 4- 1) 4* 2/“) 4* 1 

— 77t 4- y^) — 2 /a + 2;/ia (a^ 4 y’**) — == 0, 

fm~ l)“ay 4-(2?>ta — — 1) (a^4-y0+ 1 — ma“ = 0, 

or, substituting for a its value, 

4-2 . . (w - 1)'-* 

27/ia — /M — 1 = - ' - (m 4* 1) ~ ^ , 

//i 4- 1 7/i 4“ 1 


that is 


that is 


the equation is 


- ^ T (m^ + 1)^ ^ i' rn^ + ni + l) , 

(77i 4- 1 )* '771 (m 4- 1 )“ ’ 


or, as this may also be written, 
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which has a pair of imaginary asymptotes parallel to the axis of x, and a like pair 
parallel to the axis of y, or what is the same thing, the curve has two isolated points 
at infinity, one on each axis. 


lines 


The next critical value is X = + the curve here reduces itself to the four 


(x+yf 


m + 1 
m 


I .(a>-y)= 


m + 1 


m 


= 0; 


and it is to be observed that when X exceeds this value, or say + the 

curve has no real point on either axis ; but when X = oo , the curve reduces itself to 
a)® = 0, i.e. to the circle + = 0 twice repeated, having in this special 

case real points on the two axes. 


It is now easy to trace the curve for the different values of X The curve lies 
in every case within the unshaded regions of the figure (except in the limiting cases 
after-mentioned); and it also touches the two ellipses and the four lines at the eight 
points at which points it also cuts the circle ; but it does not cut or touch the 



four lines, the two ellipses, or the circle, except at the points h Considering X as 
varying by successive steps from 0 to oo ; 

X = 0, the curve is the two ellipses. 


(ot + 1) consists of two ovals, an extenor sinuous oval lying in the 

/ IV 

\ mj ■ . 

four regions a and the four regions 6 ; and an interior oval lying in the region c. 

c. VI. ^ 
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(m -f ly 

\ = i there is still a smuou.s oval as above, but the iutei'ior oval ha.s 


dwindled to a conjugate point at the centre. 


- ^ (m + l)s . . + 

X> > \ = m; \>m <~ — . ; 

(»^s) 


there is no interior oval, but only a 


sinuous oval as above; which, as \ increases, approaches continually niiarcr t<i the four 
sides of the square. For the critical value X = wi, there Ls no change in the general 
form, but the curve has for this value of X, two conjugate points, one on each axis 
at infinity. 


X=J(to + 1)^ the curve becomes the four lines. 


X > J (m + 1)^ the cuiwe lies wholly in the four regions a and the four region.s e, 
consisting thereof of four detached sinuous ovals. As X deviates leas from the value 
} (m + 1)®, each oval approaches more nearly to the infinite trilateral formed by tins side 
and infinite line-portions which bound the regions d, e to which tho oval belongs. 
And as X departs from the limit J(m4-1)®, and approaches to so, each sinuous oval 
approaches more nearly to tho circular arc which separates the t.wo regions d, e, which 
contains the sinuous oval. 


Finally, X = 0, the curve is the circle twice repeated. 
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390 . 

THEOEEM EELATING TO THE EOHE CONICS WHICH TOUCH 
THE SAME TWO LINES AND PASS THEOUGH THE SAME 
FOUE POINTS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. vm. (1867), 

pp. 162—167.] 

The sides of the triangle formed by the given points meet one of the given lines 
in three points, say P, Q, iJ; and on this same line we have four points of contact, 
say Ai, As, A,, A^; any two pairs, say Aj, As; As, A*, form "with a properly selected 
pair, say Q, R, out of the above-mentioned three points, an involution; and we have 
thus the three involutions 

(Ai, As; As, A^; Q, R), 

(Ai, As , As, As , R, P), 

(As, A4 , As, As , P, Q), 

To prove this, let a!=0, y = 0 be the equations of the given lines, and take for 
the equations of the sides of the triangle formed by the given points 

h x + a y — ah =0, 
h'x + a'y — a'V =0, 
h"x + a"y-a"b" = 0: 

the equation of any one of the four conics may be written 

Lah L'a'V L"a"h" _ 

hx^ay-ah ^ h'x -h a'y - afh' b"x -h a"y - a"b" ’ 

and if this touches the axis of x, say at the point x= a, then we must have 

La LV L"af' _ -K(x-aY . 

X— x—a'^ x — a" (x — a)(x — a')(a:— a")’ 


5—2 
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or, assuming as we may do, K= — {(i' — co") (a" — a) (a — <o'), this gives 

L a — {a —«)“(«' —a"), 

L'a' ={a' -ay {a" -a ), 

L"a" = (a''-ay(a -a' ). 

But in the same manner, if the conic touch the axis of i/, say at the point y = 
we have 

Lb =^{b -0y(b' -b'% 

L'V ={b' -^y{b''-b ), 

L"b" = {b"-^y(b -h')\ 

and thence 

b(a — ay(a' — a") : b' (a' — ay (a" — a) ; 6" (a" — a )“ (tt — a') 

= a(b- ^y (b' - b") : a' (U -0y (b" - b) : a" (b" - 0y (b - ¥). 


Putting 

P =« h {of -a!'){b' -b"), 

F =a'b' (a" -a )(b"-b ), 
F' = a"b"{a -a')(b -b'), 

we have 


1 

r 

; (a" - ay -^^(b- 0y (&' - by : (b' - 

Cl 

and thence 



which gives 


:(S_^)(6'-4“) ; (J'_,S)(J”-S) ; (4»_,S)(i-n 




and we have in like manner 


(b - yS) + (¥ - /5) ^ + (6" -0)^ P '> « 0, 

but the first of these equations is alone required for the present purpose. Putting 
for shortness 


the equation is 


F = a?X, F^a'^X', P" = a"»Z", 
(a - a) V (X) + {a' - a) V (X') + (a" - a) V (X"), 
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and by attributing the signs + and — to the radicals, we have, corresponding to the 
four conics, the equations 

(a - aO V (X) + (a' - a,) V (Z') + (a" - a,) V (X") = 0, 

- (o - cu) V (X) + (a' - a,) V (X') + (a" (X") = 0, 

(a - a,) V (Z) - (a' - a,) V (Z') + {a" - a,) V (Z") = 0, 

(o - a,) V (Z) + (a' - a,) V (Z') - (a" - «,) V (Z") = 0, 

where ct^, a^, a^, are the values of a for the four conics respectively. 

Eliminating a" we obtain the system of three equations 

(2a-a,-a,)V(Z)+ (a,-a,)^(X') + (a, - a^) V (Z") = 0, 

(«»-ai)V(-3:)+ (2a'-ai-a,)V(Z') + (a, - a,) V (Z") = 0, 

(«! + cts — ffg - tti) V (Z) + (ai + Oj, — 0(2 - «j) V (Z') + («! + Oi - Oa - as) V (^") = 0> 
and then eliminating the radicals we have 

2a — (Xi — Oa , 0(2 — «! , ag — ffj =0, 

aj-tti , 2a'-ai-o(3 , Oj-ai 

o(i + ttj - (Xs — a^, + 0(3 — (Xj - ttj, + a4 — Oa — a, 

which is in fact 

— 4 1, a + a', aa' = 0, 

1, + a^, ttja^ 

1, 02 + 0(3, (XaOfe 

as may be verified by actual expansion; the transformation of the determinant is a 
peculiar one. 

The foregoing result was originally obtained as follows, viz. writing for a moment 
a V (Z) + a' »/ (X'') + a" \/ (X") = ®, 

v(Z)+ v(^')+ 

the four equations are 

0 — Oi $ = 0, 

0 — (Xa <E> = 2 (a - Oa) V (Z ), 

0 - Os = 2 (a' - 0%) V 
0 — 04 <I> = 2 (a" — 04 ) V (Z") ; 


these give 


(«! — 0(3) <I> = 2 (a — O2) V (Z ), 
(oj - Oj) <1> = 2 (a' - Oj) V (X ' ), 
(a^_a,)a> = 2(a"-o.)V(-2’")- 
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From the last equation we have 

(«! — cq) <J> = 2 {@ — « V (^) ~n' •J (-^0} ~ {‘1* — V (-<^) ~ V 



= 

: 2 («, 

— « 

4 ) ^ “ 2 (ct/ 

a4)VW- 

-2 (o' -a 

4)V(:V'') 

that is 











(«i- 

«,)d? 

-2 

(a-a4)V(A’)-2(«'- 

a4)V(A") 

= 0; 


or substituting for ^ (X) 

t, V(X') 

their values 

in terms 

of <l>, wc 

find 




« 1 - 


(O - 04 ) («! 



- 04 ) (a, - 

^ f 

■ as) _ 

= 0. 





a — ay 



Cl 



which may 

be written 











(«!- 

Os) 1 

i a — Oj/ 

-(<*!- 

as) 

\ a — 

-) = 
aj 

0 , 

that is 











tto + OCi 

-Oi- 

-«4 

(a,-aO(aa 

-- 3 ) + 

(as 

-a,) (a,- 

fq}_ 

0; 




a — (Xa 



« — Os 



or again 












(“a- 

«!> 

V a-<tj 

+ “ 

as) 


“■) = 
aj 

0, 

that is 














(a, -a,) 

+(a 

a — ttj ^ 

.a'- 

»-«4)^^ 

• 0 , _ 
■««***’ 

0; 

or finally 











( 02 -- 

«i)(a 

— a 

4 ) («'-««) + ( 

[og-aJOr, 

-a,)(o,'- 

Oi) = 

0 , 

which is a 

known form 

of the relation 










1, 0 + 0 ', 

ac£ 

=:C 








1, aiH-«4, 

OtOd 









1, Oj+Oj, 

aaOa 





which gives the involution of 

the quantities 

a, a'; 


«<; a,, a 

* 


We have in like manner 











i 

1, o' + o", 

a'of' 

s: 

0. 







1. «! + «S , 

OA 









Ij ®S + ®4 , 

a, 04 





and 














11, o" + o , 

a CI& 

1 

0, 




1, «! + OTg, aiftg 

1, Oj + a^, ajO< 

which give the involutions of the systems o', o"; Oj, a^; a,, and a", o; Oj, a,; Oj, o* 
respectively. 
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It may bo remarked that the equation, of the conic passing through the three 
points and touching the axis of oo in the point « = « is 

(a - of (a' - a") h (a' - of fa" - a) V (a" - a)^ (a - a') h" _ ^ 
bx + ay-ab b'x + a'y-a'h' ^ b"x + a''y -a''b" ~ ’ 

and when this meets the axis of y we have 

f(a-a)=(a'-a") (a' - (a" - a) - of (a-a') 

y^b ^ y^V ^ 2/-6" 

Hence, if this touches the axis of y in the point y = /3, the left-hand side must be 

I (a - a)“ (a' - a") + (a' - «)“ (a" - a) + ^ (a" - a)^ (a - a')] (jy - /Sy 
= (y-6)(y-6')(y-6") ^ ’ 

and equating the coefficients of - 3 , we have 

'y 

- (a - ay (a' - a") + {a! - ay {a" - a) + (a" - a)= (a - oT) 

(I (I 0/ 

= („ _ ay (a' - a") + {a’ - ay (a" - («" - (« “ «')] (6 + 6' + 6" - 2^). 

or what is the same thing, 

it Of ^ 

= 2/3 ^ (a - ay (a' - a") + ^ - «)“ («" “ ^) + ’ 

which gives /S in terms of a, that is /3i, ^a, ^s, ^ 4 . iii terms of Oi, Oa, Oj, Ot respectively. 


Cambridge, 30 Novmher, 1863. 
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SOLUTION OF A PKOBLEM OF ELIMINATION. 


[From the Quo/tteriy JoutiiclI of Pure and A.p‘plisd Mathoniutics, vol. vin. (18()<), 

pp. 183—18.5.] 


It is required to eliminate x, y from the equations 


This system may he written 

if for shortness 
Or putting 

we have 


^ , 

a^j. 


xf, 


a , 

b , 

0 , 

d . 

e 

a' , 

b' . 

0 f 

d', 

e' 


b", 

c" , 

d\ 

e" 


as* = SXa, 
a?y = 2A.6, 

UXo, 

»?/*= SXo!, 
y*= 2\e; 

2Xa = Xa “h X^a^ 4“ &c. 



2X (a + = 0, 

2X(6 + fej) = 0, 
2X (o + kd) — 0, 
2X(<? + Ae) = 0; 
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or, what is the same thing, 

X{a + kb) + X' (a' + kb') + X" (a" + kb") = 0, 

X, (& + Ac) + V {V + Ac') + X" (b" + Ac") = 0, 

X (c + kd) + X' (c' + kd') + X" (c" + kd") = 0, 

X (rf + Ae) + X' (d' + kd) + X" (d" + Ae") = 0 ; 
and representing the columns 


a 

b, 

a' 

¥, 

a" 

¥': 

b 

0, 

¥ 

¥ , 

h" 

c" 

c 

d. 

c' 

d\ 

c" 

d", 

d 

e, 

d' 

e'. 

d" 

e'\ 

1, 

2, 

3, 

4, 

5. 

6, 


each equation is of the type 

X(1 + A2) + V (3 + *4) + X" (5 + *6) = 0. 

Multiplying the several equations by the minors of 135, each with its proper sign, 
and adding, the terms independent of k disappear, the equation divides by k, and 
we find 

X 2135 + X' 4135 + X" 6135 0 ; 

operating in a similar manner with the minors of 246, the terms in k disappear, and 
we find 

X 1246 4- X' 3246 + X" 5246 = 0 ; 

again, operating with the minors of (146 + 236 + 245 + A;246), we find 

X {1236 + 1245 + k (2146 + 1246)} 

+ V {3146 + 3245 + k (4236 + 3246)} 

+ X" {5146 + 5236 + A (6245 + 5246)} = 0, 
where the terms in k disappear, and this is 

X (1236 + 1245) + X' (3146 + 3245) + X" (5146 4- 5236) = 0. 

Wc have thus three linear equations, which written in a slightly different form are 
X 1235 4-X' 3451 4-X" 5613 =0, 

X (1236 4- 1245) 4- X' (3452 4- 3461) + X" (5614 4- 5623) = 0, 


X 1246 

+ X' 3462 

+ X" 5624 

and thence eliminating X, 

X', X", we have 



1235, 1236 + 1246, 

1246 = 0, 


3461, 3452 + 3461, 

3462 


6613, 5614 + 5623, 

6624 


C. VI. 


6 
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which is the required result. It may be remai-ked that the second and tliird column 
are obtained from the first by operating on it with A, -lA'-, if A = 2Si + 4Sa + fiSj. Or 
say the result is 

(1, A, iA-*) 1235 =0. 

3451 

5613 

In like manner for the system 


. 

a^y. 




f 

a . 

b , 

c , 

d , 

e , 

f 

a' , 

V , 

c' , 

d' , 

e' , 

f 

a\ 

b" , 

c" , 

d" , 


r 

a'", 

V", 

o'". 

df". 




if the columns are 


a b, 

«' h'. 

a" b". 

a'" V". 

b c, 

b' d. 

b"d', 

b'" d", 

0 d, 

c'd', 

c" d", 

o'" d'". 

d e, 

d' d. 

d" e", 

d!" d", 

e f, 

^ f\ 

e"f", 

d"f"‘, 

= 1 , 2, 

3, 4, 

5, 6, 

7, 8; 


then the result is 

(1, A, JA» JA») 12367 = 0, 
34571 
50713 
78135 


where 


A — 23i + 4§a “P 63a 4* 8 X 7 . 
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392 . 

ON THE CONICS WHICH PASS THROUGH TWO GIVEN POINTS 
AND TOUCH TWO GIVEN LINES. 


[From the Quarterly Jo^mial of Picre and Applied Mathematics, voL viii. (1867), 

pp. 211—219.] 

Let «; = 0, 2/«0 be the equations of the given lines; ^ = 0 the equation of the 
line joining the given points. We may, to fix the ideas, imagine the implicit constants 
so determined that + shall be the equation of the line infinity. 

Take x — my == 0, a? — ny = 0 as the equations of the lines which by their inter- 
section with ^ = 0 determine the given points. The equation of the conic is 

y (m) -f- v (n)} {xy) (mn) -f yz, 

or, what is the same thing, 

(x — my) (x — ny) -f 2 {a? + y V {mn)} yz + = 0, 

so that there are two distinct series of conics according as V {mri) is taken with the 
positive or the negative sign. 

The equation of the chord of contact is 

^ + y V (w^?^) + 7^ = 0, 

which meets ^ = 0 in the point + y a/(^^) = 0, z = 0} that is in one of the centres of 
the involution formed by the lines (x = 0, y = 0), (x — my = 0, x—ny= 0). It is to be 
observed that the conic is only real when mn is positive, that is (the lines and points 
being each real) the two points must be situate in the same region or in opposite 
regions of the four regions formed by the two lines : there are however other real 
cases; e.g. if the lines £i? = 0, y = 0 are real, but the quantities m, n are conjugate 
imaginaries; included- in this we have the circles which touch two real lines. 

6—2 
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To fix the ideas I take m and n each positive and mn > 1 ; also I attend first 
to the series where \l {mn) is taken positively. At the points where the conic meets 
infinity, we have 

{V {m) V (?z)} V {anj) = 4* y V {mn) ~ 7 (.^• + y), 
which gives two coincident points, that is the conic is a parabola, if 

(1 - 7) {V {mn) - 7I = i {V W + V 

that is 

7= - 7 {1 + (wm)} = J { V {m) - V (?0}“, 

or 

7 = ^ [1 4- V {;)mi) ± V {(1 + m) (1 + ?i)}], 
where it is to be noticed that 

7 ~ i "h V {mn^ 4- V "h 

is a positive quantity greater than V say 7 = 'p, 

7 = i [ 1 4 - a/ {mn) - a/ {(1 + (1 + '^0}] 

is a negative quantity, say 7 = ~ q being positive. 

The order of the lines is as shown in fig. 1, see plate facing p. 52. 

7 = — 00 to 7 = — g, curve is ellipse ; 7 = — parabola P9, 

75=:^^ to jp, curve is hyperbola; 7=^), parabola P3, 

7=jp to 7^=00, ellipse. 

Resuming the equation 

{x — my) {x - ny) 4- 2 4- y V (mw)} 7^ 4- 7V = 0, 

the coefficients are 

(a, h, o,f, g, A) = {1, mn, y^Cnm), j, -^(w + m)}, 
and thence the inverse coefficients are 


{A, B, 0 , F, G, H) = 


[0, 0, - J (m - ny, - ^7 {V (m) + V - ^7 V {mn) [V {m) + V (w)}“ 
K - irf y (m) + ^/ (w))*, 
or, omitting a factor, the inverse coefficients are 


{A, B, 0 , F, &,£)== [o, 0, ~ {V(m) - V(w)}“, 1, •/{mn), -yj . 
Considering the line 

Xx + fiy + 

the coordinates of the pole of this line are 

X : y : z— — 7/^4-^ {mn) v 

: — 7 \ 4 V 


w y {m) + V (»)!“]. 


: V (mw) \ ^ {v' (»i) — V (^)]® V, 
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or (what is the same thing) introducing the arbitrary coefficient k, we have 
hx + yfx. — V fsj {m'ii) = 0 , 
ky V =0, 

kz’-Xs/ (mn) ^ {V (^) ~ V (^)P J' = 0 ; 

the first two equations give 

k : 7 : — — \ V (^^)} - v {y {mri) x] : \a; — fxy. 


that is 


]c — ^ ^ V (rtin)} _ —y {y — 

"" \oc--fiy ’ Xso~-fjLy ’ 


or, substituting this value of 7 in the third equation, 

XJX)-fiy ^ ^ V 2 

that is 

(\x - . .]• {V (m) - V + {^-y's/ (w^)l - )W,y) {/^ + ^ V 

+ z{x — y\/ (mn)} (mn)} = 0, 

which is the equation of the curve, the locus of the pole of the line Xx + y^y + vz^O 
in regard to the conic 

(x - my) (x--ny) + 2{x’^y^/ (mn)} 7^ + 7®^ = 0- 

In particular, if X = yot = 1/ = 1, then for the coordinates of the centre of the conic, 
we have ^ 

^ ; y ; ^ = — ry-j->y/ (mn) I — 7 "h 1 * (mil) -|- 1 4* ^ {V (m^ V (^)Y 5 

and for the locus of the centre, 

(jx _ yy, J y{m) - +{pi>-y)[o!-y ^(jrvn)} {1 + V(wm)} + {« - jr V («»«)} {1 - V (mn)} - 0, 

that the locus is a conic, and it is obvious that this conic is a hyperbola. Putting 


SO 


for greater simplicity 


a? — y == ^, 

x — y\J (mn) = F, 


the equation of the curve of centres is 

XK\y(m)-^/ (W)}* + ZF {1 + V (m>n)] + FZ {1 - V = 0. 

or, writing this under the form 

F[Z {1 + V (mn)} + F {1 - V (mm)}'\ + iy(m)~*J (w)}= Z* = 0, 
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the equation is 
where 


Z = a;-y, 

F= £t? — 2 / V (inn\ 


these values give 

co-y = X, 

x-^y (mn) = F, 

{1 — V ^ = {V (’^0 V 0^01“ Q + 2 {1 + \/ A’', 


or, what is the same thing, 

(1 — // (m'^i)} — V (vin) X 4* F, 

{1 - V {mil)] y- — X 4- F, 

{1 — V ('wwi)} 5 = 2 {1 -i” «/ A "4 [V (‘^^0 Vj'Qj 

whence also 

[1 — V {mu)] {x 4* j/ 4* ~ {1 4 V {mil)] A 4 21 4 {V {ui) V 


or the equation of the line infinity is 

{1 4 V {im)] X 4 2F4 W{m) - V 001“ Q - 0, 


a formula which may he applied to finding the asymptotes and thence the centre of 
the conic 

YQ + X^^^O. 

In fact we have identically 

{2to 4 — (2& 4 1) — (1 4 4fc) {2kx — = 4^;*** {«; 4 2/ 4 -sr)" — 4i (1 4 4A?) (/uV 4 2/3?), 

that is 

— 4& (1 4 4Aj) {ka^ 4 yz) = {2fc^c 4 2% — {2k 4 1) — (1 4 4Ar) (2/^^^? — — 4A;‘‘* (it? 4 y 4 


which, if aJ 42 / 4 ^ = 0 is the equation of the line infinity, puts in ovidcuco the 
asymptotes of the conic fcic® 4 y-s? = 0. Hence writing aw;, /3y, yz in the place of w, ?/, z 

respectively, and = k\ that is, ^ k\ we have 

- (1 + ^ *") (»<'«■ + - (2 + 1) 7.}’ 
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that is 

— 4/S“7“A;' (a“ + 4!^jk') (k'cd^ + yz) = \2a.^yl<fx + ^^yk'y — (2l3yk' + a^) yz]^ 

— {a? + 4i^yk') (2$yk'x — ayzy — 4i^y^k'^ (a® + ^y + yzf, 

or, what is the same thing, 

- ^^k' {a^ + 4i/3yk') {k'a? + yz) = {2oL^k'x + 2^Ky - {2^yld + zY 

— (oL^ + 4!0yk') (20k'x — azy — 4yS®&'^ (a® + ^y + yz)\ 

which, when clx-\- ^y->ryz=0 is the equation of the line infinity, puts in evidence the 
asymptotes of the conic k'a? + = 0. 

Now writing X, Y, Q in the place of x, y, z\ k' = 1, and a = {1 + V (mn)}, fi — 2, 
y=[i/ (jk) — a/ (?^)|^ we have 

- 16 [{1 + V (mH)p + 8 {V (m) - V («)}=>] (YQ + X^) 

= [4 {1 + V (mn)} X + 8F — (4 {\/ (m) - V W}® + {1 + V (tow.)}®) Q]® 

— [{1 + V (tow)}® + 8 {V (to) — V (w)}®] [4X - {1 + V (tow)} Q]® 

- 16 [{1 + V {mn)} X + 2F+ {V (m) - V (»»)}“ QP, 

and the asymptotes are 

4 {1 + V (ww)} X + 8F - [4 {V (to) — (n)}® + {! + </ (tow)}®] Q 

= + V {1 + V (tow)}® + 8 {v^ (to) — V (w)}® [4X — {1 + V (tow)} Q], 

At the centre 

4 {1 + V (tow)} X + 8F — [4 {V (to) - V (w)}® + {1 + ^/ (tow)}®] Q = 0, 

4X — {1 + V (»to)} Q = 0, 
but the first equation is 

{1 + V (tow)} [4X - Q {1 + V («iw)}] + 8F— 4 {V (to) - V (n)Y Q = 0, 
so that we have 

4X = {1 + V (tow)} Q, 2F = {v' (wi) - V (w)}® Q, 

the first of these is 

2 {V (to) - V (w)}® (® - y) - {1 + V (ww)}® (® - y) - (1 - mw) z = 0, 
and the two together give 

2X {V (to) - V (w)}® - {1 + V (tow)} F = 0, 

so that we have 

2 {V (m) - V (w)}® (® - y) - {1 + V (tow)} {® - y V (ww)} = 0, 

[{1 + V (tow)}® - 2 {V (to) - v/ (w)}®] (® - y) + (1 - tow) z = 0, 
to determine the coordinates of the centre. 
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The equation of the chord of contact is 

OG^y {mn) + 7 ^ ~ 0 , 

which for y—l is parallel to j/ = 0 and for 7 = parallel to a; = 0. But the 

coordinates of the centre are 

w : y : 0 = - 7 -h V (wi’O : -y + 1 : V 0>wi) + 1 + ^ {V (^^0 - V 
which for 7 = 1 give 

y = 0, X : ^=:-14.a/ (moi) : V (mn) 4- 1 + 1* {V (m) - V (7i))2, = - 2 + 2 V (nm) : 2 -h ??i 4- ??, 
and for 7 = V (nm) give 

J!J?= 0, 

y : z = l-V(m?i) : V (mi/) + 1 + {V(m)-V («)}", =2-2 V(«mi) : 2 V(w?/) + . 

The line drawn from the fixed point on the chord of contact to the centre has for 
its equation 

4- y V {'inn) 4- = 0, 

where, writing for w, y, z the coordinates of the centre, wo have 

- 7 {1 + V (mn)} + 2 V («m) + 7 ' V («wi) + ^ ^ {V (w) - -s/ ('Opj = 

that is 

y' sr: 7 + V 2 V (mil) 

1 + V(m7/) + 4 {V(w)-^/ («))“’ 

or, what is the same thing, 

y _ „ -7 (V(w)+.v/(ii) !° 

y (wi.) — v (j/)p+ 27 {1 + v (w«)} ’ 

and consequently 7^ = 7 only for 7 = 0. 

It is now easy to trace the corresponding positions of the chord of contact through 
the fixed point {ss + y V % z = 0}, and of the centre on the hyperbola which is 
the curve of centres; see fig. 2 in the plate facing p. 52, 

The lines OPj, OL, 0@, OPj, OX, OQ, OH are positions of the chord of contact, 
and the points Pj, L, Pj, X, G, H, on the hyperbola which is the curve of conti’es 
are the corresponding positions of the centre. 
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Chord of Contact. 

OP.., 

01 ( 2 ^ 0 ). 

0@. 

OPx. 

OX [cc+y f (nin) = 0}. 

OG (parallel to y = 0). 

OH (parallel to x=^0) and so back to 


Centre. 

P 2 , at infinity on hyperbola. 

P, (^ = 0, x~-y=^0), 

©, the line joining this with 0 being always 
behind 0@, 

Pi, at infinity on hyperbola. 

X (i» = 0, 2/=0). 

G (on line y = 0). 

H (on line x = 0) and so on to 
P 2 . 


OP 2 


I have treated separately the case V(m 72 -)= 1 . 


Consider the conics which touch the lines t/ — a; = 0, y + x — 0 and pass through 
the points 

{aj = 1 , y = V (1 - c®)}, {« = 1, y = - V (1 - c“)}. 

The equation is of the form 

2/2 — ic® 4- & (^ — a)® == 0, 

and to determine we have 

1 -- c 2 _ 1 ^ ^ and therefore k = ^ ^ . 

The equation thus becomes 

(1 — a)2 (2/2 — x^) + c2 (^ — a)2 = 0, 

that is 

(1 — oi)^y^ + {c^ — (1 — ay] x^ — 2(fax + c^a^ == 0, 


or as this may be written 

(1 - ayf + - (1 - «)=} \a> - 


c2a2(l-a)2_ 

c2^(l_a)2 


Hence the nature of the conic depends on the sign of c® — (1 — ay, viz. if this be 
positive, or a between the limits 1 + c, 1 — c, the curve is an ellipse, 


which is positive, 


ir-coordinate of centre = 


c^a 

c2-(l - a)2’ 


itJ-semi-axis 


± cot (1 — a) 
c2-(l-a)2’ 


2 /-semi-axis 


ca 


The coordinate of centre for a = 1 + c is = + 00 (the curve being in this case a parabola 
Pi) and for a = 1 — c it is also = + 00 (the curve being in this case a parabola P3). The 
coordinate has a minimum value corresponding to a= V is = J {1 4- V (1 o®)}. 

c. VI. 7 
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Hence as (a) passes from l + c to V (1 - coordinate of the centre passes 

from 00 to its minimum value ^{1 + V(1 ~ c-)} ; in the passage we have a = l giving 
the coordinate =1, the conic being in this case a pair of coincident lines (./;-l)“ — 0. 
And as (a) passes from the foregoing value V (1 "" to I — c, the coordinate of the 
centre passes from the minimum value ^ {1 + V ^ • 

The curve is a hyperbola if a lies without the limits 1 -f o, 1 — c, 


.-^y-coordinate of centre 
which has the sign of —a, 

^r-seini-axis 


— — c'"a 

_ ± cojl - a) 


2 /-semi-axis 


— ± ca 

~vKi-«)“-c“r 


semi-apertiire of asymptotes =tan“' 



I 

(l-a)r 


which for a = 1 ± c is =0 (parabola), but incrcasos as 1 — a increases positively or 
negatively, becoming = 45° for a = ± oo (the asymptotes being in this case the pair of 
lines a!“ = 0): 

ct = + 00 , coordinate of centre is = 0, 

a = 1 + c. „ „ = - 00 , 

so that a diminishing from oo to l + c, the coordinate of the centre moves constantly 
in the same direction from 0 to — oo , 

a = 1 — c, coordinate of centre is = — x , 

a = 0, „ „ = 0, 

the hyperbola being in this case the pair of lines i/“ = (l — c“)ic*. 

a negative, the coordinate of centre becomes positive, viz. as a passes from a==0 
to a = — V (1 — c*), the coordinate of centre passes from 0 to a maximum positive value 
{1 — V (1 — c“)}, and then as a passes from — //(I — C) to — x, the coordinate of 
centre dhninishes from -Kl — V (1 — c®)} to 0. It is to bo remarked that a being 
negative, the lines y'^ — i^ = 0 are touched by the branch on the negative side of the 
origin, that is the branch not passing through the two points a? = l, y=> ±V{1 — c“). 
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ON THE CONICS WHICH TOUCH THEEE GIVEN LINES AND 
PASS THEOUGH A GIVEN POINT. 

[From the Quarterly Journal of Pure and Applied Mathematics j vol. viii. (1867), 

pp. 220—222,] 

Consider the triangles which touch three given lines; the three lines form a 
triangle, and the lines joining the angles of the triangle with the points of. con tact of 
the opposite sides respectively meet in a point 8: conversely given the three lines and 
the point 8, then joining this point with the angles of the triangle the joining lines 
meet the opposite sides respectively in three points which are the points of contact 
with the three given lines respectively of a conic; such conic is determinate and unique. 
Suppose now that the conic passes through a given point; the point 8 is no longer 
arbitrary, but it must lie on a certain curve ; and this curve being known, then taking 
upon it any point whatever for the point 8, and constructing as before the conic 

which corresponds to such point, the conic in question will pass through the given 

point, and will thus be a conic touching the three given lines and passing through 
the given point. And the series of such conics corresponds of course to the series of 
points on the curve. 

I proceed to find the curve which is the locus of the point 8, 

We may take ir=(), 2 ^ = 0, ^=0 for the equations of the given lines, and 

^ ; 2 / : ^ = 1 : 1 : 1 for the coordinates of the given point. The equation of a conic 
touching the three given lines is 

a {x) ^/ {y) + c ^/ (f) — 0, 

and the coordinates of the corresponding point 8 are as ^ • ^2 * toting 

(ccj y, z) for the coordinates of the point in question, we have 

r 111 

• V(y) ■ 


7—2 
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the condition in order that the conic may pass through the given point is a + 6 + c = 0, 
and we thus find for the curve, which is the locus of the point S, the equation 


_L . _i_ + _A,.=o 
VW V(2/) V(^) ’ 

or, what is the same thing, 

*/ (y^) + V + v' (-^y) = 


the mtionalised form of which is 


j/V + s-str + 0 ,“^^ — 2sei/z {x + ;y + .s) = 0. 

This is a quai’tic curve with throe cusps, viz. each angle of the triangle is a cusp ; 
and by considering for example the cusp ( 2 / = 0, a = 0) and writing the cijuation under 
the form 

(y - (y-®® + 

we see that the tangent at the cusp in question is the lino y - a = 0 ; that is, tin* 
tangents at the three cusps are the lines joining these points respectively with the 
given point (1, 1, 1). Each cuspidal tangent meets the curve ii\ the cusp counting as 
three points and in a fourth point of intersection, the coordinates whereof in the case 
of the tangent y — = 0, are at once found to be ® : y : .s = 1 : 4 : 4, or say this is 
the point (1, 4, 4); the point on the tangent s — x = 0 is of courso (4, 1, 4), and that 
on the tangent a!-y = 0 is (4, 4, 1). To find the tangents at these points reapiH-.tively, 
I remark that the general equation of the tangent is 


that is 




X Y Z 

“j + -« + ■ j = 0, 

X* y* 


or for the point (1, 4, 4) the equation of the tangent is + Y+ Z = Q, or say 
Sx + y +e — 0; that is, the tangent passes through the point a: — 0, x + y + s =s 0, being 
the point of intersection of the line x = 0 with the lino x + y + ^ = 0, which is tlie 
harmonic of the given point (1, 1, 1) in regard to the triangle; the tangents at the 
points (1, 4, 4), (4, 1, 4), (4, 4, 1) respectively pixss through the points of intorstsition 
of the harmonic line x + ^ + z<=0 with the three given linos respectively. 


In the case where the given point lies within the triangle, the ettrve the locus 
of 8 lies wholly within the triangle, and is of the form shown in fig. 3 in the plate 
oiiposite ; it is clear that in this case the conics of the system ai-o all of them ellipses ; 
there are however throe limiting forms, viz. tho line joining the given point with any 
angle of the triangle, such line being regarded a.s a twofold lino or pair of coincident 
lines, is a conic of the system. The discussion of tho two ca.se.s in which the given 
point lies outside the triangle, viz. in the infinite space bounded by two sides produced, 
or in the infinite space bounded by a side and two sides produced, may be effected 
without much difficulty. 
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394 . 

ON A LOCUS IN EELATION TO THE TKIANGLE. 

[From the Quarterly Journal of Pure and Applied Mathematics^ vol. viii. (1867), 

pp, 264 — 277.] 

If from any point of a circle circumscribed about a triangle perpendiculars are 
let fall upon the sides, the feet of the perpendiculars lie in a line; or, what is the 
same thing, the locus of a point, such that the perpendiculars let fall therefrom upon 
the sides of a given triangle have their feet in a line, is the circle circumscribed 
about the triangle. 

In this well known theorem we may of course replace the circular points at 
infinity by any two points whatever; or the Absolute being a point-pair, and the 
terms perpendicular and circle being understood accordingly, we have the more general 
theorem expressed in the same words. 

But it is less easy to see what the corresponding theorem is, when instead of 
being a point-pair, the Absolute is a proper conic; and the discussion of the question 
affords some interesting results. 

Take (^ = 0, y = 0, z = 0) for the equations of the sides of the triangle, and let 
the equation of the Absolute be 

{a, k 0 , f, g, K^x, y, zf = 0, 

then any two lines which are harmonics in regard to this conic (or, what is the 

same thing, which are such that the one of them passes through the pole of the 

other) are said to be perpendicular to each other, and the question is: 

Find the locus of a point, such that the perpendiculars let fall therefrom on the 

sides of the triangle have their feet in a line. 

Supposing, as usual, that the inverse coeflG[cients are (A, jB, (7, P, G, H), and that 
K is the discriminant, the coordinates of the poles of the three sides respectively are 
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{A, H, G\ (if, B, F), ((?, F, Cy Hence considering a point P, the coordinates of which 
are (x, y, z\ and taking (JT, F, Z) for current coordinates, the equation of the perpen- 
dicular from P on the side X = 0 is 



Y, 

Z 

!V. , 

y . 

s 

A, 

H, 

G 


and writing in this equation X — 0, wo find 

( 0 , Ay--IIsCt Az-^Gx) 

for the coordinates of the foot of the perpendicular. For the other perpendiculars 
respectively, the coordinates are 

{Bx-Hy, 0 , Bz--Fy\ 

and 

{Gx^Gzy Cy-^Fz f 0 ), 

and hence the condition in order that the three feet may lie in a line is 

0 , Ay — HXf Az — Gx = 0 ; 

Bx — Hy, 0 , Bz — Fy 

Ox-- Gz , Cy — Fz, 0 

or, what is the same thing, 

{Ay - Hx) (Bz ^ Fy) (Ox - Gz) + {Az -- Gx) {Bx ^ Hy) {Oy - Fz) - 0, 

that is 

%{ABO -FGH)xyz 

+ A{ FH- BG)yz'^i^A{FG ^CH)y^z 

+ B{ FG - GH)z(tS^^B{GH-AF)^^x 

^0{ 0H-- AF)xi/-^G{HF--BQ)c^y:^0, 

which is the equation of the locus of P; the locus is therefore a cubic. Writing 
for a moment 

{BG^F\ GA--G\ AB^H\ GH--AF, HF-BG, FG-^CH)^{A\ B\ 0\ P, a\ H% 
and K' for the discriminant ABC — AF^ &o., the equation is 

2 {ABC ~ FGJS) xyz + Ayz {E'y -f G'z) -f Bzx {Ex -f- Fz) + Gxy {G'x + Py) =» 0, 
or as this may also be written 


FG'S' P ^ jyv (p ^ e) F (p V " 
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that is 

“ FQH) - — - ^ xyz+ + — ^ra; + ^ ^ = 0, 

and the cubic will therefore break up into a line and conic if only 

y|j, (.lao - refl) - ^ _ |i - A _ 0, 

and it is easy to see that conversely this is the necessary and sufficient condition in 
ordei' that the cubic may so break up. 

The condition is ' 

ft = 2FG'H' {ABC - FQH) - AQ'^H'^ - - OF^G'^ = 0, 

we have 

AA' + BB' + CC' = 3 ABO- AF^ -BQ^- GH\ = Z' + 2 {ABC - FGE), 

and thence 

ft = FQ'H' {AA' + BBf-[-OG'- K') - A G'^H'^ - BE'^F^ - GF^Q'\ 

that is 

ft = - .4 Q'H' (G'H' - A' F)- BH'F (H'F - B'G') - GFG' (F'Q' - O'H') - K'FQ'H', 

= -AQ'H'K'F-BH'FK'G-GFQ'K'H-K'FG'H\ 

= - Z' {AFQ'H' + BGH'F + GHFG' + FQ'H'), 

so that the condition ft = 0 is satisfied if Z' = 0, that is if the equation 

{A, B, 0, F, Q, 7), 0^ = 0, 

which is the line-equation of the Absolute breaks up into factors ; that is, . if the 
Absolute be a point-pair. 

In the case in question we may write 

(A, B, G, F, G, Hit = ^ («^ + + 7?) + 7'D. 

that is 

(A, B, G, F, G, H) = (2<xa', W0', ^y7, ^7+^7. 7«' + 7'«. a/3' + a!0), 
whence also, putting for shortness, 

(07'-B'7, 7<^-7^> a/3'-a'y8)= (\, n, v), 

we have 

(A', F, (7, F, Q', H') = ~(X‘, i;’, fiv, v\ Xfi), 

and also 

Z: = 0, 2 (ABO- FQH) ^AA' + BB'+ GG', = - 2 (ao'V -I- /SjSy -t- 77 '*^)- 
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The original cubic equation is 

(flcaV -I- yS/SV + 77VO a'yz + aa'Xyz {j^y + z^i?) -f (\a? + vz) + jyvj'y (X.v‘ + /uy) - 0 , 

and this in fact is 

{aodXyz + jSff'/JLZ.r -f yy'v.Ty) {X:v + /my + rz) = 0 . 

The equation \cg-{- /my + vz ^0 is that of tin* lino through the two points whicli 
constitute the Absolute; the other factor givi\s 

aa'Xyz 4- / 3 ^^/mZir 4- yyvivy — {), 

which is the equation of a conic through the angles of the triangle (,r = 0, // = 0, -a = 0), 
and which also passes through the two points of the Absoluti‘; in fact, writing (a, / 9 , 7) 
for (x, y, z) the equation becomes ayS7 (a'X 4- yS"/z. 4- 7V) = 0, and so also writing (V, y8', 7) 
for y, z) it becomes a {aX-^ — which relations are idmitically satisfied 

by the values of (X, ya, v). Hence we see that tin' Al).sc>lut(‘ being a p(nnt-])air, f.ln^ 
locus is the conic passing thj*ough the angles of tlic triangle, and the two points of 
the Absolute; that is, it is the circle passing through the angles of the triangle. 

But assuming that IC is not =0, or that the AbvSolute is a proper <*.onic, tht^ 
equation fl = 0 will be satisfied if 

AF&E 4- BGRF 4- OHFG' -f FG'H' = 0, 

we have F, G\ Kg, Kh respectively, or omitting the factor K\ tin? c(iuation 

becomes 

AFgh -f BGhfz^ ailfg 4- Kfgh = 0, 

which is 

— &cyVi“ — cah^f'^ cibf^F + "^idhe/gh ^ 0, 

or, as it may also be written, 

ahefyh? = 0. 

I remark that we have ABC'-FGH^KiahO’-fgh)\ substituting also for F, Q\ IF 
the values Kf, Kg, Kh, the equation of the cubic curve is 

2 {ahe -fgh) xyz + Ay;^ (Ay 4- gz) 4 - Rzm (kx 4-/y) 4- Oxy (gx -^fy) = 0, 

and the transformed form is 


2/7 dc t\ ^ , B 0 \ / X y z\ ^ 

LP (.60 -M) -y; - - - J,., + - „ + = 0 ; 


we have 


2 ., ...ABO ,/l 1 1 1 2 \ 

fgh ^ /3 }(? “ ® [abc ~ ap bf c!ii‘ '^fgli) ’ 


80 that the foregoing condition 


abc aj “ bg^ ch? fgh ’ 
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being satisfied, the cubic breaks up into the line ^+- + r = 0> a^d the conic 

f 9 h 


j 9 


It is to be remarked that in general a triangle and the reciprocal triangle are 
in perspective ; that is, the lines joining corresponding angles meet in a point, and 
the points of intersections of opposite sides lie in a line; this is the case therefore 
with the triangle (a? = 0, 2^ = 0, ^ = 0), and the reciprocal triangle 

{ax+hy + gz — 0, hx + iy-^fz — Oj gx+fy+cz—(S)\ 


and it is easy to see that the line through the points of intersection of corresponding 
sides is in fact the above mentioned line + t = It is to be noticed also that 

f g ^ 

the coordinates of the point of intersection of the lines joining the corresponding 
angles are (F^ G, H). The conic 


A B a 

jyz + -zx + j^xy = 


0 


is of course a conic passing through the angles of the triangle (a? = 0, ^ = 0, z = 0) ; 
it is not, what it might have been expected to be, a conic having double contact with 
the Absolute (a, b, c, /, g, h\x, y, z)\ 


1 return to the condition 

abc af^ bg^ ch? fgh ’ 

this can be shown to be the condition in order that the sides of the triangle 
{x^O, y = 0, z = 0), and the sides of the reciprocal triangle {ax + hy+gz=^Q, hx+by -^fz == 0, 
gx^fy-^cz^ 0) touch one and the same conic ; in fact, using line coordinates, the 
coordinates of the first three sides are (1, 0, 0), (0, 1, 0), (0, 0, 1) respectively, and 
those of the second three sides are (a, h, g\ {h, b, /), (g, /, c) respectively; the equation 
of a conic touching the first three lines is 



M N 
V K 


- 0 , 


and hence making the conic touch the second three sides, we have three linear 
equations from which eliminating Z, M, N, we find 


which is the equation in question. 
C. VI. 


Ill 
h’ g 

111 
b^ f 

111 
9’ /’ c 


= 0 , 


8 
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We know that if the sides of two triangles touch one and the same conic, their 
angles must lie in and on the same conic. The coordinates of the angles are (1, 0, 0), 
(0, 1, 0), (0, 0, 1) and (A, H, G\ {H, B, F), ((?, G) respectively, and the angles will 
be situate in a conic if only 


1 

1 

1 

A ' 

H’ 

G 

1 

1 

1 

if’ 

B’ 

F 

1 

1 

1 

G ’ 

F’ 

G 


an equation which must be equivalent to the last preceding one; this is easily verifiecl 
In fact, writing for shortness 


1 

1 

1 

. □ = 

1 

1 

1 

a’ 

h’ 

U 

A ’ 

H' 

G 

1 

1 

1 


1 

1 

1 

h‘ 

b' 

7 


H' 

B’ 

F 

1 

1 

1 


\ 

1 

] 

g' 

/’ 

0 


G ’ 

F' 

a 


we have 

- ° ' asW ■»’) + oms- * ml’m 

and the second factoi' is 

= aGH (AF+ Kf) + AFhliG + AFgCH, 

» AF(flGH + hBG + gOH) + KafGH. 

But 

aGH + hBG +gCH= 0 {all + hB) + gCH= G ~ gF+ gOH, 
= G~gF+gCII. 

g{FG~OH), 

^-ghK, 

so that the second factor is 

==K{afQH~ghAF), 

which is 

== K ifyh^ - bog%^ ~cah?p- abfy + 2abcfgh), 

= Kahcfyh?^, 
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SO that we have identically 

- ABGF^G^H^ □ = K^abc/yh^V , 
and the conditions V = 0, 0 = 0 are consequently equivalent. 

The condition 

abc af^ hg^ ch^ fgh ' 
is the condition in order that the function 


A 1 1 1 1 1 y X 

[a’ h> o’r ~9’ 


may break up into linear factors; the function in question is 

bo ca db" 


which is 


f j bo ca obY V 
{a, h,c,j, y, z)-, 


5& 


( A jB C \ 

jyz+-zx+^0Dyj , 

so that the condition is, that the conic 

( A B 0 \ 
jyz + -za; + ^a!yj=0, 

(which is a certain conic passing through the intersections of the Absolute 

A B G 

(a, b, c, /, g, K^cOy y, zy = 0, and of the locus conic -^yz ^ — zcn-b j-a}y = 0) shall be a 

J 9 ^ 

pair of lines. Writing the equation of the conic in question under the form 


/ , be ca ah Y \ r. 

by C, j ^ y ^^y y, zj — 0 , 


the inverse coefficients A', B\ O', Fy Q\ H' of this conic, are 

/ Abe Boa ^ Gdh ^ ^ ^ ^ ^ ^ ^ ^ jA 

M f9h' fgh^)^ 


so that we have F' : O' \ H'^F \ G : H, Hence, if in regard to this new conic we 
form the reciprocal of the triangle (x=0, y = 0, z— 0), and join the corresponding 
angles of the two triangles, the joining lines meet in a point which is the same 
point as is obtained by the like process from the triangle and its reciprocal in regard 
to the Absolute. But I do not further pursue this part of the theory. 


It is to be noticed that the conic 
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contains the angles of the reciprocal triangle, and is thus in fact the conic iu which 
are situate the angles of the two triangles. For the coordinates of one of the angles 
of the reciprocal triangle are Q) ; we should therefore have 

^.m + ~QA+y AH=0, 
t 9 ^ 

which is 

^ iaHgh + BQhf^ GHfg) = 0, 

or attending only to the second factor and writing 

GH=Kf+AF, 

the condition is 

Kfgh + AFgh + BGhf+ CHfg = 0, 

or substituting for K, A, B, 0, F, G, H their values and reducing, this is 

- ahafY^i:^ = 0 , 

which is satisfied: hence the three angles of the reciprocal triangle lie on the conic 
in question. 


Partially recapitulating the foregoing results, we hoc iu the case where the Absolute 
is not a point-pair, that the locus of a point such that the perpendiculars from it 
on the sides of the triangle have their feet in a line, is in general a ouhio oiirm 
passing through the angles of the triangle : if, however, the condition 

ahe ap bg^ c¥ ^ fgh 

be satisfied, that is, if the triangle be such that the angles thereof and of the 
reciprocal triangle lie in a conic (or, what is the same thing, if the sides touch a 

conic) then the cubic locus breaks up into the line + which is the Hue 

through the points of intersection of the con'esponding sides of the two triangles, and 
into the conic 

which is the conic through the angles of the two triangles. 


The question arises, given a conic (the Absolute) to construct a triangle such that 
its angles, and the angles of the reciprocal triangle in regard to the given conic, lio 
in a conic. 
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I suppose that two of the angles of the triangle are given, and I enquire into 
the locus of the remaining angle. To fix the ideas, let J., 5, (7 he the angles of the 
triangle, A\ G' those of the reciprocal triangle; and let the angles A and B be 
given. We have to find the locus of the point G : I observe however, that the lines 
AA', jBjB', GG' meet in a point 0, and I conduct the investigation in such manner 
as to obtain simultaneously the loci of the two points G and 0. The lines G'B\ G'A' 
are the polars of A, B respectively, let their equations be ^=0, and 2/ = 0, and let the 
equation of the line AB be z=^0; this being so, the equation of the given conic will 
be of the foi'm 

(a, b, c, 0, 0, K^oc, y, ^)2 = 0. 

I take (a, yS, 7) for the coordinates of 0 and (po, y, z) for those of G\ the 
coordinates of either of these points being of course deducible from those of the other. 

Observing that the inverse coefficients are 

(6c, ca, ah — h\ 0, 0, — cA), 

we find 

coordinates of A are ( b, —h, 0), 

,, B „ (— hf ct, 0). 

The points J.' and B' are then given as the intersections of j 40 with G'A'{y = 0) and 
of BO with G'B'(a)==0)] we find 

coordinates of A' are (ha + b^, 0 , hy), 

„ 5' „ ( 0 , aa + hBy hy). 

Moreovei’, coordinates of G' are (0, 0, I), 

„ G „ (ir, y, z). 

The six points A, B, 0, A', B\ G' are to lie in a conic; the equations of the 
lines G'A, G'B, AB are AX4-6F=0, aZ-j-AF=0, Z=0, and hence the equation of a 
conic passing through the .points G\ A, B is 

L _ _ . M N_ 

aX + TiY ^ KK+hY ^ Z 

Hence, making the conic pass through the remaining points A , B , Gj we find 

^ I ^ 

a (hoL 4* 6^) h {b/x. + 6^) 67 

J I !■»•-(, 

b{aa + h^) ky 

cur + hy hx + by z 
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and eliminating the L, M, N, we find 

I 1 


1 

h 


lia 4- 


= 0 , 


1 

h ' 

_1 

ax + hy' 


g , aa + /tyS 

1 ^ 

hx + hy’ z 


or developing and reducing, this is 

hab h ax + hy h hx + by 

_ i ““ "t _ 1 = 0 

tf. //« + liy 6 CM' + hy 


We have still to find the relation between (a, y9, 7) and (»;, y, z); thi.s is obtained 
by the consideration that the line A'B', through the two points A', B' the coordinates 
of which are known in terms of (a, yS, 7), is the polar’ of the point 0, the coordinates 
of which are («, y, z). The equation of A'E is thus obtained in the two forms 


and 


(aa + Aj8) X + (/w + 6/9) F - ^ = 0, 

(ac()-^hy)X -^rhy) Z oz Z^O, 


and comparing these, we have 

os : y : z — a : 15 : 
or what is the same thing 

a : 0 : y ^ os t y : 


— {acc + h^) (ha + h^ ) 

chy 

— {ass + hy) {hx -f hy) 

chz ’ 


(where it is to he observed that the equation a : ^^os : y is the veiificatiou of the 
theorem that the lines AA\ BB\ CO' meet in a point 0). 

We may now from the above found relation eliminate ctbher the (a, /S, y) or the 
(xj y, z)\ first eliminating the (a, 7), wc find 

cb - 

hah Z^ h a hso’^hy 6 <3w? + 6// ' 

where 

Y ___ {aas 4* hy) (hos + hy) 

Z^ cA? ’ 


or, completing the elimination, 

2^’ (£!£+^M£±W_(jj_ _„j, + ;,.+Sj,).=o, 

which is a quartic curve having a node at each of the points 

(^ — 0, ax + hy = 0\ (^==0, hX’^-hy^O), (ctir+7iy =:0, /e^ + 6ys=0), 
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that is, at each of the points B, A, C. The right-hand side of the foregoing 
equation is 

SO that the equation may also be written 

(ao) + (]iw + -h (ao^ + by^ + = 0, 

Secondly, to eliminate the (w, y, z), we have 

ab'--h^ Y 2 1 aoL-^h^ 1 Aa + 6 y 8 

hah h a hxt-\~b^ & aa + A-/3 ” ’ 

where 

Y chy'^ 

:^~“(a«TP)(Aa + &/3)’ 

or, completing the elimination, 

{ah — h^)chy'^— (At, — ah, + Aa + ftyS)® 

^ — (ah — h^) h {aa? + b^^ 4- , 

that is 

[a, b, c, 0, 0, yy = 0. 

Writing (x, y, z) in place of (a, /3, 7), the locus of the point 0 is the conic 

(a, h, c, 0, 0, y> = 

which is a conic intersecting the Absolute 

(a, h, c, 0, 0, y, zf = 0, 

at its intersections with the lines x — Q, y = 0, that is the lines CB' and G'A\ 

In regard to this new conic, the coordinates of the pole of G'B' (x = 0) are at 

once found to be (— A, a, 0), that is, the pole of G'B' is B ; and similarly the coordi- 

nates of the pole of 6^'A'(y=0) are (6, — A, 0), that is, the pole of G'A' is A, We 
may consequently construct the conic the locus of 0, viz. given the Absolute and the 
points A and J5, we have O' A' the polar of B, meeting the Absolute in two points 
(ui, (Zg), and G'B' the polar of A meeting the Absolute in the points (61 and 63); the 
lines G'A' and G'B' meet in G', This being so, the required conic passes through the 
points Oi, as, 61, 63, the tangents at these points being Aa^, Aa^, Bb^, Bb^ respectively; 
eight conditions, five of which would be sufficient to determine the conic. It is to be 
remarked that the lines G'B', G'A' (which in regard to the Absolute are the polars of 
A, B respectively) are in regard to the required conic the polars of B, A respectively. 

The conic the locus of 0 being known, the point 0 may be taken at any point 
of this conic, and then we have A' as the intersection of G'A' with AO, B' as the 
intersection of G'B' with BO, and finally, G as the pole of the line A'B' in regard 


— — (ah — hF)(ha, ah, hb'^x, y)\ = — (ab — h^)h(ax^ + by^ + 
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to the Absolute, the point so obtained being a point on the lino GV. To each position 
of 0 on the conic locus, there con'csponds of course a position of G ; the locus ot G 
is, as has been shown, a quartic curve having a node at each of the points C\ A, B, 

The foregoing conclusions apply of course to spherical figures ; we see therefore that 
on the sphere the locus of a point such that the perpeudiculai^ let fall on the sides of a 
given spherical triangle have their feet in a line (great circle), is a spherical cubic. ^ It, 
however, the spherical triangle is such that the anglCwS thei’oof and the poles ot the sides 
(or, what is the same thing, the angles of the polar triangle) lie on a spherical conic ; 
then the cubic locus breaks up into a line (great circle), which is in tact the ciiclc 
having for its pole the point of intersection of the pei'pcndiculars from the angles of the 
triangle on the opposite sides respectively, and into the bcforc-incntionod spherical conic. 
Assuming that the angles A and B are given, the abovc-meutioued construction, by 
means of the point 0, is applicable to the determination of bhc locus of tho remaining 
angle (7, in order that the spherical triangle ABG may bo such that tho angles and 
the poles of the sides lie on the same spherical conic, but this requires some further 
developments. The lines G'B\ C'A" which are the polars of the given angles A, B 
respectively, are the cyclic arcs of the conic the locus of 0, or say for shortness the 
conic 0 ; and moreover these same lines G^B\ G'A' are in regard to tho conic 0, 
the polars of the angles .8, A respectively. If instead of the conic 0 we consider the 
polar conic O', it follows that A, 3 are the foci, and G'A', G'B' the corresponding 
directrices of the conic O'. The distance of the dkectrix G'A' from the centre t)f the 
conic, measuring such distance along the transverse axis is clearly =« 90 ' — distance of 
the focus A ; it follows that' the transverse semi-axis is = 45'’, or what is tho 
thing, that the transverse axis is =90°; that is, the conic O' is a conic described 
about the foci A, B with a transverse axis (or sum or difference of tho focal distance.^) 
= 90°. Considering any tangent whatever of this conic, the pole of tho tangtmt is a 
position of the point 0, which is the point of intersection of the perpendiculars let 
fall from the angles of the spherical triangle on the opposite sides ; hence, to ciom])lete 

the construction, we have only through A and B respectively to draw lines AG, BO 

perpendicular to the lines BO, GO respectively; the linos in questiou will uu^et in a 
point C, which is such that GO will be perpendicular to AB, and which point 0 is 
the required third angle of the spherical triangle ABO^ In order to ascertain whethtu* 
a given spherical triangle ABG has the property in question (viz. whether it is such 
that the angles thereof and of the polar triangle lie in a spherical conic), we have 
only to construct as before the conic O' with the foci A, B and transverse axis =90*', 
and then ascertain whether the polar of the point 0, the intersections of tho perpen- 
diculars from the angles of the triangle on the opposite sides respectively, is a tangent 
of the conic 0\ It is moreover clear, that given a triangle ABC having the property 

in question, if with the foci A, B and transverse axis =90° we describe a conic, and 

if in like manner with the foci A, G and the same transverse axis, and with the foci 
JS, 0 and the same transverse axis, we describe two other conics; then that tho three 
conics will have a common tangent the pole whereof will be the point of inter- 
section of the perpendiculars from the angles of the triangle ABC on the opposite sides 
respectively. 
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INVESTIGATIONS IN CONNEXION WITH CASETS EQUATION. 

[From the Quarterly Journal of Pure and Applied Mathematics, voL viii. (1867), 

pp. 334 — 341.] 

In a paper read April 9, 1866, and recently published in the Proceedings of the 
Royal Irish Academy, Mr Casey has given in a very elegant form the equation of a 
pair of circles touching each of three given circles, viz. if i7 = 0, F = 0, W = 0 be 
the equations of the three given circles respectively, and if considering the common 
tangents of (F==0, 1F= 0), of (Tr = 0, U = 0), and of (!7=0, F=0) respectively, these 
common tangents being such that the centres of similitude through which they 
respectively pass lie in a line (viz. the tangents are all three direct, or one is direct 
and the other two are inverse), then if f g, h are the lengths of the tangents in 
question, the equation 

V + V (s^F) -f V (hW) =0, 

belongs to a pair of circles, each of them touching the three given circles. (There 
are, it is clear, four combinations of tangents, and the theorem gives therefore the 
equations of four pairs of circles, that is of the eight circles which touch the three 
given circles.) 

Generally, if 27=0, F=0, 1F=0 are the equations of any three curves of the same 
order n, and if /, g, h are arbitrary coej65cients, then the equation 

V (/V) + V (5^^+ V (hW) = 0, 

is that of a curve of the order %n, touching each of the curves 27 = 0, F= 0, TT = 0, 
times, viz. it touches 

27 = 0, at its n^ intersections with gV — ATr=0, 

F=0 „ „ ATT--/ 27 = 0, 

1F=0 „ „ /27~^F=0. 


c, VI. 


9 
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If however the curves U= 0, T^= 0, TF= 0 have a common intersection, thini the 
curve in question has a node at this point, and besides touches each of the three 
curves in 1 points; and similarly, if the curves U'=0, F = 0, 1^=0 liavo k common 
intersections, then the curve in question lias a node at each of these points, and besides 
touches each of the three curves in n- — k points. 

In particular, if Z7-0, F=0, Tf = 0 are conics having two common intersections, 
then the curve is a quartic having a node at each of the common intersections, and 
besides touching each of the given conics in two points ; whence, if the coefficients 
f] g, h (that is, their ratios} are so determined tliat the (juartic may have two nuu'e 
nodes, then the quartic, having in all four nodes, will break up into a pair of conics, 
each passing through the common intersections, and the pair touching each of the 

given conics in two points; that is, the component conics will each of tlunn toiu^h 

each of the given conics once. Taking the circular points at infinity for the common 

intersections, the conics will be circles, and we thus see that Casey’s theorem is in 
effect a determination of the coefficients /, g, h, in r\ic1i wise that the curve 

V(/C^) + V(.7^O + V(ATf)-0, 

(which when Cr=0, F=0, W = 0 are circles, is by what precedes a bicircular tpiartic) 
shall have two moro nodes, and so break up into a pair of circles. 

The question arises, given 27=0, F=0, 1^ = 0, curves of the same order n, it is 
required to determine the ratios f \ g : h in such wise that the curve 

may have two nodes; or we may simply inquire as to the number of the sets of 

values of (/ : 5 ^ : h), which give a binodal curve, {fU)^ s/ {gV)^ fsj {h]Y) -0, 

I had heard of Mr Casey’s theorem from Dr vSalnion, and communicated it together 
with the foregoing considerations to Prof. Cremona, who, in a letter dated Bologna, 
March 8, 1866, sent me an elegant solution of the question as to the ntimber of the 
binodal curves. This solution is in effect as follows : 

Lemma. Given the curves 27 = 0, F= 0, IF « 0 of the same order n ; consider the 
point (/, g^ h), and oon’esponding thereto the curve /27+^F+ /a1F = 0. As long as the 
point (/, g, h) is arbitrary, the curve fU+gV^hW will not have any tiodc, an<l 
in order that this curve may have a node, it is necessary that the point (/, g, h) 
shall lie on a certain curve S; this being so, the node will lie on a curve /, the 
Jacobian of the curves 27, F, IF; and the curves J and 2 will correspond to each 
other, point to point; viz. taking for (/, g, h) any point whatever on the curve 2, 
the curve /27 + grF+ ^TF=0 will be a curve having a node at some one point on the 
curve J; and conversely, in order that the curve fU-^-gV+hW—O may bo a curve 
having a node at a given point on the curve J, it is necessary that the point (/, g, h) 
shall be at some one point of the curve 2. The curve S has however nodes and 
cusps ; each node of 2 corresponds to two points of J, viz. the point (/, g, h) being 
at a node of S, the curve /27 + ^F +ATF = 0, is a binodal curve having a node at 
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each of the corresponding points on J ; and each cusp of 2 corresponds to two coincident 
points of J, viz. the point (/, g, h) being at a cusp of 2, the curve fU + gV ^hW = 0 
is a cuspidal curve having a cusp at the corresponding point of J, The number of 
the binodal curves fU + gV + liW = 0 is thus equal to the number of the nodes of 2, 
and the number of the cuspidal cnvYes fU gV -^-hW = 0 is equal to the number of 
the cusps of 2. The curve 2 is easily shown to be a curve of the order 3 (7^ — 1)^ 
and class Zn (w — 1) ; and qu^ curve which corresponds point to point with J, it is a 
curve having the same deficiency as J", that is a deficiency = \ (Sn — 4) (Sn — 5) ; we 
have thence the Pliickerian numbers of the curve 2, viz. : 

Order is = 3 (n — 

Class = 372 (n - 1) , 

Cusps = 12 (w — 1) ( n — 2), 

Nodes = f (ti ^ 1) ( 71 - 2) {Bn^ - Sn - 11), 

Inflexions = 3 (ti — 1) (472 — 5), 

Double tangents = | (ti — 1) ( n —.2) (Sn^ + 3n — 8). 

Remarks. The consideration of the foregoing curve 2 is, I believe, first due to 
Prof, Cremona, it is a curve related to the three distinct curves U=0, F = 0, Tr= 0, 
in the same way precisely as Steiner’s curve Pq is related to the three curves 
d^U = 0, dyU 0, dgU =■ 0. (Steiner, Allgemeine Eigenschaften der algebraischen Curven,” 
Crelle, t. XLVii. (1854), pp. 1 — 6 ; see also Clebsch, Ueber einige von Steiner behandelte 
Curven,” Crelle, t. LXiv. (1865), pp. 288 — 293), and the Pliickerian numbers of 
(writing therein 72 + 1 for n) are identical with those of 2. The foregoing expressions 
I (72 — 1) (n— 2) (372^— 072 — 11) and 12 (72 — 1)(72 — 2) for the numbers of the binodal and 
cuspidal curves /fZ + 5 ^F+ 0, are given in my memoir “On the Theory of Invo- 
lution,” Cambridge Philosophical Transactions, t. xi. (1866), pp. 21 — 38, see p. 32, [348] ; 
but the employment of the curve 2 very much simplifies the investigation. 

Passing now to the proposed question, we have as before the curves 17=0, F=0, W^Q, 
of the same order n ; and we may consider the point (/, g, h), and corresponding thereto 
the curve {fU) + sJ {gV)-{'\/ {hW) — 0, say for shortness the curve 12, which is a curve 
of the order 272 , having 72 ® contacts with -each of the given curves U, V, W. As long 
as the point (/, g, h) is arbitrary, the curve X2 has not any node; and in order that 
this curve may have a node, it is necessary that the point {f, g, h) shall lie on a 
certain curve A ; this being so, the node will lie on the foregoing curve J, the Jacobian 
of the given curves U, V, W; and the curves J and A will correspond to each other,, 
point to point, viz. taking for (/, g, h) any point whatever on the curve A, the curve 
12 will have a node at some one point of J ; and conversely, in order that the curve 12 
may be a curve having a node at a given point of J, it is necessary that the point 
(/ g» shall be at some one point of the curve A. The curve A has however nodes 
and cusps; each node of A corresponds to two points of J, viz. for (/, g, h) at a node 
of A, the curve ^Q is a binodal curve having a node at each of the corresponding 
points of J ; each cusp of A corresponds to two coincident points of J, viz. for (/, g, h) 
at a cusp of A, the curve X2 is a cuspidal curve having a cusp at the corresponding 

9—2 
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point of J. The number of the binodal curves £l is conscipiently equal to that of 
the nodes of A, and the number of the cuspidal curves D, is equal to that of the 
cusps of A ; we have consequently to find the Pltickcrian numbers of the curve A ; 
and this Prof. Cremona accomplishes by bringing it into connexion with the foregoing 
curve S, and making the determination depend upon that of the number ot the conics 
which satisfy certain conditions of contact in regard to the curve 2. 

Consider, as corresponding to any given point (/, g, l>) whatever, the conic 
which passes through three fixed points, the angles ot the triangle 

sa y z 

3 / = 0, z = 0. For points (/, g, h) which lie in an arbitrary line Af+B;/+('Ii = 0, 
the corresponding conics pass through the fourth fixed point a: : y : z == A : B : (>. 
Assume for the moment that to the points (/, g, h) which lie on the foregoing curve 
A, correspond conics which touch the foregoing curve 2. Then 1 ’. to the points ot 
intersection of the curve A with an arbitrary line, con’csjiond the conics which pass 
through four arbitrary points and touch the curve 2; or the order of the curve A 
is equal to the number of the conics which can be drawn through four arbitrary 
points to touch the curve 2 ; viz. if m be the order, n the class of 2, the numlxu' 
of these conics is =2ni + n. or substituting for m, n the values :{ (»—!)“ and fin (n-l) 
respectively, the number of these conics, that is the order ot A, is = d{/t— l)(dw— • 2). 
2^ To the nodes of A correspond the conics which piuss through three arbitrary points 
and have two contacts with 2, viz. if m bo the order, ii the class, and /c the number 
of cusps of 2, then the number of these conics is =i(2m + «)“- 2/a - 5».- or 
substituting for w, n their values as above, and for k its valuo == 12 (//. -!)(//. -2), 
the number of these conics, that is, the number ot the nodes of A, is found to be 

= § (« - 1) (%1n? - 63/i» + 22//, + 16). 

3”. To the cusps of A correspond the conics which pass through three arbitrary 
points, and have with 2 a contact of the second order ; the number of these (w, n, >c 
as above) is =3w + *, or substituting for n and k their values as above, the number 
of these conics, that is the number of the cusps of A, is = 3 (// - 1) (7/i - 8). We 
have thence all the Pltlokerian numbera of the curve A, viz. those are 


Order 

Class 

Nodes 

Cusps 


= 3(w-l)( 3/1-2), 

= 6(n-l)“, 

== f (« - 1) (27a’ - 63/1“ + 22/1 + 16), 
= 3(re-l)( 7a -8). 


Double tangents = — 1) (12n,’ — 36a“ + 19a + 16), 

Inflexions = 12 (w — 1) ( a — 2), 

and as a verification it is to be observed, that the deficiency of the curve A is equal 
to that of the curve J, viz. it has the value ^ (Sa - 4) (3a - 6). The foregoing 
numbers include the result that the number of the binodal curves 


IS 


V(/tO+v'(t7n+V(/iF) = o, 

= f (a - 1) (27a“ - 63a* + 22a + 1 6). 
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The proof depended on the assumption, that to the points {f, g, h) which lie on 

f h 

the curve A, correspond the conics which touch the curve S; this 

X y z 

M. Cremona proves in a very simple manner: the points of J correspond each to each 
with the points of S, or if we please they correspond each to each with the tangents of 
S. To the Qn (n — 1) intersections of J with any curve Cl (viz. ^ {fU) + a/ (g^F) + V (^1^ =0) 

f o Ji 

correspond the 6n {n — 1) common tangents of 2 and the conic + - = if fl has 

X y z 

a node, two of the 6?^ {n — 1) intersections coincide, and the corresponding two tangents 
will also coincide, that is having a node (or the point (/, g, h) being on the 
curve A), the conic touches the curve 2. But it is not uninteresting to give an 
independent analytical proof. Write for shortness 


dU = Adx -^Bdy +Gdz, 
dV ^A'dx +B'dy + G'dz, 
dW^ A"dx + B"dy + a'dz, 


and let (x, y, z) be the coordinates of a point on J, (X, F, Z) those of the corre- 
sponding point on 2, (/, g, h) those of the corresponding point on A. Write also 
for shortness 

BG'^B'G, GA'^G'A, AF^A'B = P : Q : R, 

then we have 

AX ^ BY +GZ 0, 

A'X +B'7 +G'Z ^0, 


^ \/(4) A/(f) + ^a/(f) == 

A' „ + S' „ 4- C' „ = 0, 

A" „ +B" „ +G" „ =0, 


giving A , B , 0 =0, which is in fact the equation of the curve J ; and moreover 

A', B', C' 

A", B", 0" 

giving X : Y : Z= JP : Q : B, to determine the point (X, Y, Z) on h; and 


\/(r) ^ \/(f) = ^ ^ 

or, what is the same thing, f : g : h = I^U : <^V : B?W, to determine the point 
(/> 9> Treating now {/, g, h) as constants, and (X, Y, Z) as current coordinates, 

/ h 

+^+^=0, will touch the curve 2 at the point (P, Q, B,), if only the 

X JL Z 
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eq^uation of the conic is satisfied by those values and by the consecutive values 
P + dP, Q + dQ, R + dR-, or what is the Siunc thing, if we have 


that i.s 


/ 

P 




fdP adQ MR _ 

p, + Qi + - 


^ QdR- RdQ : RdP-PdR : PdQ - QdP. 


If the functions on the right-hand side are as : F : W, then these ecpiatioius give 


f,gi : Q^V : 


that is (/, g, h) will be a point ou the ciarvc A. It is therefore only necessary to 
show that in virtue of the etpiation J = 0 of the curve J, and of the derived 
equation cLT = 0, we have 


QdB-EdQ : MdP-^PdR : PdQ’-QdP^U : V : F. 


Take for instance the equation 

y (QdK - JidQ) -- U{RdP - Pdli ) « 0, 

that is 

dB(UP+VQ+ WM)-E(mP^VdQ^ WdE)^0, 


and this, and the other two equations will bo satisfied if only i/’P-f- FQ+ W7i ~ 0, 
UdP 4- VdQ + WdE = 0 ; we have, uoglocting a numerical factor, 


U = Aos 4 - A'y 4 “ A"st 
V +B'ij +B'% 
W^Gx 4-(?V 


whence, attending to the values of P, Q, E, we have 


hence also 
so that 


UP^VQ^WE = zJ^O\ 

UdP 4 - VdQ 4 - WdR + iPdU^ QdV^ BdW) ^ 0 , 
UdP^VdQ^ WdE^Q, 


if only 


PdU^QdV+RdW^O, 
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and substituting for P, Q, dJI, dV^ dW their values, the left-hand side is =^-’JdZy 
which is = 0 ; hence the equations in question are proved, and (/, h) is a point 
on the curve A. 


inverse 


It is to be noticed, that the two curves 2, A are geometrically connected through 
the three arbitraiy points as follows: viz. taking as axes the sides of the triangle 
formed by these three points, then starting from any point (/, g, h) of A, we take the 

point , the harmonic line thereof gy-k^hz^O^ and finally the 

f o hj 

inverse conic ~ + - -f- - = 0, which by what precedes touches 2 in the point corre- 
CG y z 

sponding to the assumed point (/, g, h) oi A : and conversely starting with an assumed 

f o Iv 

point on 2, we take the conic 4- 2 q. „ = o which passes through the angles of the 

so y z 

triangle and touches 2 at the assumed point; the inverse line fso + gy + liz = 0] the 
harmonic point finally the inverse point (/, g, A), which 

will be on the curve A, the point corresponding to the assumed point on the curve 2. 
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ON A CERTAIN ENVELOPE DEPENDING ON A TRIANGLE 
INSCRIBED IN A CIRCLE. 


[From the Qiiartei^ly Journal of Pure and Applied Mathematics^ vol ix, (186H), 

pp. 31—41 and 175—176.] 

OoNSiDKRiNG a triangle and the circtuiiRCribed circle, and from any point of tln^ 
circle drawing perpendiculars to the sides of the triangle ; thcj fe.ot of the three 
perpendiculars lie on a line; and (regarding the point as a variable point on th(‘ 
circle) the envelope of the line is a curve of the third class, having the line infinity 
for a double tangent, and being therefore a curve of the fourth order with tihrtu'. cusps, 
see Steiner's paper '^Ueber oinc bosoudere Curve dritter Klasse uud vierten Unides/' 
GrelUi t Liii. (1857), pp. 231 — 237, which contains a series of very beautiful geometrical 
properties. 

Mr Greer, in a paper in the last volume of the Journal, has oxprc\ss('.d the 
equation of the line in a very elegant form, viz. if a, yS, 7 arc the perpendicular 
distances of the point from the sides of the triangle; A, B, G the angles of the 

triangle ; (X, p, v) = ^ ^ certain cuirrent coordinates, 

viz. these are the perpendicular distances from the sides, multiplied by sin A tan A, 
sin B tan jB, sin G tan G respectively ; then the equation of the line is 

X\ (J. — p) (X— j/) -P — v){ii--X)-^Zv{v--X) (y — /!.) = 0, 

where the parameters X, p, v are connected by the equation X tan -f m tan B-^v tan G—0, 
or say by the equation 


Xa + /Lfcb + i/c ~ 0, 
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We have a cubic equation in (X, /x, v) with coefficients which are linear functions of 
(X, F, Z), and the required equation is that obtained by equating to zero the 
reciprocant of this cubic ffinction, the facients of the reciprocant being the (a, b, c) 
of the linear relation ; the reciprocant is of the degree 6 in (a, b, c) and of the 
degree 4 in the coefficients of the cubic function, that is in (X, F, Z). But I remark 
that the equation in (X, fjL, v), regarding these quantities as coordinates, is that of a 
cubic curve having a node at the point X^/jl=v, or say the point (1, 1, 1); the 
corresponding value of Xa + ^b + i^c is = a + b + c, and the reciprocant consequently 
contains the factor (a -h b + c)^ or dividing this out, the equation is only of the degree 
4 in (a, b, c). The equation of the curve thus is 

(a + b + cf M')0^-v)+Yfj.{p-v)(jA-X) + Zv(v- X ) (y - fi)} = 0, 

being of the degree 4 in (a, b, c), and also of the degree 4 in (X, F, Z), that is, 
treating (X, F, Z) as current coordinates, the envelope is as above stated a curve of 
the fourth order. 

A symmetrical method for finding the reciprocant of a cubic function was given 
by Hesse, see my paper *‘On Homogeneous Functions of the Third Order with Three 
Variables,” Gamb. and Duhl, Math. Jour., vol. i. (1846), pp. 97 — 104, [35] ; the 
developed expression there given for the reciprocant is however erroneous; the correct 

value is given in my “Third Memoir on Quantics,” Phil, Trans,, vol. cxlvi. (1856), see 

the Table 67, p. 644, [144] and we have only in the table to substitute for (^, tj, 

the quantities (a, b, c), and for (a, b, c, /, g, h, i, j, h, 1) the coefficients of the 

cubic function of (X, fjb, v), viz. multiplying by 6 in order to avoid fractions, these are 

( a, b, c, /, g, h, i , j , k , I ) 

= (6X, 6F, 6F, -2F, -2F, -2X, -2^, -2X, -2F, X+F + ^ 

respectively. The substitution might be performed as follows, viz. for the coefficient of 
a*'’, we have 

b^G^ + 1.1296 Y^Z^ + IWQ^ 
bcfi-6. 144 Y^Z^- 864 

+4.-48 YZ^ - 192 - = -1927^(7-2)2, 
cfs +4.-48 F®2 - 192 
-3. 16 7222- 48> 

and so for the other coefficients; but I have not gone through the labour of per- 
forming the calculation. Omitting the numerical fector — 192, the coefficients of 
a®, b®, c® are of course 


C. VI. 


F2(7-2)2, ^X(2-X)2, X7(X-7)2; 


10 
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and I find also that the coefficient of b^c (the factoi — 1 02 being omitted) is 

= ZX (;3Z= + 3^^ + 37^- U7.Y + 5 Y 7), 
whence those of the terms c“a, &c. are also known. 

I denote the result as follows: 

(7^(7-i0^ ZX{Z-^X)\ Z7(X- Y)\ ...Ja, b, c)«-0; 
this equation divides as we have seen by (aH-b-i-c)^ and the i[Uoticnt is 
{YZ{Y^Z)\ ZX{Z^X)\ X7(X-7)% b, c)^ = 0; 

and it may be remarked that the coefficient of b'^c in this (]uartio function of (a, b, o) is 

== ZX (iT- + if- + 3 i:2r %ZX + 5X Y. 

The last mentioned equation, if the calculatioi\ were completod, would be analytically 
the best form for the ecjiiation of the envelope; but in view of what follows, I will 

change it by writing aa;, by, cxr in place of (A"', 7, Z^\ ;ti is therefore 

is, it is « perpendicular distance x sin A ; or, what is the same thing, the new 
coordinates (oo, y, z) are proportional to the perpendicular distanc<ss from the sides, each 
distance divided by the perpendicular distance of the si<ie from the*, opposite angle, 

the equation of the line infinity is thus I write also (a, b, = 

that is, we have (a, 6, c)=(cot.4, cotJS, cot C), The system of equations is therofor<', 

~ X (X — fi) (X — v) + j /i. (ya — v) (/4 — X) 4- - z/ (v — X) (i' — ya) =s 0, 
it 0 c 


X a 
a'^b 



giving for the envelope the equation 

heyz (py — bzf + aazx {az — ca;)* + abxy (bx — ayY + &C. = 0 ; 
and in this function, corresponding to the term 

y^cZX (Z* + Z^ + ZYZ~ 2ZX + oX Y), 

we have the term 


azx {bc^a? + a^bi^ + Za?cyz — lahazx + bad^xy). 

It may be noticed that, arranging in powers of (*•, y, z), the several portions of 
each coefficient are distinct liteiul functions ; thus we see that the coefficient of !?x 
is =o®c + a’h+ other combinations of (o, b, o): this is material in order to the 
comparison of the foregoing equation of the envelope in a different form which will 
be presently mentioned. 



396] 


TRIANGLE INSCRIBED IN A CIRCLE. 


75 


I proceed to find the tangential equation of the envelope. Representing the 
equation of the line by 

+ W + = 

we have 

t • V • — v) : v)(/i-X) : i j, (j, — \) (j/ — /i), 


or, what is the same thing, 

(■■v-S-l 


a fji — V 


where as before 


b v — \ 


^+f+^-=o, 

a 0 c 


‘ 0 X — fjb' 


and eliminating X, /jl, v, we find 

a? iv - 0* + hr,(X- + cr (? - 'nf = 0. 

In fact we find at once 

: o^(S-7}y= (/i- v) \ |^^(X- (v -\) 

; (v v(/i-i/)-ix(X-^)| 

: fj.} V |ix(i/-X)-i^0i- v)|, 

and the sum of the three expressions on the right-hand side is 

= - (/i- v) (v - X) (X - /i) 1 + = 0, 

which verifies the result just obtained. 


The tangential equation of the envelope is thus 

i.V “ 0^ + (S'- + cf (I - vy = 0, 

or the envelope is a curve of the third class havmg as a double tangent the line 
= = that is the line infinity; in fact for these values the equation + — 0 

becomes co + y-^z — Oy which is the equation of the line infinity. The curve is therefore 
a curve of the fourth order, the equation of which is 

1 

{x + y^z) 


- recip. {af (i? - 0® + hr) (?- f )" + cfC? - 97 ?} = 0, 
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where the reciprocant in question may be calculated tVom the before ineutioiied t.able 
67, viz. multiplying by 3 in order to avoid fractions, the coefficients ol the table are 

(rt, c, /, g, h, k, I ) 

= (0, 0, 0, c, a, 6, 6, c, a, - a — & — c) 

respectively, and for the facients (^, r), of the table we have to write (x, g, r). 
The expression of the reciprocant is 

s= 4* -p &c., 

and dividing by + y + we have the equation of the envehipe in the form 

-f- cWg* -h a”6V -P &c. == 0, 

which must of coux^se be identical with the former result 

beyz (eg — bzf -p cerzx (az — cod)" + (fbirg (boo — ay)" -P &c. = 0. 

Instead of discussing the curve of the third class 

- r)« -p bn (r- vy - o, 

it will be convenient to write (ir, y, z) in place of (f, n? tX discuss the ctirve 
of the third oixler, or cubic curve 

CT = cw? (?/ — ^y + by (z — xy 4- oz (x - y)- = 0, 

which is of course a curve having a node at the point (x^y^zX or say at the 
point (1, 1, 1), and having therefore three inflexions lying in a line. The cfjuation t)f 
the tangents at the node is found to bo 

a (y — 4 i (^ — xy 4- c (oj — yy — 0, 

that is, at the node the second derived functions of V are proportional to 

(6 + c, 0 4- a, a-p6, —a, —6, — c). 

The equation of the Hessian may bo found directly, or by means of the table, 
No. 61, in my memoir above referred to. It is as follows: 

(6 4- c) {a (b 4* c) 4- 26c} ai® 

+ (c 4- a) {b (c + a)4- 2ca} y® 

+ (a 4- 6) {c (a + 6) 4- 2a6} z^ 

— (3a.® 4- 26c 4- 2ca 4- 2a6) (oyH 4- hyz^ ) 

— (36® + 26c + 2ca 4- 2a6) (az^x 4- czof ) 

— (Sc® 4- 26o 4 2ca 4 2a6) (bx^y -f axy^) 

4- {4 (6c® + 6®c 4- ca® 4* c®a 4- a6® 4- a®6) + 6abc] xyz « 0. 
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I find that in the function + &c. the term in z^x is 
= a + 4ia^c + 4a6^ + 4a6c -- S&^c), 
whence in the function 6Vir^ + &c. the term in s^x is 


= s^xa {4ia% + 4<a^c + + 4iabc — W^c), 

a portion \vhereof is = 4^^* + a^c) ; and we thus obtain the numerical factor =4, 

and thence the identity 

b^c^x"^ + -I- &c. = 4i>cyz {cy — hz)^ + . . . + &c. 

which equation I i^epresent by 

Ac(f^ H- By^ + (72;^ + 3 {Fy'^z + Qz^x + Haf^y +• lyz- H- Jzx^ + Kxy^) + 6 Lxyz = 0, 
or 

(A, B, G, F, Q, H, I, J, K, L'lx, y, zf = 0. 


viz. writing for shortness 


JIf = 6c + cct + ab, 


the values of the coeflScients are as follows : 


= 3 (6 -h c) {be +MX F = -c (3a^ + ilf), 7 = -^ 6 (Sa^ + M), 

jB = 3 (c + a) (ca + M), Q = — a(36^ + J/), J — — c (Bb^ + M), 

C — 3 {a + b)(ab +M), H^-b{3c^ + M), TT = — a (3c^ + 

i=:2(a + 6 + c)il7“ Babe. 

I remark that the cubic having a node at the point (1, 1, 1), the Hessian has 
at this point a node with the same tangents. The second derived functions for the 
Hessian are therefore at the node proportional to those of the cubic ; it is easy to 
verify that we have in fact 

A +H + / = (6 + c)J7, i +7^+7 = -aJ17, 

K + B-{‘F = {c-^d) My J + i + = — bM, 

Q +G = {a+b)My H + K+L=^-cMy 

these values give also 

A +K+G + 2L + 2J + 2H^0y 

jgrq.j5q. j j^ 2F+ 2L + 2K = 0y 

J JrF +27+2(?+2i:=0, 

equations which merely express that the first derived functions vanish at the node. If, 
by these equations we express Ay By G m terms of the other coefficients, and substitute 
these values in the equation of the Hessian, this may be expressed in the form 

{y — zy^ I L x-\- {2F 4" 7 + i) y ~\r { F 21 + L) z\ 

4- (^ — xy {( G-\- 2J L)x-\- X y 4- (2G J L)z] 

4- (ic — 2/)^ {(2jff 4“ jSl4*X)^4“( S-V 2K 4- X) 2/ + X 5^} = 0, 

a form which puts in evidence the node (1, 1, 1). 
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I wl’ite 


A" F = ^ - .r, Z = ,r - y. 


so that we have identically 

A’ + r+^=o, 

and that the ecjuatioii of the tangents at the node is 


aX-^ + hY-^ + cZ-^Q, 

I write also for shortness 

F ^'2F +I + L, r =F + 21 + L, 
(?' = 2(? + ./ + L, J' = + 2J + A, 

H' = 2H + K + L, K' = H + 2K+L, 


the equation of the cubic is then 

U = aseX- + hy F" + c~Z'\ — 0, 

and that of the Hessian is 

HU = X^ {L 31 + Fy + Fz) + F“ {J'si + L y + U'z) + Z‘ ( H';v + K'y + L c). 

Now observing that we have 

L + UM^L-^{I ^F ■vL)=z-F -r , 

A + 36ilf= A-3((? +/ +A) = -^r-.r , 

L + Soil/ = X - 3 (H+ A" + L) = -ir- A", 

we find 

HU + 3ilf Cr = A" (I'Y - F'Z ) 

+ Y^J'Z-G'X) 

+ Z^(K'X-H'Y), 

which shows that the function HU+HMU is a cubic function of y-s, s-w, a;-//, 
decomposable therefore into three linear factors; and the otiuation Hir+ 3ilf!7=0. is 
consequently that of the three linos drawn from the node to the throe iiittexions of 
the cubic (or the Hessian). We know also that the Hessian of the three linos is the 
pair of tangents at the node(‘), viz. that regarding any one of the variables X, F, Z 
as a linear function of the third of them (in virtue of the equation A’'+ F+i^=0), 
then that the cubic function of X, Y, Z has aX^ + bY* + cZ’‘ for its Hessian. 

1 Taking as the oanonioal form ot a nodsl oubio N=ii!*+y*+61*^*=0, then we have n(r~.i?+’f-2!.ti/g=Q; 
a!*+j/®=0 is the equation of the lines from the node to the inflexions, and the Hessian ot the binary cubic 
i^®y, where ii:y=0 is the eolation of the tangents at the node. We obtain as the only linear functions 
of U, HU which are decomposable, and ays, the eijaation xyz^iO gives ay tsO which belongs to the 

tangents at the node or else s=0, which is the equation of the line through the three inflexions : this line 
is BO obtained a little farther on in the text. 
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It is interesting to verify this ; I write Z = — X —T, the cubic function then 
assumes the form 

(0, /3, 7 , 7y, 

where (a, 7, S) have the values presently given. 

The Hessian is 

(2a7 - -2^) X-^ + (aS - j5y) . 2X7 + (2^S - 27=) P, 
or writing 2X7=P — X®— 7“, this is 

= (2a7 -2l3^~aB + ^y) X^ + (2/3S - 27^ - aS - ^y) P + (aS - $y) Z\ 

We find after some easy reductions, 

= K' + F', = — 3 (a + c) (oc + M), 

/S = -fi'' + 2X' + /'+F', = 3a(a + c)(6 +c ), 

- y^-K' + 2H'^J' + G-', = 36 (a+c )(6 +c ), 

-f8 = H'+ F, = (b + c){bc + M), 

and hence 

aS — ^87 = — 81 (a + c) (6 + c) {(ao + M)(bc + M) — db (a + c) (6 + c)}, 

where the expression in { } is 

= (oh + 2ac + bo) (ab + ac + 26c) — a6 (a6 + ac + 6c + c“), 

= c {056 (3a + 36) 4- c (6 + 2a) (a + 26) — a6 (a + 6 + c)}, 

= 2c (a + 6) (6c + ca + db), 

and therefore 

a8 — /97= — 162(6 + 0) (c + a) (a + 6) ilfc ; 

the other coefficients may be similarly calculated, and omitting the merely numerical 
factor, we have 

Hessian = (6 + c) (c + a) (a + b)M (aX® + 6P + cP), 

which is right. 

I write next 

HU+SMU-’irU^^ X®(-aSfa: + rF -F'Z) 

+ T‘{-b’^ + FZ -Q'X) 

+ X® (- + K'X - H'Y), 



80 


ON A GEETAIN ENVELOPE .DEPENDING ON A 


(]396 


01 ’ writing x = z—Y, y = s+X, this is 

MU+ SMU-'^U= - 'Azi.aX^ + bV^ + cX^) 

+ A'“ {(/' + «&) Y-F'Z] 

+ T‘[J'Z-{0' + liii)X] 

+ Z^-[K'X-H'Y 

we may determine S-, so that the cubic function of A', Z contains the factor 
aX^ + hY-+cZ--, writing Z = — X— 1'', then 

Contains tho factor Quotient is 

Z“ ( K'+ r ) (tt-^c)X‘^ -:]{cio + M)X 

+ X-Y{- H' + 2K' + F'+r+a'^) + 2c A 1' + :i {be + i/) V. 

+ Zr=( K'-2H' -G'-J'-b'^) +{b + c) 1’- 

+ P i-J'-H' ) I 

We have seen that 

K' + A' = — 3 (« + c) {lie + M), 

J' +ir=-S(b+c) (be +M), 

whence the quotient is, as above stated, 

= - 3 («c + M) X + 3 (be + M) Y. 

Comparing tho coefficients of A'-’ 7, we have 

= - (- if' H- 2K' + F' + n + 3 (a + o) (be + M) - (>o (ac + M), 

— 9ct (« + c) (6 4- c) + 3 (a + c) («b + uo + 2bo) — b“c (ab + 2ac + bo), 

— I2a (bo + oa + cib)~12aM, 

that is S' = 12if ; and the same value would have boon obtained by comparing the 
coefficients of ZP*. Hence HU—'^MU divides by aX'^ + bY^ + cZ\ the (luotiont being 

- 12Mz - 3 (ac + M)X + 3(bc+ M) Y, 

which is 

= — 12Mz — 3 (ac + fif) (y — ■ 2 ^) + 3 (be + M) (z — x), 

or, finally it is 

= — 3 {(J}c + M) x+ (ca->r M) y + (ah M) z}, 

and we thus have 

jHi7 — — 3 (aZ® + &P‘ + cP') X {(]bo + M)x + (ca-\~M)y + (ah-{-M)z], 
so that the three inflexions are the intersections of the cubic curve by tho line 

Q)C-{-M)x + (ca-]-M)y+(ah-\-M) ^ = 0. 

It may be noticed, that if we write 

x+ y + ^ = % 

box + cay + dbz = — Mu, 
ax+ hy+ cz— v. 
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396] TRIANGLE INSCRIBED IN A CIRCLE, 

then osj y, z will be as 

Q) — c) {(2ilf — he) u — av] 

: (c — a) {(2ikr — ca) w — hv] 

: (a — 6) {(2ilf — a6) — ct;}, 
and substituting these values in the equation 

ax {y — zy ■\-hy{z — oof '\‘Oz{x~- yf = 0 

of the cubic, we have a cubic equation for the ratio (u : v)\ and thence the values 
(a?, y, z) for the coordinates of the inflexions. 

It may be added, that we have 

12ikrcr == - 3 {aX^ + &7'+ 0^2) + 1/) ic + (ca+ ilf) y + (a& + Jf) z] 

+ {X^ (I'F - rZ) + 7^ {J'Z - Q'X) + Z^ (KX - .ff'F) = 0, 

which is the equation of the cubic expressed in the canonical form, 

Pp. 175 — 179. Effecting the process indicated p. 73, but writing for greater con- 
venience {x, y, z) in place of (X, F, Z), so that the substitution to be made is 

(a,6,c, /, g , h, i , j, A, I ) 

= (6^, Qy, Qz, -2y, -2.3^, -2^, -2^, -2^, -2y, x^y^z), 

respectively (where I have corrected a misprint in the formula as originally given) I 
find the equation of the envelope to be 

^yz {y - zf a^ 

+ 4!Zx (z — xf b ^ 

+ 4ixy (x — yf & 

+ 4-^07 (5® + -h Syz — 2zx + 5ocy) b®c 
+ 4!xy (^ + y® + Szx — 2xy + 5yz) c®a 
+ 4iyz (y^ + z^ + Sxy — 2yz -{- Bzx) a®b 

+ 4i0oy (ir® H- 2/® + Syz — 2ooy + 5zx) be® 

+ 4iyz (y^ -\-z^ + Szx — 2yz + 5xy) ca® 

+ 4izx (z^ +o(^-\- Sooy — 2zx -h 5y^) ab® 

+ x(oG^ — 2x^y — 2o^z + + 38^^ + xz^ + \2y^z + '\.2yz^) b®c® 

^ y (ys _ 2y®-3f — 2y'^x -h yz^ + Z%xyz + + 12z'^x + 12^^) c®a® 

+ ^ — 2z'^x - 2z^ +zo(P + ^Bocyz + zy^ + \2x^y + \2xy^) a®b® 

4- 2yz (llii^ 4 y® + -2^® ~ 2y^ 4 24^ 4 2^zx) a®bc 
4 2^a? (lly® 4 4 ^ — "^zx 4 24y5 4 24a;y) b®ca 

4 2a3y (11-^® 4 ii!® 4 y® — 2^y 4 24^^ 4 24y^) c®ab = 0. 

C. YI. 


11 
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The function on the left-hand side is the quotient by — 48 (a + b + 0)'“* of the 
sextic function, Table 67 of my third Memoir on Quantics, [144] ; the foregoing (luotieut 
was calculated without using the coefficient of the term in a^b=^c* of the table, 

but by way of verification, I calculated from the table the term in question, and found 
it to be 

(5? -f y -f zY 

- 2 -f y -f {yz + zx -I- xy) 

-f 296 + y 4- z) xyz 

- 8 {yH^ -f- irV + 

and this should consequently be equal to the coefficient of a°b‘-*o‘-* in the product of 
(a-fb-hc)® into the foregoing quartic function of (a, b, c) that is, it should be 

= (^ — %oi?y — "los^z 4- xxf -f- %%xyz 4- xz^ + Hxfz 4* 

4- y (y® — 2y*-3^ — 2y^ir 4- yz^ 4- ^Bxyz -h xja? -f 12z^x 4- 

+ z (z^ 2z^x — 2 ^2y +zaf + ?i8xyz 4- zy^ 4- 12ii?’*y 4- 12ii?y“) 

4- 4y^ (ll/r® 4- y'** 4 -3^“ — 2yz 4- 24.'ry 4- 24^^ ) 

4- 4fzx (lly*** 4 4- — 2^0? 4* 24y-3^ 4- 24a;y) 

4- 44?y (11^^ 4- 4* y® ^ 2.ry 4- 24^^^ 4- 24y0), 


which is accordingly found to be the case. 
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397 . 

SPECIMEN TABLE Af = (MOD. iV) FOE ANY PEIME OE 

COMPOSITE MODULUS. 

[From the Quarterly Journal of Pure and Applied Mathematics, vol. ix. (1868), 

pp. 95 — 96 and plate.] 

If Y be a prime number, and a one of its primitive roots, then any number M 
prime to JJ, or what is the same thing, any number in the series 1, 2, ... Y — 1, may 
be exhibited in the form ilf =a*(Mod. A) ; where a is said to be the index of M in 
regard to the particular root a. Jacobi’s Canon Arithmeticus (Berlin, 1839), contains a 
series of tables, giving the indices of the numbers 1, 2, S.-.Y—l for every prime 
number U less than 1000, and giving conversely for each such prime number the 
numbers M w^hich correspond to the indices a=l, 2, ...(A — l) (Tahuloe Uumeroruni ad 
Indices dates pertinentiam et Indicum Wumero dato correspondentium), A similar theory 
applies, it is well known, to the composite numbers; the only difference is, that in 
order to exhibit for a given composite number the different numbers less than JSf 
and prime to it, we require not a single root a, but two or more roots a, 5,... and 
that in terms of these we have JIf = ... (Mod. A). For each root a there is an 

index A (or say the Indicator of the root), such that = l (Mod. A), A being the 
least index for which this equation is satisfied ; and the indices a, 6, , . . extend from 
1 to A, B, ... respectively; the number of different combinations or the product AB..., 
being precisely equal to <^(A), the number of integers less than A and prime to it. 
The least common multiple of A, 5..., is termed the Maximum Indicator, and repre- 
senting it by /, then for any number M not prime to A, we have if^=l(Mod. A"), a 
theorem made use of by Cauchy for the solution of indeterminate equations of the 
first order. Thus A = 20, the roots may be taken to be 3, 11 ; the corresponding 
exponents are 4, 2 (viz. 3^ = 1 (Mod. 20) 11^ = 1 (Mod. 20)), and the product of these 
is 8, the number of integers less than 20 and prime to it; the series [go to p, 86] 

11—2 
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1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

10 

17 1 

18 

19 

20 

21 : 

1. 

22 

23 

24 

25 

20 j 

27 

28 ; 

29 . 30 


T 

"a 

3 

2 

5 

3 

3 , 5 

2 

3 

2 

5,7 

6 1 

3 

2, 11 

3,7 

10 i 

5 

10 

3,11 

2,l»i 

7 

10 

>,7,13 

2 

7 

2 

i 13 

10 : 7, 11 


1 

2 

2 

4 

2 

6 

2,2 

0 

4 

10 

2,2 

12 : 

6 

4,2 

4.2 

16 1 

0 

IH 

4,2 

0,2 

10 

22 


20 

12 

18 

0. 2 

28 ' 1.2 

— ' 

1 

2 

2 

4 

2 

0 

2 

6 

4 

10 

2 

12 

() 

4 

4 

■le'i 

0 

18 

4 

0 

10 

22 

2 

20 

12 

18 

W 

28 1 4 

0 

1 

2 

2 

4 

2 

6 

4 

6 

4 

10 

4 

12; 

G 

8 

a 

16 1 

G 

IB 

8 

12 i 

10 

22 

8 

20 

12 

18 . 

12 

28 ' 8 

T 

0 

olo 

0 

0 

0 

0,0 

0 

0 

0 

0,0 

0 

0 

0,0 

0,0 

"01 

0 

0 

0,0 

0,0 

0 

0 

0,0,0 

0 

0 

0 1 

0,0 ; 

0 0,0 

1 1 ' 


2 

1 


1 


2 


1 


1 


5 


1,0 

|10 


17 


1,0 


8 


1 


^ 1 



— 

IT 

1 

3 


1 

1,0 


1 

8 


8 

1 


1,0 

11 


5 

1,0 


4 

20 


7 

0 

1 

1,0 1 

2i 



4 

2 


4 


2 


2 


10 


2,0 


4 


10 


2,0 


10 




2 ' 

1 

22 , 




5 

1 

6 

0,1 

5 


4 

1,0 

9 

5 


1.1 

7 

1 

2 


1,1_ 

2 

hi 

1,0, 0_ 


X 

,1 

2J_^1 

18 




i— . 

6 

3 




9 


1 




5 


4 

1 



() 


8 




10 : 






7 

1,1 

4 

3 

7 

0,1 

7 


1,1 

0,1 

9 

2 

12 

1 3,0 


1 

21 

0, 1, 0 

5 

1 


1 

20 1, 0 







X 

3 


3 


3 


3,0 


14 


15 

1 . « 

3,0 


2 


3 


■' 

0 0 ' 

r, 1 

‘Jf't 








jo 

2 

6 


4 

2 


2,0 

G 


10 

1 2,0 


8 

18 

1 

14 

i 

j 1 


j 









10 

5 


2 




1 


X 

( 

2,1 


1_, 






iL' 

1 

^ L _ 










11 

1,1 

11 

T 

0,1 

3,0 

13 

5 

0 

0,1 

5,0 


3 

1,1,0 

10 

5 

’^13 

1 

23 ] 0, 1 











12 

6 




15 


3 




14 


9 



i 

21 1 












13 

3 , 

3,1 

3,1 

12 

4 

13 

1,1 

0,1 

3 

12 

0,0,1 

19 


8 

j 0, 1 1 

1 2 1 3,0 

1 1 













14 

‘^.1. 


3 


11 




7 


0 


H 

1 

1 

' 

' ! 














15 

2,1 

2 


7 



0 

13, 



X 

1 


1 _ 















10 

H 


■ 14 


4,0 


10 


T 


'i ^ 


1 ' 
















1 17 

3 

8 

3,1 

5,1 

7 

17 

1,0,1 

13 

10 

1 15 

: 1,1 

7 ! 1,1 

















18 

9 




4 


15 


! 


0 1 


















■ 19 

1 2,1 

4,1 

9 

5 

0, 1, 1 

8 

7 

12 

! 5,0 

15 ! 



















1 20 



9, 




7 


12 1 2.0 




















21 

L 

’ 19 


12" 

T 


1 

19 





















X 

* 11 


17 


14 

1 

1 























1 23' 

1,1,1 

11 

2 

11 

I 5, 1 

24 ! 3, 1 
























'ii 



! 
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! 25 

J. 


i 4.0^ 

H 


397] 


PRIME OR COMPLEX MODULUS. 


85 












86 


[397 


SPECIMEN TABLE M (mOT). N) &C. 

[from p. SS] of these is in fixct 1, 3, 7, 9, 11, 13, 17, 19, each of which is exprossibU^ 

in the required form, viz. 1 = 3MP, 3~3Mr, 7 = SMI", &c. (Mod. 20): the maximum 

indicator is 4; viz. P=l, 3* si, 7*^=1, &c. (Mod. 20). 

The table pp. 84, 85 gives the Indices for the numbers less than N and prime 

to it, for all values of N from 1 to 50 ; the arrangement may bo seen at a glance ; 
of the five lines which form a heading, the first contains the numbers iV; the second 
the root or roots belonging to each number iV*, the third the indicators of these roots, 
the fourth the maximum indicator, the fifth the number (p (iV). The remaining lines 
contain the index or indices of each of the epN numbers M less than N and prime 
to it, the number corresponding to such index or indices, being placed outside in the 
same horizontal line. For example, 30 has the roots 7, 11, indices 4, 2 respectively; 
the Maximum Indicator is 4, and the number of integers less than 30 and i)rime to 
it is 8 ; taking any such number, say 17, the indices arc 1, 1, tliat is, wo have 
17=:7MP (Mod. 30). 

The foregoing corresponds to the Tahdcu Indicim JUf'umero dato corres 2 )ondentiuvi of 
Jacobi; on account of multiplicity of roots there docs not appear to be any mode of 
forming a single table corresponding to the Tahilm Kumerorum ad Indices datos perti- 
nentium; and there would bo no adequate advantage in forming for each number X 
a separate table in some such form as 


A"-- 20. 


Koots 

Nos. 

3 

11 


0 

i 0 

1 

0 

1 1 

11 

1 

: 0 

3 

1 

i 1 

13 

2 

1 ^ 

9 

2 

1 

19 

3 

! 0 

7 

3 

1 

17 


which I have written down in the form of a table of single entry; for although 
(whenever, as in the present case, the number of x^oots is only two) it might have 
been better exhibited as a table of double entry, when the number of roots is three or 
more it could not of course be exhibited as a table of corresponding multiple entry. 
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398 . 

ON A CERTAIN SEXTIC DEVELOPABLE, AND SEXTIC SURFACE 

CONNECTED THEREWITH. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. ix. (1868), 

pp. 129—142 and 373—376.] 

I PROPOSE to consider [first] the sextic developable derived from a quartic equation, 
viz. taking this to be (a, &, c, d, e\t, 1)^ == 0, where (a, &, c, d, e) are any linear functions 
of the coordinates (r, y, z, w), the equation of the developable in question is 

{ae — Abd + 3c®)® — 27 {ace — a(P — + ^hcd — c®)® = 0. 

I have already, in the paper "'On a Special Sextic Developable,” Quarterly Journal 
of Mathematics, vol. VII. (1866), pp. 105 — 113, [373], considered a particular case of this 
surface, viz. that in which o was = 0, the geometrical peculiarity of which is that the 
cuspidal edge is there an excubo-quartic curve (of a special form, having two stationary 
tangents), whereas in the general case here considered it is a sextic curve. There 
was analytically the convenience that the linear functions being only the four functions 
a, b, d, e, these could be themselves taken as coordinates, whereas in the present case 
we have the five linear functions a, b, c, d, e. 

The developable 

{ae — Abd + 3c®)® — 27 {ace — ad^ — 6®c + 2bcd — c®)® = 0 
is a sextic developable having for its cuspidal curve the sextic curve 

ae — Abd -f 3c® = 0, 
ace — ad® — 5®c + 2bcd — c® = 0, 

(say 7=0, /=0, as usual), and having besides a nodal curve the equations of which 
may be written 

Q{ac-¥) : 3(ad~6c) : ae + 26d-3c® : 3(6c-cd) : 6{ce-d^) : 9/ 

= a : b : c id : e : I, 
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viz. tliese equations are really equivalent to two equations, and they represent a curv(^ 
of the fourth order which is an excubo-quartic. We may in fact find the ccpiations 
of the nodal curve by assuming (o*, &, c, d, lY to be a perfect square, say to 

avoid fractions that it is = 3 -h 2 / 3 t + 7)", then we have 

a : b : c : d : e — 3a“ : 3ay8 ; ay -f- 2/8- : S^y : 87*, 

which equations as involving the two arbitrary parameters a : /8 : 7, give two equations 
between (a, 6, c, d, e), and we may at once by means of them verify the above- 
mentioned equations of the nodal curve. It also hereby appears that the nodal curve 
is as stated an excubo-quartic curve ; viz. we have between a, 6, c, rf, e a single 
linear relation, that is a quadric relation between a, /8, 7, and this ctjuation may be 
satisfied identically by taking for a, /3, 7 properly determined quadric functions of a 
variable parameter 0 ; whence a, &, c, d, e are proportional to quartic functions of the 
variable parameter 0 , or the curve is an excubo-quartic. 

The equations of the nodal curve may be presented under a somewhat different 
form; viz. the cubi-co variant of (o, 6, c, dy e'^t, 1)** — 0 being 

a^d + Sabo — 26 ® 

— cd^e — 2 abd -j- 9 ac‘- — 66“c 

— 5 abe -f Imcd — 106 “d 

+ lOad^ - 10¥e ([ (t. ^ 0 , 

+ Dade -h lObd^ — 156c^ 

-{- ae^ + 2 bde — 9 c^e + 6ccZ® 

4- be^ — Sede + 2c?® ^ 

say this function, multiplied by 6 to avoid fractions, is 

(a, b, c, d, e, f, g'^t, 1)®, 

that is 

a = G (“ 4 - Sabo - 26 ®), 

b = 1 (— — 2 abd 4- 9 ac^ — 66^c), 

c = 2 (— a6e 4- 3 c&cc? — 26 ®c?), 
d = 3 (4- acZ® — 6®e), 
e = 2 (4- ade -j- 26 c?® — 36 c^), 
f = 1 (-h ae® 4- 2 bde — 9 c^e -h 6cc?®), 
g ~ 6 (+ 6e® — Sede 4- 2c?®), 

then the equations of the nodal curve may be written 

a = 0, b = 0, c = 0, d = 0, e — 0, f = 0, g = 0. 
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AND SEXTIC SUB.EACE CONNECTED THEREWITH. 


It may be mentioned that we have identically 


ae — 4bd 4- = 0, 

af — She -h 2cd = 0, 
ag — 9ce 4- Sd^ = 0, 
bg — 3cf 4- 2de = 0, 
bf — 4ce 4- 3d® = 0, 

and moreover 

ag-6bf 4-15ee-10d® 

= ~-6(bf- 4ce4- 3d®), = + 6 (/« - 27 Z®), 


so that the equation of the developable may be written in the form 

ag — 6bf 4- 15ce — lOd® = 0, 

or in the more simple form 

bf — 4ce 4- 3d® = 0, 


each of which puts in evidence the nodal curve on the surface. 


The nodal and cuspidal curves meet in the points 

c~~ 

being, as it is easy to show, a system of four points. The four points in question 
form a tetrahedron, the equations of the faces of which may be taken to be a? = 0, 
y = 0, ^ = 0, ‘w; = 0; and the equation of the surface may be expressed in this system 
of quadriplanar coordinates. 

We introduce these coordinates ab initio, by taking the quartic function of t to be 
{a, b, c, d, e$t, iy = c(!(t-\-aY + y(t + /3y + z(t + yy + w{t+Sy, 
that is, by writing 

a^a}+y-\~z+w, 
b = aa) + ^y + ryz + 8w, 
c = a®a? 4- /3®y + y^z 4- 8®i4;, 
d = a^oo-\‘ /3^y 4 - 7 ®^ 4 - S^w, 
e + 4 - 7 ^^ 4- SHu. 

Observe that (ti, U, < 3 , being any constant quantities, we thence have 

e ““ d^ti 4“ 4" 

= 0G(a - ti)(a - 4 )(a “^ 4 ) 

+ 2 / ^2) ““ ^3) “ ^4) 

4 - (7 - O (7 - ^ 2 ) (7 - ^s) (7 “ O 

4- w (8 — ^i) (8 — ts ) (8 ““ ^s) (8 — ^4), 


O. VI. 


12 
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and thence in particular 

e — dSa + cSayS — bSa/Sy + a a^yS = 0 , 

viz. this is the linear relation which subsists identically between (a, b, c, d, e\ the five 
linear functions of the coordinates {co, y, z, 

Starting from the above values of (a, by c, dy e)t we find without difficulty 

I (a- -I- (a - yY soz + (a - BY oiw 4- (/S - 7 )“* H- (/3 - S)^ yio + (7 - Sy 

J ^ (a ^ ^Y (0 - yf (7 - OLf xyz + (a - ^Y (l3-BY(S-- a Y xyiu 

H- (a — yY (7 — BY (B — otY xzw + (/3 — 7 )- (7 ~ BY (S — /?)" y^Wy 

but we thus see the convenience of introducing constant multipliers into the expressions 
of the four coordinates respectively, viz. writing 

X = (^ySY x! y 
y=^{!iB(ify\ 

Z^(BoL^fZy 

10 (oL^yY > 

where for shortness 

(^7S)=.(^-7)(7--8)(S-/3), &a, 


or what is the same thing, taking the quartic to be 

{ay by c, dy z^ty 1)^ = x' (^78)^ (t + a)^ ^ y' (yBo)^ {t + ^Y H-‘ (Ba^Y {t + 7)^ + (« + S)*, 

we find 

J = (X'ijlVY + y'z'w' -h zWw' 4- V), 

I = (X'yaV) {V (x'w' 4 y V) 4 yf (y'w^ 4 ^V) 4 v {z'w' 4 
where for shortness 

V-(a ^Bfi^'-yY, 

^'-(7-S)na-/3), 

or writing 

V(x0 = («-S)(/8-7). 

V(/*') = (^-8)(7-«), 

v'(/) = ( 7 - 8 )(a-/ 9 ). 

we have 

^/(V)4V(/^')^-VW = 0, 

and the equation of the developable is thus 


{X' (wW 4 y V) 4 /t' (y V 4 z'x') 4 v {x'w' 4 aj'y')}® -- 27\VV (x'y'^ + y 4 4 ^c'y V)* = 0. 


Observe that /= 0 is a cubic surface passing through each edge of the tetra- 
hedron, and having at each summit a conical point; /— 0 is a quadric surface passing 
through each summit of the tetrahedron, and at each of these points the tangent 
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plane of the quadi'ic surface touches the tangent cone of the cubic surface ; to show 
this it is only necessary to observe that at the point {x = 0, 3^' = 0, / = 0) the tangent 
cone is y V + 4- = 0, and the tangent plane is W + //.y + z; V = 0, and that 
these touch in virtue of the above-mentioned relation V M + V (a*'') + V == 0. It 
follows that oil the curve of intersection, or cuspidal edge of the developable, each of 
the summits is a cuspidal or stationary point, that is, the cuspidal curve has four 
stationary points ; this agrees with the character of the curve as given, Salmon On 
the Classification of Ciuwes of Double Curvature,” GamK and Dubl. Math. Jour. vol. v* 
(1850), p. 39, viz. the character is there given 


a = 6, w = 6, = 4, r = 6, ^ = 3, A = 6, a = 0, yS = 4, ^ = 4, 3^ = 6, 

(j3 == 4, that is, thei'e are as stated 4 stationary points). 

To find the equations of the nodal curve, instead of transforming the equations 
as given in terms of (a, 6, c, d, e), it is better to deduce these from the equation 
of the surface; viz. if there is a nodal curve, we must have 

Ba^J : ByfJ : B^I : B^fl : 1.3 J 
= BoiJ : Sy'J : S^J : : I. 

Writing these under the form 4- d'Ba^J = 0, &c., where 0' is regarded as an arbitrary 
parameter (0, we have 

Vw' 4- /^V + z^y 4- 6' {y'z' 4- y V 4- = 0, 

Wz' 4- 4- vx' 4- O' (z'x^ 4- /w' 4- — 0, 

X'3/' 4- y!x' 4" v'uJ 4- & ipfy' + x'w^ 4- ~ 0, 

W + fiy 4- vz* 4- {y'z 4- dd -1- dy ' ) = 0, 

which equations (eliminating ff) must be equivalent to two equations only. 


I remark that the first three equations may be regarded as a set of linear 
equations in 1, w', 0\ &vf \ and determining from them the ratios of these quantities, 
we have, suppose, 

1 ; ^ A I B I G I D, 


where 


A = \ 

w y'/, y' + / 


fjJ, s! af 


v', a/y', af + l/ 

0^ 

+ /tV + vy 


d 4- d, v'd 4- W, y 
d -\ry\ X'y' + fdd, v 




lid , 
dx\ 


y'-\-d, fid + 
d 4- dy dd 4- "dd 


dy\ d + iy X'i + fid 


i) = 


fid 4- dy\ \'y yfd 

dd 4-XV, fi'y dd 


y^'i+fddy dy dy' 


^ The value of is in fact 


18 r 


that is, 


instead of the four equations involving an arbitrary 


parameter 6 \ we have really four determinate equations. 


12—2 
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We have thence AD—BC — 0 and (substituting in the fourth equation) A (X'x ^ •{‘vz') 

+ (/(yV + “ 0 ; each of these equations must contain the equation of the 

cone having 2/' = 0, / = 0) for its vertex, and passing through the nodal curve. 

The two equations are of the orders 6 and 4 respectively ; and as the curve is a 
quartic curve passing through the vertex in question, the equation of the cone is ot 
the order 3. I have not effected the reduction of the sextic equation, but for the 
quartic equation, substituting for Ay G their values, this is 


- (W + mV + vV ) {y - /) + (/ - x') + (/ - .7/)] 

+ (y V 4- .^V + xY) [ VV (y' - /) -b {z' - .r') + i/V (a;' - y')] 

+ {/tV' (y' ~ z') + (z' - x') + XV (x' ~ y')} (x' + y V z') = 0, 


which is easily reduced to 


XV (— x'^ + yV + z'x' H- x'y') (y — /) 


+ /a'Y (- y'2 + y V + //?/ + x'y') (z - a?') 

+ v'^z' (— 2 :'® + y V + z'x' + x'y') (x' — y') 

+ /aV [(^' + y' + ^') (y V + - xY) + ,'t’'y V] (/ - z') 


-h v'X' [(a?' + y' + ^) (y V + s! a! 4- aj'y') + — x^) 

4- XV [(^' + y' + (y V 4- + x!y^) + - ?/) = 0 ; 


and I have found that this is transformable into 


2 V V (X') 4- y V (/^') + zf V(v')l X [yv ^{x')W -- vV) - XV) V(vO(xv - Vy') 

^ x'xjz' y ifjf) - V (/)} {V (*^') - V (xo) {V (x') V (y)}] - 0, 


viz. the two functions are equivalent in virtue of the relation V(X') 4-V(A^'')"hV = 

or, what is the same thing, they only differ by a function {x\ y\ z'Y intt> the 
evanescent factor X'^ 4- 4- — 2/t4V — 2v'X' *- 2XV- The function in { } equated to 
zero is therefore the equation of the cubic cone. 

I do not stop to give the steps of the investigation in the above form, as the 
investigation may be veiy much simplified as follows: by linear combinations of the 
four equations in x\ y\ /, w\ we deduce 

( X' — y.' — v') {x^ 4 - — y' — ) 4 - 20 ' {yW — x'lv') === 0 , 

(_ X' 4- / - v') (y' 4- ^ ^ x') 4- 20' {/x' - y'V) = 0, 

(- X' — y 4- v') (z' + — of — y') 4- 20' (x'y' — z'v^') = 0, 

( X' 4- 4- v') (oj' 4- y' 4- 4” ^') 4- 20' (y'z' 4- zW 4- x'l/ 4- xW 4- y'w' 4- z*w') «= 0. 

Hence writing 

X = X' — — v', a? = 4- a?' — y' zf, 

;Lt. = — X' 4- y --x' + y^ — z\ 

V —--X' — fjt/ + v', z = te' — jr' — y' 4- z\ 

5= w' 4- a?' 4- y V z'y 
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we find 


and thence 


that is 


vx=-x'^+,j;^~v'^+2v'x\ 

= + +2\y, 

MV + J/X + = - (X'a + m'“ + - 2/4V - 2v'X' - 2\>'), = 0, 


J+l+l.o. 

K fX V 

the relation which connects the new constants X, /a, z/. Moreover 

yz ‘-ayw = 4^ (y V — ajW), 
zx —yw=‘4i (zfx' — 2 /W), 
xy--zw — 4i (a?y — 

— ^ = 8 (yV + JsV + ic'j/' + x'w) + y'v/ + z^w')^ 

2 

and writing for greater convenience ^ = -^, the equations are transformed into 

0Xx — xw — yz, 
dfiy=^yw — zx, 
dvz —zw— ayy, 

2^(\4-ya + v)‘M; = 3^^;^ ~ iu® — 2/^ — 


where 


i + -+- = 0, 

K fX V 


viz. these equations, eliminating 6, give the equations of the nodal curve. 

From the first three equations eliminating 0, we deduce 

yzw {fi’-v)=^x (fxy^ — vz^ ), 
zxw{v —X)=y(vz^ — Xr®), 
xyw (X — /4) = ^ (Xa^ - ixy% 

or, as these equations may be written, 

a^iiiy^^vz^) y^(vz^ — X(xf) (Xx^ — fxy^) 
wxyz — — ■ — ■ ■ ““ "v * 

which equations, from the mode in which they are obtained, are it is clear equivalent 
to two equations only. Using the fourth equation, and eliminating 0 by substituting 
therein for 0\, 0yb, 0v their values firom the first three equations, we find 


2w^ — — — ) == 31^ — — y - ; 

\ X y z J 
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that is 

Sw- + + + + — + “) , 

^ \x y 2 / 

or, what is the same thing, 

xyz + X- H- y- + z^) — 9,w (y^z^ + zV + xry^) = 0, 

we have to show that this is in fact included in the former system, for then the 
four equations with d eliminated will it is clear give two equations only. 

Observe that the former system may be written 


ag (/ My- - 1/^“) 
(f^-v)yz 


{fjb — v) y^z^ + (z^ — X) z^a^ 4- (X — ^) xHf = 0, 


and that we have thus to show that substituting for V) the value 
in the equation 


p 


xyz (Biv“ -h x“ -hy^ + (y^z^ + 2“x^ + x^^) = 0, 

the result is 

(/jb — v) 2/V + (i' — X) z^aP + (X — txPy^ = 0. 
The substitution in question gives 


that is 


3ag° (fjby“ — vz^y 
(fi-v^yz 


+ yz(a!^+y^+z^) — 


2 (ac?/ — yg” ) 
{y.-v)yz 


(y“i^'+«V + »;y) = 0, 


Sic® — vz^y + (ft/ — vy xfz^ (yp 4- y" + js®) — 2 (/a — v) {}mf — vsi^) {y^z^ 4- z^uP 4- xPy'^) = 0, 


which is in fact 


fihf (2/2 - z^) {z^ - cP) + ^iJLvx^ (xf - z^ - vV- (y^ ^ z^) {x^ - x/) = 0, 
that is, throwing out the factor ?/® — z", it is 

— jjpy*'^ (z^ — x^) 4- 2fipoP (y- — z^) — v^z- ((P — y'^) = 0, 

111 

But in virtue of the equation -H 1-- = 0, we have 

f~ {(jj.~v)y^;!^ + {v-X)z^af‘ + (X~IJi,)aiy} 


= ^[\nf‘(y^-z^) + y,f(z^-a?) + vz^ia;‘-f)l 

= fiv a? (y® — 2 ^) -(fi + v) \jty^ — aj^) + («* — y’)], 

— _ _ ajS) + ^jjkv a? (j/® — z^) — (as® — y®), 

and the required property thus holds good. 
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We thus sec that the equations of the nodal curve are 

^ ^ {XoP ^ jMf) 

fL-v v-x X^fJL 

the nodal curve is thus the partial intersection of the two cubic scrolls (skew surfaces) 

(/t — v) wyz = X {jxy^ — vz% (v — X) wzx = y {yz^ — 

viz. taking A, G, D be the summits of the tetrahedron the faces whereof are 
^ = 9, 2 / = 0, = 0, w = 0, the first of these has AB for a nodal directrix, BG for a 

single directrix, 5i), GB for generators; the second has BB for a nodal directrix, AG 
for a single directrix, AB, GB for generators; the surfaces intersect in the line AB 
twice, the line BB twice, and the line GB\ the order of the residual curve, or nodal 
curve of the developable, is thus 9 — (2 -f 2 + 1), =4 as it should be. 

I remark that the equation 

(yL6 — v) y-z^ + (v — \) -f (X — //,) a^y'^ = 0, 

is the equation of the cone having its vertex at the point D, (a?=0, y = 0, z = 0), and 
passing through the nodal curve; the lines BA^ BB, BG are each of them a nodal line 
of the cone, or ‘Hine through two points’’ of the curve; for an excubo-quartic curve 
the number of lines through two points which pass through a given point not on the 
curve is in fact = 3. 

It remains to introduce the coordinates {x, y, z, w) into the equation of the 
<levelopable. We have 

4ix' —W’\‘X — y — z, 

4/ =:qjU^Q0 — y + Z, 

and thence 

16 yV =^{w-cof-{y-zf, 

16 <b'w'= (w + »)“ — (y + zf, 

giving 

8 {aSvS + 2/ V — z^ 

and similarly 

8 (y'w' + /«' ) = ufi — as‘-¥y^ — i^, 

and 

8 (/v/ + afy') = — + 

Moreover 

16 (y V +!f!e'->r3fy’)= {w- xf - (y - 

+ (w — y'f-{z—xy 

zf-ifo-yy, 

= ^ — 2fU}{x-\-y->rz) 

~(ii? — y^—i? + 2yz + 2zx + 2a;y. 
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CoBsequeiitly 

64w'(2/'/ + «V + a!'t/')= {'U) + (iB-\-y + z) 

X |3«;“ — 2m; (<K +2/ + ^) ~ ~ 2/“ ~ ’ 

64a!'2/V = {w + x-y-z)(w-x + y-z){w~as~y-z), 

= 

-w'^{a> + 2 / + ^ ) 

— w + 2/^ + — %-3: — — tscy) 

+ ic® + 2/® + — 2/*^^ - z^oc — i??2/“ 

Putting for shortness 

p^x-^^y + z, V t==i»“ + 2/® + ^“-22/^~2^a:-2^’y, 
the two expressions are 

H- 4-p — jp 

+ t(;*-2jp®-V --w/.V 

-jp V + 4- 4* ^ — 2/^^ - 4- 2^y^ 

or observing that is 

_ fljS «. J,8 _ ^ ^ _|, ^2^ ^ ^ ^y 2 ^ ^xyZ, 

we have 

64 {v/y'zf 4 vfz'x* + 4 x'y'z') 

“ 4^6;® — 2w 4- V ) + 

= 

— 4^ (ic® 4- 2/® + 

that is 

16 {v/y^z' 4 w^sfsd 4- w^cdy* + x^y'zf) = 

— w (i»® + 2 /® - 1 - 
4- iocyz. 

Moreover 

8 {V (a? V + 2^V) 4- yf {yfcd 4- z'x') 4 v' {sfw' + x^y')] 

= W {w^ + x^-y^-z^^) 
4/^'(w®-a5®4-3/“~;2?®) 

+ — ^-3^® + ^®), 

= — (X 4- ft* 4 I') w® + Xo?® 4 /Ltj/® 4 ; 
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and we have 

X = 2 (^ - S) (7 — 8) (7 — a) (a — ^), 
z; = 2 (a-S)(/ 3 -S)(^-ry)( 7 ~a), 

whence X/jlv = S\'/jlv\ 

Hence finally X, yu,, v denoting as just mentioned, and therefore satisfying 
^ ^ i = 0, the equation of the developable is 

X/J.V — 10 {a^ y- z^) + 2xyzY^-10S {(X + /z, + i/) — Xa?2 — fiy^ - vz-]^ = 0 

(say this is XfivT- + lOSfif® = 0), and this surface (which has obviously the cuspidal curve* 
= 0, r = 0) has also the nodal curve 

fx— V V’—X X— fJL 


I will show d posteriori that this is actually a nodal curve on the surface. Intro-^ 
ducing an arbitraiy parameter 6, the equations of the curve may be written ut supra 

0Xx am — yz, 

Ofxy = yw — zx, 

6vz ^zw'-xy, 

20 (X + ya H- I/) = Zvf — 

and we have thence, as before, 


\ X y z j ^ 

Hence 

2/9 — — a^ — y^ — z^ ___ — 2w{a^-¥y^-\- z^) + Qxyz 

(X + /L6 + 2 /) —• Xa^ — fxy^ — vz^* ’ 

_ (iT® + y® + z’^) 

(X + ya + 2/) ’ 

__ 3 [w^ — w (zr® + y® + < 2 ^ 2 ) + 2xyz] 

(X 4- yL6 + 2 /) 'm;® — Xzc® — /ay® — vz^ ' 

_3^r 

■" s ' 

Hence writing 


6 (— 2Xa;) — (— 2wx + 2yz) 

= 0 , 

6 (— 2fxy) — (— 2%oy + 2zx) 

= 0 , 

6 (— 2vz) — (— 2-24^^ + 2a)y) 

= 0 , 

0.2(X + /t4+ I/) w — (324;® — zr®— y® — 
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substituting for 6 its value 


in’ 


and attending to 


the significations of and T, wc iiave 


'm^ 8 - 28 KT= 0 , 
3TSy8-2SB/f = 0, 
3TS,8-28B/I = 0, 


3TS,„8-28B„T=^0, 


which ai’e in fact the conditions to be satisfied in order that the point (a, y, tv) 
may belong to a nodal curve of the surface X/ir 2^"+ 108 0. 

It is to be noticed that the coordinates of the before mentioned four points of 
intersection of the cuspidal and the nodal curves (being as already mentioned sfationaiy 
points on the cuspidal curve) may be written as, y, z, ?y = (l, 1, 1, 1), (1, —1. — H. 
<-l, 1, -1, 1), (-1, -1, 1, 1). 


We have thus far considered the developable, or torso, the equation of which is 

{V (afw' + 2 /V) + fi’ {y'w' + zfx') + v' {z'w + a-y)]* 

- 27xyi/' {x'y'z + x'y^w' + ttfz'w' + tj'z'wy = 0, 

where V (>-') + V (/) + = 0; or, what is the same thing, writing a, h, o, in place 
•of «/(\0, V(y)> VC''') respectively, the torse 

{a» iatfvf + yV) + 6^ (y V + /«') + c“ (/w' + x'y')Y - 27aW «y V + xly'ro' + a.'Vw' + y'z'wj = 0, 
where a + 6 + c = 0. 

♦ 1111 

Inverting this by the equations 1/ , si, ’<'' = -> obtain a sextio 

surface 

{a* (ym + y^) + &“ {yta + zx) + c“ (m •+ aiy)}’ - 27aW xyzxv (a- + y + « + «)“ = 0, 
where a + b + o = 0; which surface I propose [secondly] to consider in the present paper. 

The surface has evidently the singular tangent pianos « = 0, y-0, z = 0, xv~0, 
each osculating the surface in a conic, that is, meeting it in the conic taken thrice, viz., 


— 0, in a 

conic 

on the q[uadric 

cone 4- b^2/w + = 0, 

y = 0 , 

p> 

jt 99 

4- H- c^zw = 0, 

= 0, 

» 

>9 >9 

a^anv 4- b^yw 4- = 0, 

-1^ = 0, 

99 

99 99 

a^yz 4- b^zx 4- = 0 ; 
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and it has also a cuspidal conic, the intersection of the plane + + = 0 with 

the quadric surface 

{(mu + yz) -1- 6^ q. + 3/^) = 0 ; 

it may be observed that the four conics of osculation are also sections of this surface. 

The surface has also a nodal curve, the equations of which might be obtained by 
inversion of those of the nodal curve of the sextic torse above referred to ; but I 
prefer to obtain them independently, in a synthetical manner, as follows: 

Take a, /3, 7 arbitrary, and write 

— A = (& — c) a + 6y8 — C7 , F — by — c/3y 

— j5 = (c — a) /3 + C7 — aa , G — cct ^ ay, 

— (7 = (& — c) 7 + aa — 6;8, JBC^^ajS — ba, 

= (6 — c) a + (c — a) ^ “f (a — 6) 7, 

Q ^a^(b — c)a + b^(c — a)^ + G^(a — b)y: 

then it is to be shown, that not only the equation of the surface is satisfied, but that 
alsc*) each of the derived equations is satisfied, by the values 

X : y : z : w^aAGHQ : bBHFQ : cCFGQ : abcFGHM; 

each of the quantities A, By G, M, Q is linearly expressible in terms of Fy Gy Hy 
which are themselves connected by the equation 6(? + oiT^O; the foregoing values 

of Xy yy Zy w ui’e consequently proportional to quartic functions of a single variable 
parameter, say F-^Q; and there is thus an excubo-quartic nodal curve. 

To establish the foregoing result, we have 
aA + hH +• cG =0, 

(iH -{-bB + cF =0, 
ccG 4“ hF 4“ cG = 0, 

(lA 4“ bB 4” oO == 0, 
aF + bG cH = 0, 

F^ G ^ H ^-My 
hoF 4- caG 4- ohH = Q, 

2bcF = d?A - b^B - c^Gy 
2caG = — cl^A 4 - b^B — c^Gy 
2abE=-a^A^b^B + c^Oy 
aA GH 4- lEBF 4- oFG = aboM (a 4- ;3 4- 7)^ 
aQE +bEF ^cFG =- a6c(a4-/3 + 7)^ 
a^AGE-^b^EBF^ c^GFQ = - a&c {Q (a 4- /3 + 7)" + SFGE], 
aBGF 4-6C4<r 4- o-djBJT = 2Jfa6c (a 4- ;S 4- 7)". 

Q (a 4- yS 4- 7)® 4- FGE= ABG, 

which are all of them identical equations ; but as to some of them the verification is 
rather complex. 

13—2 
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Hence we have 


and thence 


x^y^z^QiaAGH-^ hBHF + cGFG) 
= ahcMQ (a + jS + 7)^ 
w = ahGMFQH^ 

— abcM {Q (a -f- /3 4- yY + FGH] 
==abcMABO. 


Moreover 
and 
Again 


and thence 


xyzw == (abcy ABG(FGHy Q'^M, 

2*1 a^b^c^xyzw (ic + y 4- ^ + wY = 27 (abcY {ABGFOHMQf (*). 

(a®a; 4- h^y 4- c^z) w = abcFGHMQ GH 4- IfBHF 4- o^GFG) 

- (abcY FGHMQ {Q (a 4- /3 4- 7)^ + SFGII} 
ojiyz -j- b^zx 4- o^xy = abcFGHQ^ (aBGF 4- bGA G 4- cABH) 

= (a6cf FGHMQ . 2Q (a 4- /S 4- </)“> 

a® 4- 3/^) 4- 6^ 4- ^x) 4- 4- ^w) 

= 3 (a6c)^ FGHMQ {Q(a + B + yY + 

^ 3 {aboY A BOFGHMQ (*), 

and the two equations marked (iff) verify the equation of the surface. 

To verify the derived equations, write for a moment P ^ar(yz im)-hb^(zx + yw) 
+ c^(xy + zw)i so that the equation of the surface is P'^-'2*Ia:%^G^xyzw(x + y + z ’•h'wY — 0, 
and the derived equation with I'espect to x is 

i I 2 . 

P dx x^ X'^y-\- Z'{'W^ 

or substituting for P and x + y + z^^w their values, this is 


and similai’ly for y, z, and w. In particular, considering the derived equation in respect 
to v), this is 

a“a! + h^y + (?z = abcABGQ + 2ahcQFGH 
= ahcQ{ABG+'iFOH), 

and we have as before 

a=« + lfiy + (^z = q {a^A OH + h^BHF + d^GFO) 

= ahcQ {<x^^-\-if + ZFOH] 

= abcQ{ABG+2F0H), 


which is thus verified; the verification of the derived equations for y, z, w can be 
effected, but not quite so easily. 

The existence of the excubo-quartic nodal curve is thus established. 
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ON THE CUBICAL DIVERGENT PARABOLAS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. ix. (1868), 

pp. 185—189.] 

Newton reckons five forms, viz. these are the simplex, the complex, the crunodal, 
the acnodal, and the cuspidal, but as noticed by Murdoch, the simplex has three 
diiferent forms, the awpullate, the neutral, and the campaniform. We have thus the 
8 forms at once distinguishable by the eye. 

PlUcker has in all 13 species, the division into species being established or completed 
geometrically by reference to the asymptotic cuspidal curve (or asymptotic semi-cubical 
parabola), and analytically as follows, viz. writing the equation in the form 

2^2 — ^ ^Zcx + 2d, 

the different species are 

simplex, — Bex + ^ ^ ampullate, 

« 2/^ = ^ — 2dJ ’ campaniform, 

„ 2/2 = ^ 2d, neutral, 

2/® = “ 2d, campaniform, 

y^ = cc^ ^ 3cx -h 2d, „ 

» 2 /® = -j- 3cx, „ 

„ y^ = a?® -t- 3cx — 2d, „ 

complex, y^^aP ^ 3cx -h 2dl 

2/^ — /jj3 __ 3^^ _ 2dJ ’ 

„ y^ = aP- 3cx, 

acnodal, y^ = x^ — 3cx — 2o V (c), 
crunodal, y^ aP — 3ca? + 2c V (c), 
cuspidal, y^^aP; 
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but of the simplex species, there are five which are to the eye campaniform, and the 
three complex species have with each other a close resemblance in form. 

I remark as regards the simplex forms, that the tangents at the two inflexions 
meet in a point R on the axis, and that the ampullatc, the neutral, and campaniform 
forms ai’e distinguished from each other according to the position of R, viz. for the 
ampullate form, R lies within the curve, for the campaniform form R lies without the 
curve, and for the neutral form, R is at infinity. It is to be observed, as regards the 
complex forms, that here R always lies without the curve, between the infinite bmnch 
and the oval. 

The further division of the simplex and complex forms so as to obtain the 7 + 3 
species of Pllicker, may be efiected by considering in conjunction with the point R 
a certain other point I on the axis ; it is to be remarked that excluding the 
inflexion at infinity the cubical divergent parabola has in all eight inflexions, two real 
and six imaginary, viz. the infloxions lie by pairs on four ordinates, or if bo the 
abscissa corresponding to an inflexion, la is determined by a quartic ociuatiou; this 
equation has always two real aiid two imaginary roots, each of the imaginary roots 
gives a pair of imaginary inflexions; one of the real roots gives a positive value for 
2 /^ and therefore two real inflexions, the tangents at these meet in the above-mentioned 
point R on the axis; the other real root gives a negative value for ?/ and therefore 
two imaginary inflexions, but the tangents at these moot in a real point on the axis, 
and this I call the point /. It is clear that for each of the four pairs of inflexions 
the tangents at the two inflexions meet at a point on the axis, so that if A'' be the 
abscissa of such point, then X is determined by a qtiartic ccpiation; twt) of the roots 
of this equation are imaginary, the other two roots are real, and correspond to the 
points R and / respectively. 

The equation of the curve being as above 

y^=z ^ + 2d, 

then the coordinate a: belonging to a pair of inflexions is found by the equation 

0 }^ — 4- 8cfo — 3c® = 0, 

or what is the same thing, 

(1, 0, -c, 2d, -3c®][^, 1)^===0, 

(the invariant I is — 0, and hence the discriminant, = — 27 is negative, or the roots 
are two real, two imaginary, as already mentioned): the coiTosponding value of X is 
easily found to be 

Y _ + 3c^ — 4fd 

and we thence obtain 

3cX^ - 4dX^ - 6c®Jr® 4- l2cdX - (c® 4- 4d‘) = 0, 
or what is the same thing, 

(Sc, -c?, »c®. Sod, ^<^^4d%X, 1)^ = 0, 
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for the equation in X ; the quadrinvariant I is =0, and hence the discriminant, 
— — is negative; that is, the roots are two real, two imaginary, as already 

mentioned. 

Considering the simplex forms, first, if c = 0, then for the curve 

y^ = a^+ 2d, 

it appears that R lies at infinity, I within the curve; and for the curve 

— — 2d, 

that R lies without the curve, I at infinity. 

It further appeal's that when d = 0, or for the curve, 

y^ — a^+ Zcx, 

R, I lie equidistant from the vertex, R without, I within the curve. 

Hence in the curve 

= + 2d, 

since, when d = 0, the points iJ, I are equidistant from the vertex, and for c — 0, the 
point R is at infinity, it is easy to infer by continuity that the points R, I lie R 
without, I within the curve, I being nearer to the vertex. 

And similarly in the curve 

y2 =; 3ca? — 2d, 

that the points J?, 1 lie R without, 1 within the curve, R being nearer to the vertex. 
Again, in the curve 

^ 4. 2d, 

since, in the curve + Zcx + 2d, R is without, I within the curve, and as c 

becomes =0, iJ passes off to infinity, it appears that 0 having changed its sign, or 
for the curve now in question, R having passed through infinity, will be situate within 
the curve; that is, R, I lie each of them within the curve. 

And similarly for the curve 

-- ^.3 „ 3^5^ _ 2d, 

it appears that R, I lie each without the curve. 

Hence, finally, for the simplex forms, we have the 7 species of Pliicker, viz. 

y2 ^ _ 3^ 4 2d, c® < d®, 

simplex ampullate, jB, I within the curve; 

ya = ^ _ 3c^ — 2d, c® < d®, 
simplex campaniform, iJ, I without the curve; 

ya = a^42d, 

simplex neutral, I within the curve, B at infinity; 



104 


ON THE CUBICAL DIVERGENT PARABOLAS. 


[399 


— 2d, 

simplex campaniform quasi-neutral, jR without the curve, I at infinity; 

2/2 = g(5/y + 2d, 

simplex campaniform, R without and further from, I within and nearer to the curve ; 

2/2 = £c 3 -f 3ca?, 

simplex campaniform equidistant, viz. R and I are equidistant from the curve. 
R without and I within; 

2/2 = -f Sco) — 2d, 

simplex campaniform, R without and nearer to, I within and further from the curve. 

Passing to the complex forms, suppose for a moment that a is the diameter of 
the oval and ^ the distance of the oval from the vertex of the infinite branch ; the 
equation of the curve then is y- = a*(r6’“-a)(.T — a — /S), or changing the origin so as to 
make the term in to vanish, this is 

f - (« + |a + {x - -Ja + (x-^a- 1^), 

or, what is the same thing, 

or comparing this with 3/® = — 3ci^’ + 2d, d is = +, 0 or — , as a < yS, a = ^S, a > 01,' saj* 

as the oval is smaller, mean, or larger; viz. the magnitude of the oval is CvStimated 

by the relation which the diameter thereof bears to the distance of the oval from 

the infinite branch. In the case d = 0, or for the curve — Sc//? it appears (as 

for the corresponding simplex form y'-^ = + 3c/r) that the points iJ, I are etpiidistant 

from the point x == 0, which is in the present case the middle vortex, or vertex of 
the oval which vertex is nearest to the infinite branch. As the oval diminishes, so 
that the curve becomes ultimately acnodal, J remaining within the oval ultimately 
coincides with the acnode ; and as the oval increases so that the curve becomes 
ultimately crunodal, R remaining between the oval and the infinite branch, ultimately 
coincides with the crunode ; and it hence easily appears by continuity that fot' 
a smaller oval I is nearer to, R further fi'om the middle vortex ; while for a larger 
oval, I is further from, R nearer to the middle vertex. Hcnco for the complex forms 
the species are 

2/3 — Zcx + 2d, 

smaller oval, I nearer to, R further from the middle vertex; 

2/3 = ^— 

mean oval, R and I equidistant from the middle vertex ; 

2/2 = iij8 — — 2d, 

larger oval, I further from, R nearer to the middle vertex: and the division into 
species is thus completed. 


Cambridge, June 16, 1865. 
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ON THE CUBIC CURVES INSCRIBED IN A GIVEN PENCIL OF 

SIX LINES. 


[From the Qaartey'ly Journal of Pure and Applied Mathematics^ vol. ix. (1868), 

pp. 210 — 221 .] 

We have to consider a pencil of six lines, that is, six lines meeting in a point, 
and a cubic curve touching each of the six lines. As a cubic curve may be made 
to satisfy nine conditions, the cubic curve will involve three arbitrary parameters; but 
if we have any particular curve touching the six lines, then transforming the whole 
figure homologously, the centre of the pencil being the pole and any line whatever 
the axis of homology, the pencil of lines remains unaltered, and the new curve touches 
the six lines of the pencil ; the transformation introduces three arbitrary constants, 
and the general solution is thus given as such homologous transformation of a 
particular solution. To show the same thing analytically, take (a? = 0, y = 0, = 0) for 

the axes of coordinates, the lines x = Q, y = 0 being any two lines through the centre 
of the pencil, so that the equation of the pencil is y)® = 0, then if (^{x, y, z)=^0 

is the equation of a cubic curve touching the six lines, the equation of the general 
curve touching the six lines will be <j> (x, y, aa? + /8y + 7.0) = 0 ; or what is the same 
thing, considering the coordinate z as implicitly containing three arbitrary constants, 
viz. an arbitrary multiplier and the two arbitrary parameters of the line 2: = 0, then 
the equation (f> (x, y, z) = 0 may be taken to be that of the cubic touching the six 
lines. 

Now the given binary sextic y)® may be expressed in the form + 

where P is a cubic function, Q a quadric function, of the coordinates (x, y); or, what 
is the same thing, but introducing for homogeneity a constant c, we may write 

yy = ci(a, h, k, y)*? + 4[(j, I, yff-, 


C. VI. 


14 
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in fact, comparing the two sides of this equation, we have each of the seven coefficients 
of the soxtic equal to a function of the seven quantities ct sj (c), h V (c), k \/ (c), 
1 ) V (c), j, I, f\ so that convei'sely, these seven quantities are determinable (not however 
rationally) in terms of the coefficients of the given sextic. And when the sextic is 
expressed in the foregoing form, then it will presently be shown that we have 

(tt, /i, h + T/y^ + CJ'^^O, 

or, what is the same thing, 

(a, 6, c, /, 0, /i, 0, j, y, zY = 0, 

as the equation of a cubic curve touching the six given lines ; and by what precedes, 
it appears that this may be taken to be the equation of the general cubic curve 
which touches the six given lines. On account of the arbitrary constant c, itr is 
sufficient to replace z by ax + Qy + z, or, what is the same thing, to consider j = 0 as 
the equation of an arbitrary line, but without introducing therein an arbitrary multiplier. 

To sustain the foregoing result, consider the cubic 

h c, /, g, k i j> h y> = 0, 

then in general if y, zf, 5 = y, zy(a, 7), ;?/, z)(cc, /?, 7)2, 

D = / 3 , 7)®, the equation of the pencil of tangents drawn from the point (a, 7) 

to the curve is 

- QABOD + « 0, 

but writing for shortness 

(,, 5 ^, y, B\ c\ z)\ 

so that 

A' = (a, A, A, y)\ 

(j> y)\ 

y) , 

c 

then for the tangents from the point («=0, 2 / = 0), writing (a, /3, y) — {0, 0, 1), we have 

A=^(A', F, G', zy, 

B = (F, C, zf, 

C= {0',F'il.z), 

F= F , 

and thence the equation of the pencil of tangents is 

AW^ - QA'FG'B' + iA'G'’‘ + iiBW - ZF^G'^ = 0. 

Hence for the curve 


F = 
G' = 
I>' = 


(a, h, e, f, 0, h, 0, j, k, t^a;, y)* = 0, 
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we have ,7 = 0, t==0, and therefore (7' = 0; the equation of the pencil of tangents is 
-H =0, or throwing out the constant factor D\ and then replacing A\ B\ D* 

hy their values, the equation of the pencil of tangents is 

c[(a, \ A, h\x, yy? + 4[0*, y)^? = 0, 

which is the before-mentioned result. 

The coefficients a \l (c), h V (o), k V (c), b /\/ (c), j, I, f or (as we may call them) the 
coefficients of the cubic curve, are, it has been seen, functions of the coefficients of 
the given sextic y)**; hence the invariants 8 and T of the cubic curve are also 

functions of the coefficients of the sextic, and it is easy to see that they are in fact 
invariants (not however rational invariants) of the sextic. To verify this, it is only 
necessary to show that the invariants 8 and T are functions of the invariants of the 
functions V (c) • (a, A, h, yf and (J, I, y)®; for if this be so, they will be 

invariants of the function 

{c{a, h, h, b'^x, + 4 [( I, yff, 

that is of the sextic. We have in fact the general theorem, that if P, Q, J?, ... be 
any quantics in {x, y, ...), and cf>(P, Q, R, ...) a function of these quantics, homogeneous 
in regard to {w, y, ...), then any function of the coefficients of which is an invariant 
of the quantics P, Q, R, ... is also an invariant of <j}. 

Considering for greater convenience the function 

(a, h, h, b'^x, y)» 

in place of V (c) . (a, h, k, b'^x, y)®, the invariants of the two functions (a, h, k, b'^x, yf 
and (j, I, f'$x, y)* are as follows : 

□ = — Gabhk + 4iciki^ + 4ibh? — 

V= 

® = j (bh — + l {hk — ah) + f(aJc — hP), 

R = + \ 

+ 6 ahfly 

— 6 aJifH 

— 6 akf^ 

+ 12 akfP 
+ 1 

— 6 bhfj^ 

+ 12 bhjP 

— 6 blyH 
+ 

— 18 hkfjl 
+ 

— 8 abP, 

14—2 
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viz. □, V are the discriminants of the two functions respectively, and (R>, R are 

simultaneous invariants of the two functions, R being in tact the resultant. The 

corresponding invariants of the functions V (<^) • 0 ^ (j> !/)“ 

obviously C“D, V, c@ and cR. 

The values of S and T are obtained from the Tables 62 and 63 ot my ''Third 

Memoir on Qiiantics,’* Phil. Trans, vol. CXLVI. (ISoG), pp. 627 — 647, [144], by merely 
writing therein ^ = i = 0. It appears that they arc in tact tunctioiiB ot C“CI1, V, c^) 

and CjR; viz. we have 

S = V 2 + C 0 , 

y = SV« + c(4iJ-f-12V0) +cO 

The invariants of the sextic if for a inonumt the coetticients ot this sextic 

are taken to be (a, 6 , c, rf, e, /, //), that is, if the sextic he re])reseuted by 

(a, by Gy dy Gy fy ff'^iJOy ijf ai’C tlic (] 11 acl liu vai* uiii t {—ag--6bf+ 1 5oe — 1 ()(Z-), Table No. 31 

and Salmon’s A., p. 203 (^), the quartin variant, No. 34, and Salmon’s B., p. 203, the 

sextinvariant No. 35 , and Salmon’s C., p. 204, and the discriminant, which is a function 
of the tenth order ==ay+&c. recently calculated for the general form, Salmon, 

pp, 206 — 207, say these invariants are Q.y Q^y and Qio- These several invariants 

are functions of the above-mentioned expressions c-D, V, c 0 and cR] whence, cou- 
voi'sely, these quantities arc functions of tho four invariants Qy, Q^y Qi^; and the 

invariants /S, T of the cubic curve, being functions of cj-D, V, g 0 and cR, are also, 
as they should be, functions of the invariants Qy, Q 4 , Qh and Qio sextic pencil 

To effect the calculation of Q.j, and Q,j, I remark that inasmuch as by a linear 

transformation, the quadric ( j, I, yf may bo riiduced to the form and that 

the invariants of (a, A, A, b'^Wy ?/)•* and Hxy are 

□ = a^b'^ — (jablilc -P 4a/j‘‘* -f 46//" — 

V = - 

® = — / (r /6 — file), 
iJ = — Sl^aby 

hence, writing j = 0, /= 0, and writing also c=l, we may consider tho sexfcic 

[(a, hy ky h'^ifiy y)*’p 4- 32fV/3y, 

that is 

(a=, ahy ^{2ak^U% i^(ab +9hk ^161% -H2W/.+ 3A‘^), 6/j, yy, 

tho invariants whereof are found to be functions of the last mentioned values of 
□, V, ®, iJ; to pass to the given sextic (^'^Xy 2 /)^ put ocpial to 

c[(a, hy ky bjee, y)"pH-4[(j/, ly f^sOy yYYy 

we have only to consider □, V, ©, J? as having their before- mentioned general values, 
and to restore the coefiBcient g by the principle of homogeneity. 

1 The pages refer to Salmon’s Lessons Introductory to the Modern Higher Algebra (Second Edition, 1860). 
In the Eourth Edition, I 880 , the values are given, pp, 360 — 266. 
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As regards the discriminant this as already remarked, has been calculated for 
the general form, hut for the present purpose it is easier, by dealing directly with the 
form [(a, A, A, and then interpreting □, V, ©, and restoring the 

coefficient c as above, to obtain the discriminant Q^q of the function 

[c(a, A, k, bJoD, I, yYf 

in the required form, as a function of c'^D, V, c®, cR. 

I find after some laborious calculations 

62= 10 No. 31 = c" { 9 0 

+ c r 40 R 

t+ 288 V® 

+ { 256 V'" 

Qi= 10000 No. 34= (^ {- 99 

+ C®['- 400 i2n 

' + 2304 V@D 

,+ 8640 ®= 

+ <^( 12800 JJV® 



82944 V^®* 

1 

u 

4608 v^n 

+ c f 

20480 

1+ 147456 V*® 


65536 V« 


Qi = 1000000 No. 35 = c* { + 7992 □’ • 

+ o' r+ 72000 

■ + 145152 V®*n 

[- 622080 ©*□ 

+ ( 160000 

+ 691200 iJV®n 

+ 3456000 ii@® 

+ 3815424 

+ 36080640 V®^ 

,+ 635904 

+ <^ (+ 33177600 i?V=®“ 
+ 4669440 iJV^D 

' + 217645056 V®®® 
23008136 V^®n 
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+ c>>r+ 8l})-200() 

+ 110100480 RV*® 
+ 509607930 
14155776 V'O 

+ c (■ C29145C0 i2V'> 

[+ 452984832 V^© 

+ 134217728 

Qio = multiple of disciiiniuaut 

= d {- 

+ cU- S R^O 
- - 24 if'>V©D 
, + 64 JS“©’ 

+ 0 “ [- 10 jR ® 

- 96 R*V® 

' + 48 J?<V“©'- 
.-16 



+ c'[- 720 ijn® 

- - 51840 ven* 

77760 ©»□ 
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+ (^f- 23200 

- 535680 i2®vn 
+ 432000 

‘ - 1762560 
+ 4510080 V®< 

+ 17280 

V. 

+ c» r - 64000 

- 1382400 iJ=V@ 

- 5806080 

■ + 30720 

+ 3317760 

- 1105920 v^en 

+ c=J- 204800 

t- 3932160 EV<®. 

The foregoing values of 8 and T give 

2*' - 64/S^ = c*{ 

+ c» '' SBD 
- + 24 v®n 

_ 64 @» 


so that 


+ cs I' 16 

+ 96 jRV® 
’ _ 48 V®®‘ 
.+ 16 VsQ 

+ c 64 EV®, 



8= V“ + c@, 


and therefore 


/S* c®J2»(V“ + c®/ {cJ2(V=‘ + c®)}»’ 

formul® -which are interesting in the theory. 
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We have 

c@ 

c^D = !r-12V^+4V»-4ici?, 


and if by means of these values we eliminate cB and c-Q, we obtain Q.., Qj, Qa and 
as functions of S, T, V and cR. Choosing instead of and Q,, the combinations 
Qi—Qi and Qa — SQ.?, and forming also the expression for the combination QsiQZ — Qa), 
we have thus the system of formal® 

Q.j= 9 T+ lH0VjS+4,V= + 4cIl, 

( Qa" ~ Qi) — "t" 9 y* 

- 432 

- 72 TVS 

- 72 

- 16 TcR 


+ 864 V<‘S‘ 

+ 144 V‘/g 
+ 128 VSeJi, 


■ptV (Qe ~ 8Q/) — 

+ 27 T> 

- 4212 TVS 

+ 6o88 TV’’ 

+ 252 T-cJt 

- 7776 TS^ 

- 16848 TV^S« 

+ 3456 TV^S 

- 2f>92TVScR 

- 1296 yv» 

- 1824 TV^cR 

448 2We- 
+ 544320 VS^ 

- 461376 V^S^ 

+ 74804 oRS^ 

+ 15652 

- 103G8 V^&oR 

- 10728 V’S 

- 3264 V^ScR 

- 1636 V8<^R\ 


Vir Qa iQa' ~ Qi) ~ 

+ 81 T 

+ 972 TVS 

612 TV" 
108 TcR 

- 3888 7 '^“ 

- 5184 TV"S" 

- 11952 

- 2010 TVSoR 

288 TV" 

352 TV"oR 
64 Tc"‘R" 

- 77760 VS" 

+ 153792 V"S" 

- 1728 cRS" 

+ 29376 VS" 

+ 20996 V"S"oR 
+ 576 V"S 

+ 1088 V"ScR 

+ 512 VSc"I^, 
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The just-mentioned value of Qio should, I think, admit of being established a priori^ 
and if this be so, then the substitution of the values of S and T in terms of c^D, 
V, c@, CjR, would be the easiest way of arriving at the before-mentioned expression of 
Qio in terms of these same quantities. The calculation by which this expression was 
arrived at, is however not without interest, and it will be as well to indicate the 
mode in w^hich it was effected. 


Calculation of Qiq. 

We have to find the discriminant of 

c [(a, h, k, h'^co, yYf + 


Consider for a moment the more general form + then to find the discriminant, 
we have to eliminate between the equations 


P^ + 6Q==^ = 0, 

P^ + e(^P- = o, 

dy ^ dy 


these are satisfied by the system P = 0, Q® = 0, and it follows that if P be the resultant 
of the equations P = 0, Q = 0, then the discriminant in question contains the factor 
R^. For the other factor we may reduce the system to 




dx dy dy dx 


Now writing Q = 2lxy, these equations become 

dP 



the resultant of which is = into resultant of the system 


= 0 , 


0. VI. 


dP dP 
dx ^ dy 


15 
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but in virtue of the second equation, we have 

_ ,fdP^ dP\_.dP 
= dy’ 

which reduces the first equation to 


or omitting the factor ^y, to 


— + 144ZV(/» = 0, 
^ dx ay 


^ + = 0 . 

dx dy 


dP 

Hence, writing P=>J(o).{a, h, k, b'$a;, y)\ and therefore ^-=5^ V(c)-(®. *> 
dP 


dy 


= 3 V(c) • (^> 2 /)®; writing also 2 / = l, the two equations become 


da, h, Jclx, lyiK h b^x, 1)® + 8P.C®=0, 

(a, h, k'$x, lyx — ih, k, h^x, 1)® =0, 

the second of which is more simply written 

(a, h, -k, -btx, iy=o. 

Hence, restoring the factor l\ and also to avoid fractions introducing the factor 8a.^ 
the resultant of the two equations is 

= 8i»a'‘n{8Pa!® + c(a, h, k'$x, iy(h, k, b\x, 1 )®}, 

where H denotes the product of the factoi-s corresponding to the three roots ajx, .'j;, 
of the equation 

(a, h, 1)® = 0, 

or what is the same thing, 

asiP H- hop- — hx — l>=0y 


so that the symmetric functions are to be found from 

^ h ^ h b 

a 0/ w 

The required discriminant is the foregoing resultant multiplied by R, or say by 
o®iJ®, that is the discriminant Qw is 

= c®ii®.8?®a*n(8J»a^ + fl), 

if for shortness we write 

fl = (a, h, k^x, ly . (a, k, b'^x, 1)®, 
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and when the symmetric functions have been expressed in terms of the coefficients, 
the result is to be expressed as a function of □, V, JZ by means of the values 

c®n — -I- + 46A® — &adhh — 

V = - 

c@ = — ^ {ah — hk), 
ci2 = — ^Pab, 

Thus, for instance, the first term of the result is 
which is 

= c"i^^4096^^®a26^ 

= . — 64c^jB®V®, 

= -64c"i2^V*, 

which is a term in the before-mentioned expression for Qio. 


15—2 
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A NOTATION OF THE POINTS AND 

THEOKEM. 


LINES IN PASCAL’S 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. ix. (18(38), pp. 268 — 274.] 


Taking six points 1, 2, 3, 4, 5, 6 on a conic ; let A, B, 0, D, E, F, Q, H, I, J, K, L, M, N, 0 
denote each a combination of three lines, thus 


12 

34. 

56 


12. 

35. 

64 

= F 

12 

.36 

45 

= E 

13 

.45 

.62 

= .8 

13 

46. 

25 

= (? 

13 

42 

56 

= L 

14 

56 

23 

= C 

14 

52 . 

36 

=E 

14 

53 

02 

= M 

15, 

.62, 

,34 

= JD 

15. 

63. 

.42 

= J 

15 . 

64, 

.23 

= A 

16. 

,23. 

45 ■ 

=^E 

16. 

. 24 

.53 

= J 

16. 

25. 

34 

= 0 


then any hexagon formed with the six points may be represented by a combination of 
some two of the letters A, B, &c., viz. the three alternate sides arc the lines repre- 
sented by one letter, and the other three alternate sides the lines repr(\seuted by the 
other letter: for example, the hexagon 123456 is AE\ and so for the other hexagons. 
Any duad AE thus representing a hexagon may bo termed a hexagonal duad ; the 
number of such duads is sixty. Each Pascalian lino may bo denoteci by the symbol 
of the hexagon to which it belongs; thus, the lino which belongs to the hexagon AB, 
is the line AB. 


I form the following combinations : 


IMO.BEJ each 
DEQ.BNO 
BLM.BOJ 
HLN. OQI 
E FI. JEM 
ABE. CEO 
AMW.OBF 
AGJ. ELO 
ABI.BEL 
QEM.BFE 


involving all the duads 12, &c. except those of 123 . 4.56, 


124 . 356, 
125 . 346, 
120 . 345, 
134 . 256, 

135 . 246, 

136 . 246, 
145 . 236, 
146 . 235, 
156 . 234, 
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and also the combinations : 


AEGMI 

ABHJN 

BGFIO 

GDQJK 

DEFHL 

KLMNO 


involving all the duads 12, 13, &c.; 


which I call respectively the ten-partite and six-partite arrangements. It is to be 
remarked that (considering IMO , DHJ as standing for the six duads IM, 10, MO 
DH, DJ, HJ, and so for the others) the ten-partite arrangement contains all the 
sixty hexagonal duads ; and in like manner, (considering AEGMI as standing for 
the ten duads AE, AG, AM, AI, EG, EM, El, GM, GI, MI, and so for the others) 
the six-partite arrangement contains all the sixty hexagonal duads. 


The 60 Pascalian lines intersect by 4’s in the 45 Pascalian points p, by 3's in 
20 points g and in 60 points h, and by 2’s in 90 points m, 360 points r, 360 points t, 
360 points z, and 9 points w. 


The intersections of the Pascalian lines thus are 


45 jD counting as 

270 

20 


77 

60 

mh 

» 

77 

180 

90 m 

77 

77 

90 

360 r 

77 

77 

360 

360 i 

77 

77 

360 

360 0 

77 

77 

360 

90 m ; 

77 

77 

90 


1770 = -|-60.59, 

and the intersections on each Pascalian line are 


3^ 

counting as 

9 


77 

77 

2 

Sh 

77 

77 

6 

3 m 

77 

77 

3 

12 r 

77 

77 

12 

12 t 

77 

77 

12 

12 z 

77 

77 

12 

8w 

77 

77 

3 

59. 
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For the ten -partite arrangement, any double triad such as ABI .DKL gives 15 
intersections; 10x15 = 150; and any pair of double triads such as ABI .DKL and 
AEH ,CK0 gives 36 intersections; 45 x36 = 1620; and these are 



60^ 

9 m 

90 m 

— 15 

150 


270^; 

4>h. 

180 h 

Sr 

SCO r 

St 

360 « 

S z 

360 3 


90 m 

36 

1620 

1770. 

any pentad such as ABHJN gives 

such as 

are 

ABHJN and AEGMI 

(30 A 

180 h 

(15 m 

90 m 

45 

270 


60 sr 

18 

270 

24 r 

360 r 

24 « 

360 « 

24 z 

360.2 

G w 

100 

90 w 

1500 


I analyse the intersections of a Pascalian line, say AE, by the remaining 59 
Pascalian lines as follows: 

Observe that AE belongs to the triad AEH, the complementary triad whereof is 
CKO; it also belongs to the pentad AEIMCf. We thus obtain, corresponding to AE, 
the arrangement 

H H H 

H A 

HE ELD 

I M & 

ECO 
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viz. HABNJj is the pentad which contains HA, the arrangement of the last three 
letters B, N, J thereof being arbitrary ; HEFLD is the pentad that contains HE, but 
the last three letters are so arranged that the columns HBF, HJSfL, HJD are each of 
them a triad, IMG is then the residue of the pentad A El MO, and KGO is the 
complementary triad to AEH, but the arrangement of the letters IMG, and of the 
letters KGO, are each of them determinate; viz. these are such that we have BFIGO, 
NLMKO, JDOGK, each of them a pentad. 

And this being so we derive from the arrangement 

2 g AH, EH ; 

3 m KG, KO, GO ; 

Qh AI, AM, AO; El, EM, EG; 

12z IB, IF, MN, ML, OJ, OB; HB, HF, HN, EL, HJ, HD; 

9p AB, AN, AJ; EF, EL, EB; BF, NL, JB; 

12r GB, GF, GJ, GB; OB, OF, ON, OL; KN, KL, KJ, KB; 

12t FL, FB, LB; BN, BJ, NJ; IG, 10; MK, MO; OK, GG ; 

Zw IM, 10, MO ; 

59 

viz. the line AE in question meets AH, EH each of them in a point g; KG, KO, GO 
each in a point m; and so on. By constructing in the same way an arrangement for 
each of the lines AH, &oc., we find the nature of the point of intersection of any 
two of the lines AB, AE, AH, &o. ; and we may then present the results in a table 
(see Plate), which shows at a glance what is the point of intersection (whether a 
point g, m, h, z, p, r, t, or w) of any two of the Pascalian lines. 

I further remark that representing the 45 Pascalian points as follows : 
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16 
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12. 
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13. 
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= i 

14. 
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16, 

. 25 
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12. 
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14. 
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= V 
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.46 
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15. 
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= w 

16. 
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= 7 
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.56 

=/ 

13, 

. 56 


14. 
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= r 
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46 

= X 

16, 

.45 

= 3 

23. 
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. 56 = 
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35 
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A NOTATION OF THE POINTS AND LINES IN PASCAL’S THEOEEM. 


the sixty hexagons and theii’ Pascalian lines then .arc 


AE 

123456 

12 . 45 23 . 56 34 . 61 

dvB 

AH 

125634 

12.63 25.34 56.41 

cXr 

EH 

145236 

14 .23 45 . 86 52 . 61 

viTa 

CK 

123654 

12.65 23.54 36.41 

M 

CO 

143256 

14 . 25 43 . 56 82 . 61 

npi/ 

KO 

125436 

12 . 43 25 . 36 54 . 61 

tffiB 

AM 

126534 

12 . 53 26 . 34 65 . 41 

b^r 

AC 

125643 

12.64 25.43 56.31 

g\1 

AI 

124365 

12.36 24.65 43.51 

CKV 

EG 

132546 

13 . 54 32 . 46 25 . 61 


DF 

126435 

12.43 26.35 64.51 

awm 

FL 

124653 

12.65 24.53 46.31 

f6k 

EL 

134265 

13.26 34.65 42 . .51 

ipt 

BH 

132645 

13 . 64 32 . 45 26 . 51 

km 

BJ 

135426 

13 . 42 35 , 26 54 . 01 

gwB 

JN 

153246 

15.24 53.46 32.61 

tcry 

GK 

125463 

12.46 25.63 .54.31 


KM 

126354 

12 . 35 26 . .54 63 . 41 

hirq 

10 

152436 

15 . 43 52 . 36 24 . 61 

VfJt^Z 

MO 

143526 

14.52 43.26 35.61 


EM 

145326 

14 .32 45 . 26 53 . 61 

Dtiry 

El 

154236 

15.23 .54.36 42.61 

STZ 

AN 

123465 

12.46 23.65 34.51 

e7]0 

AJ 

124356 

12 . .35 24 . 56 43 . 61 


AB 

126543 

12 . 54 26 . 43 65 . 31 

d& 

EE 

154326 

15 .32 54 . 26 43 . 61 

stt/S 

EL 

132456 

13 . 45 32 .56 24 . 61 

jr}Z 

EF 

123546 

12 . 54 23 . 46 35 . 61 


CE 

143265 

14 . 26 43 . 65 82 . 51 

ops 

OF 

123564 

12.56 23.64 85.41 
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LO 

BK 

KL 

BO 

NO 

BC 

GJ 

JK 

KN 

BE 

EJ 

EL 

EN 

BF 

BJ 

LN 

GM 

IM 

GI 


THE POINTS AND 

132564 13 . 56 

142365 14.36 

146235 14 . 23 

135246 13 . 24 

136245 13 . 24 

134625 13 . 62 

135624 13 . 62 

124635 12 . 63 

136254 13 . 25 

125364 12 . 36 

125346 12 . 34 

134256 13 . 25 

126345 12 . 34 

124563 12 . 56 

134526 13 . 52 

152346 15 . 34 

132654 18 . 65 

142356 14 . 35 

124536 12 . 53 

123645 12 . 64 

143625 14 . 62 

142536 14 . 53 

136524 13 . 52 

146325 14 . 32 

126453 12 . 46 

153426 15 . 42 

132465 13 . 46 

135264 13 . 26 

142635 14 . 63 

136425 13 . 42 
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IN 
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122 A NOTATION OF THE POINTS AND 


LINES IN pascal’s THEOREM. [401 


Each Pascalian point belongs to four different hexagons; viz. a to the hexagons 
KD, KO, FB, FO ; and so for the other points, thus : 


a (K,F)iD,0) 
b (A,K}(M,J) 
c (A,F)(H,I) 
d (A,F)(B,JS) 
e iA,K)(G,N) 
f (G,L)(K,F) 
g {B,0){I,J) 
h {B,L)(H,0) 
i {D.M){a.L) 
j (E,1C)(&,L) 
k (B,L){F,N) 
I (iA,G)(B.O) 
m {E, N) (H, M) 
n {G,M){Q, 0) 
0 iB,D)iG,H) 
p iG,H)iF,J) 
q (G,M)(I.K) 
r i:A,Z)<iH,M) 
s iG,E)(B,I) 
t {J,L){D,N) 
u {B, M)(I, JV) 
« (. 1 , 0)(iV, /) 

w (A ^)(S, K) 


x {B, I ) {F, G) 
y ( 0 , N){J, 0) 
, {E,0}(T,L) 

a {E,J){0.H) 
B {A, B){E, J) 
y (E, 0){F, M) 
S iB,K){J,0) 
e iB,K){G,N) 
? (A E){F, 0) 
n {A,L){E,N) 
d iF,M)(I,L) 
* (A K)iJ, L) 
K (. 4 , 0 )(/, J) 
X {A> B) {0, H) 
g. (G,0)il,K) 
u (F,N)iII,0) 
^ {A,0){B,M) 
CO {B, B)(F, J) 
TT (A M){E, K) 
P (G,L)(B,0) 
a (G,N)(J,M) 
T (B. E){H, I) 


I have constructed on a very large scale a figure of the sixty Pascalian linos, and 
the forty-five Pascalian points, marking them according to the foregoing notation; but 
the figure is from its complexity, and the inconvenient way in which the points arc 
either crowded together or fly off to a great distance, almost unintelligible. 
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402 . 

ON A SINGULAEITY OF SUEFACES. 

[From the Qim'terly Journal of Pure and Ajpplied Mathematics, vol. ix. (1868), 

pp. 332— 338, J 

A SURFACE having a nodal line has in general on this nodal line points where 
the two tangent planes coincide, or as I propose to term them '"pinch-points.” Thus, 
if the nodal line be the curve of complete intersection of any two surfaces P = 0, 
Q = 0, then the equation of the general surface having this curve for a nodal line is 
(a, b, g'^P, Qy — 0 (where a, h, c are any functions of the coordinates), and the pinch- 
points are given as the intersections of the nodal line P = 0, Q = 0 with the surface 
ac — = 0. Consider the case where the nodal curve is a curve of partial intersection 
represented by the equations P , Q , R = 0, or say by the equations p = 0, ? = 0,. 

P', Q', 

r = 0 (viz. p, q, r denote the functions QK — Q'R, RP' — R'P, PQ' — P'Q respectively), 
and consequently we have identically 

(P, Q, PJp, q, r) = 0, 

(P; Q\ R'lp, q, r) = 0, 

or what is the same thing, (\, jll) being arbitrary, 

(XP -f- fiP', \Q ■+■ fjbQy \R -f q, r) = 0. 

The general surface having the curve in question for its nodal line is represented by 
the equation 

(a, 6, c, /, ff, AJp, q, ry = 0, 

(where (a, 6, o, /, g, h) are any functions of the coordinates), and it is easy to see that 
the condition for a pinch-point is the same as that which (considering p, y, r as 
coordinates and all the other quantities as constants), ’expresses that the line 

(XP iiP\ XQ "h XP prP ^p, q, r) = 0. 


16—2 
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touches the conic 

(tt, 6, c, /, g, h)(p, q, r)‘^=0, 

viz. Ay By Gy F, Qy H boing the inverse coefficients, A — he — &c., this condition is 

{Ay By Gy Fy Gy H^\P+fJLP\ \R ^ == 0 y 

or what is the same thing, the pinch-points are given as the common intersections 

of the nodal line ^ = 0, = 0, ?’ = 0 with each of the three surfaces 

(Ay By Gy Fy Oy II) (P y Qy Rf =0, 

(Ay By Gy Fy Gy H) (P y Qy R) (Fy Qy E) = 0 , 

(Ay By Gy Fy Gy II) (F y Q' y RJ ^ 0 y 

these last three equations in fact, adding only a single relation to the relations 
expressed by the equations 

p = 0, q = 0y r= 0. 

If the functions P, Q, R, F, Q\ E arc linear functions of the coordinates, thou 
the curve == 0, (7 = 0, r— 0) is a cubic curve in space, or skew cubic ; and if 

moreover (a, b, c, /, Qy h) are constants, then the equation 

(a, by Qy fy Qy Ih^Py Qy 7^ = 0, 

belongs to a quartic surface having the skew cubic for a nodal line: this surface is 
(it may be observed) a ruled surface, or scroll. With a view to ulterior investigations, 
I propose to study the theory of the pinch-points in regard to this particular surface ; 
and to simplify as much as possible, I fix the coordinates as follows: 

Considering the skew cubic as given, let any point 0 on the cubic be taken for 
the origin; let = 0 be the equation of the osculating plane at 0; ?/=s0 that of 

any other plane through the tangent lino at 0; ^==0, that of any other plane through 

Oy not passing through the tangent lino; and w^O that of a fourth plane; then 
the equation of the cubic will be 

a}y gy z = 0 , 

y, 2, w 

or what is the same thing, the values of p, q, r are yw — z\ zy — xwy and otiz — 7 / 
respectively. And conversely, the cubic being thus represented, the point (x 3 = 0, y = 0, 
5 = 0) may be considered as standing for any point whatever on the skew cubic; the 
osculating plane at this point being x = 0, and the tangent line being x^O, y = 0. 
For the purpose of the present investigations, we may without loss of generality write 
'?(; = 1 ; and for convenience I shall do this ; the values of p, qy r thus become y — 5 ®, 
yz--Xy xz--7fy and the equation of the surface is 

(a, by Qy fy Qy y - z\ yz - Xy xz - y®)® = 0. 
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At a pinch-point, we have 

(A, J?, (7, F, (?, H)ix, y, zj =0, 

(A, J5, C, J’, G^, E) {p, y, z) (y, z, 1) = 0, 

(A, B, 0, F, G, E) (y, 0, 1)^ = 0, 

and hence the origin will be a pinch-point if (7=0, that is, if a& — A® = 0. This however 
appears more readily by remarking, that the equation of the pair of tangent planes 
at the origin is 

6, c, /, g, h\y, -x, 0)^ = 0, 

or what is the same thing, 

(a, A, h\y, -/r)2 = 0; 

the two tangent planes therefore coincide, or there is a pinch-point, if only ah — h^ = 0. 

By what precedes, it appears that if we wish to study the form of the quartic 
surface, 1°, in the neighbourhood of an arbitrary point on the nodal line; 2°, in the 
neighbourhood of a pinch-point; it is sufficient in the first case to consider the general 
surface 

(a, 6, c, /; g, K^y - yz -x, xz- y^y = 0, 

in the neighbourhood of the origin; and in the second case, to study the special 
surface for which ^^ = 0, or writing for convenience a = l, and therefore b = h\ the 
surface 

( 1 , g, yz-x, = 

in the neighbourhood of the origin. 

Consider first the surface 


(a, 6, c, /, g, h){y-z\ yz-x, xz-y^y=0, 

A plane through the origin is either a plane not passing through the tangent line 
(it; = 0, y = 0), and the equation z—0 will serve to represent any such plane ; or if it 
pass through the tangent line, then it is either a non-special plane, which may be 
represented by the equation 2 / = 0; or it is a special plane: viz. either the osculating 
plane it; = 0 of the nodal line, or else one or the other of the two tangent planes 
(a. A, h^y, = 0 of the surface. I consider therefore the sections of the surface 
by these planes ^ = 0, y=0, x=^0, (a, A, h\y, ^xy = Q respectively. 

Section by the non-special plane 2 ; = 0* 

The equation is 

6 , c,/, g, hjy, -X, - 3/2)2 = 0, 

which represents a curve having at the origin an ordinary node, the equations of the 
two tangents being (a. A, li^y, — a?)2==0, viz. these are the intersections of the two 
tangent planes by the plane ^ = 0. 
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Section by the non-special plane through the tangent line, viz. the plane ?/ = 0. 

The equation is 

(a, &, c, /, Qy - Xy x£f = 0, 

or what is the same thing, 

+ "^hxz" + CQi^z^ ~ 2ijx:f + as^ = 0, 

Writing as usTial = we have 

= 2, hA - -h ^hA + a = 0, 

and since ah — h" is by hypothesis not =0,-4 has two unecjual values; we have at 
the origin two branches so = A^sr + + &c,, + &c,, having the common 

tangent a? = 0 (viz. this is the tangent «? = 0, y = 0 of the nodal curve), and with a 
two-pointic intersection of the two branches, that is, the point at the origin is an 
ordinary tacnode. 

Section by the osculating plane .^•=0. 

The equation is 

{Cly by Cy fy (Jy ~ IJSy - = 0. 

We may write y = we at once find /i = 3, and then 

(a, by Cy fy ffy Il^AS^-^&C.y ~ ^ feC. )“’ = 0, 

that is 

(a, hy b][A, l)- = 0. 

A has two unequal values, and the branches through the origin are 
y = £:*'* y &c. 

viz. the branches have the common tangent lino 7/ = 0 (the tangent //; = 0, 7/ = 0 of 
the nodal curve), but in the present case a threo-pointic intersection. 

Section by one of the tangent planes (a, A, 65y, — a?)- = 0. 

Writing y = — and therefore (a, A, 6][m, — the ecpiation is 

(a, 6, c, fy y, AJ— viix — z^y — m — mzxy xz — mV)^ = 0, 

which represents of course the projection of the section on the plane = i» = 0, but 
which (since there is no alteration in the singularities) may bo considered as 
representing the section itself Developing, the coefficient of is -f 2A?/t + &, which 
is =0, and the equation becomes 

(gm +/) ^4* ertv^ uf 

+ 2{Am^-f-(i — «7)m— + 2?H®(/m — c) x^z 

+ 2 {am + A) wz^ + {b + 2g) — 2fm -1- c 

"f 2 (Am — g) xz^ 

4 - a z^^Oy 

so that the curve has at the origin a triple point, the tangent to one branch being 
the line x^O (the tangent = 0, y = 0 of the nodal curve). 
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Consider next the surface 

( 1 , 1i\ G,f, g, yz-x, xz-y^y=^0, 

being as already remarked, the general surface referred to a pinch-point as origin. 

Section by the non-special plane z = 

The equation is 

(1, h% c,f, g, h^y, -x, 

where, attending only to the terms of the lowest order, we find (1, A, h^^y, —xy = 0, 
that is (y — hx)^ = 0, showing that the origin is a cusp. 

Section by the non-special plane through the tangent line, viz. the plane y = 0. 

The equation is 

( 1 , c,f, g, K^-zS -X, xzy=^0, 

or what is the same thing, 

/tV -I- 2hxz^ — 2fx^z H- — 2gxz^ + = 0, 

that is • 

(hx -h z^y — 2fx^z -h cx^z^ — 2gxz^ = 0, 

2f 2a 

writing hx — —z^ A3if‘^ we find at once ^ — and then = so that the 

branches are hx — --z^± Ax ^ ; whence we have at the origin a cusp of the second 
order or node cusp. 

Section by the osculating plane x=0. 

The equation is 

(1, h?, o,f, g, yz, -y^'f = 0\ 

writing y = s? — hi? + Azi^, we easily find /* = |, and then 

(1, h\ c,f, g, K^-h^ + Az^, i^—hz*, —z!^y = 0, 

where the terms in a®, and ^ disappear of themselves, the terms in give 
+ 2gh = 0, and the branches are 

y = g? — h^±Ai^&iic., 
viz. there is a cusp of a superior order. 

Section by the tangent plane y = ha:. 

The equation is 

(1, e,f, g, hj[ha! — z\ —x + hzas, xz—h?a?f = 0, 
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representing the projection on the plane of zw. Developing, the equation is 

2 (/ — gh) {K^x — z) + afch^ 

+ xH — 2A® o) 

-h (h* 4- 2^‘Vi- 4- 2/A 4- c) 

4*ir5® — 2 (A- 4 5^) 

+ ^ 1 = 0 , 

and there is at the origin a triple point (= cnsp 4- 2 nodes) arising from the passage 
of an ordinary branch through a cusp; the tangent at the cusp being it will be 
noticed the line x = 0y that is the tangent = 2 / = 0 to the nodal curve at the 

pinch-point. 

The results of the investigation may be presented in a tabular form as follows: 

Nature of Section. 


Plane of Section. 

Origin, an ordinary point. 

Origin, a Pinch-point. 

Non-special. 

Node. 

Cusi). 

Ditto, through tangent line 
of nodal curve. 

Tacnode = 2 nodes. 

Node-cusp, = node + cusp. 

Osculatingplane of nodal curve. 

y = + 

y ^ A;5‘* + Atsi t&c. 

Either of the two tangent 
planes. 

Triple point, one branch touch- 
ing the tangent of nodal line. 

1 

The single tangent plane. 

i 

Triple point, ^ cusp + 2 nodes ; 
the cuspidal branch touching 
the tangent of tlie nodal line. 


I have not considered the special cases where one of the two tangent planes, or (as 
the case may be) the single tangent plane of the surface coincides with the osculating 
plane of the nodal curve. 


403] 


129 


403 . 

ON PASCAL’S THEOREM. 


[From the Quarterly Journal of Piire and Applied Mathematics, vol. ix. (1868), 

pp. 348 — 353.] 


I CONSIBER the following question : to find a point such that its polar plane in 
regard to a given system of three planes is the same as its polar plane in regard to 
another given system of three planes. 

The equations of any six planes whatever may be taken to be X = 0, F= 0, Z=0, 
C7'=s 0, F= 0, Tf = 0, where 

X+ Y+ Z+ U+ V+ F=0, 
aX '\-hT cZ -\-gV+hW —0, 

and so also any quantities X, Y, Z, U, F, W satisfying these relations may be regarded 
as the coordinates of a point in space ; we pass to the ordinary system of quadriplanar 
coordinates by merely substituting for F, W their values as linear functions of 
X, Y, Z, U, 

This being so, the equations of the given systems of three planes may be taken 
to be 

XF^=0, !7FF = 0, 


and if we take for the coordinates of the required point {co, y, z, u, v, w), where 


y+ %+ v+ = 


then the equations of the two polar planes are 


X y z u V w 


o. VI. 


17 
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respectively, and we have to find (sc, y, s, u, v, tv), such that these two equations 
may represent the same plane, or that the two equations may in virtue of the linear 
relations between (X, T, Z, U, V, W) be the same equation. 

The ordinary process by indeterminate multipliers gives 

— "f- \ + U>(h = 0, 

X 

-* + X. q* uh — 0, 

y 

^ + X + flG = 0, 


^ + X+/</‘= 0, 

- +X4-/i.5' = 0, 
~ “1“ X "p tfc/i — 0, 


and we have the before-mentioned linear relations between («, y, z, it, v, w ) ; these 
last are satisfied by the values 


if only 


(X, y, z, u, V, i;r-0’ c-e’ ~f-d’ ~g-~e> 


1 1,1 L . ^1 - 0 

a-e'^ b-e'^o-e f-e g-e “k-e' ^ 


in fact, 6 satisfying this equation, the relation 
is obviously satisfied; and observing that we have 

1 +^_^, •*, fu 


aoG^ 


a , . 0 _ _ j 6 


we have 


a — ^ 


f-s 


f-0’ 


ax + ly + cz+ fit +gv + Im 


SO that the relation aiv + by + cj 2 r+/Lc+ffv + /iw — 0 is also satisfied* Substituting the 
foregoing values of (a, y, z, u, v, w) the six equations containing h, X, will be all 
of them satisfied if only 

— X— = — 1, 
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The coordinates of the required point thus are 

JL 1 _ 1 1 1 ^ 

\a-e’ b-9’ c-e' f-d’ g-e’ h-e)’ 

where 

+_ 1 _ + J 1 1 3__0. 

a-d^b-e^ c-e /-(9 g^e ^ 

and, the equation in 9 being of the fourth order, there are thus four points, say the- 
points Oi, Oo, Oy, O 4 , which have each of them the property in question. 

It will be convenient to designate the planes Z = 0, F= 0, Z = 0, ?7 = 0, F= 0, 
IF = 0 as the planes a, &, c, /, g, h respectively ; the line of intersection of the planes 
Z = 0 , F =0 will then be the line ah, and the point of intersection of the planes 
Z = 0 , F= 0 , Z =0 the point ahc; and so in other cases. 

I say that from any one of the points 0 it is possible to draw 


a line meeting the lines of ,bg .ch ( 1 ), 

„ „ ag . bh . cf (2), 

„ „ ah,bf,cg ' ( 3 ), 

,, » afM.cg (4), 

„ „ ag,bf,ch (5), 

„ „ ali,bg .cf ( 6 ), 


and consequently, that the four points 0 are the four common points of the six 
hyperboloids passing through these triads of lines respectively. 

In fact, considering 6 as determined by the foregoing quartic equation, and writing 
for shortness 

= ^ {f^0)U=F, 

{b^e)Y = B, {g^e)V 

(c-d)z (h-e) F=ir, 

so that 

A+B + G+F-\^Q + H = 0, 

the equations A+F—0, jB+(? = 0 , (7 + £1 = 0 , are equivalent to two equations only, and 
it is at once seen, that these are in fact the equations of a line through the point 
0 meeting the three lines af bg, ch respectively. 

The equation A-^F=0, is in fact satisfied by the values X : U = ^ 

and by Z = 0 , i 7 = 0 ; it is consequently the equation of the plane through 0 and 
the line af; similarly, B+G — 0 is the equation of the plane through 0 and the line 

17—2 
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hg ; and (7 + S' = 0 is the equation of the plane through 0 and the line ch ; and the 
thi’ee equations being equivalent to two equations only, the planes have a common 


line which is the line in 

question. 



The equations of the 

six linos thus 

are: 


(1) 

A + F=0, 

B+Q=0, 

G+ir=o, 

(2) 

A + G=0. 

B + H=V), 

C' + Jf’ = 0, 

(3) 

A + H=0, 

B + F 

c'+(; = o, 

(4) 

A+F =0, 

B + H = 0, 


(3) 

A + a =0, 

B + F =0, 

0+ // = (), 

(6) 

A + H=-Q, 

B + Q=Q, 

0 + F = 0. 


It is further to be noticed, that if in any one of these systems, for instance in the 
system A + B + G^O, (74-J? = 0, we consider 6 as an arbitrary quantity, then 

the equations are those of any line whatever cutting the lines af, bg^ oh; and hence 
eliminating 6, we have the equation of the hyperboloid through the three lines 
<if, bg, ch; the equations of the six hyperboloids arc thus found to be 


(1) 

ax-\-fu 

it’-i-w 


i?/ + gv 
y + v 

_ oz-¥ hw 
z + w ^ 

(2) 

acD + gv 

CD-\'V 

- 

hy + hv) 
yAio 

_ cz +ftl 

“ z + u ’ 

(3) 

ax + Im 
X'i-W 


y + ib 

_ cz + gv 

"" z + v ' 

(4) 

ax +/w 

= 

by -h Im 
y + w 

_ CZ + gi) 

z + v ' 

(5) 

ax + gv 
x-^v 


hy+fu 
y + u 

_ cz-\‘ hw 

z + w ' 

(6) 

ax-\-lm 

x-\-w 

= 

hy + gv 
y + v 

_ cz 4-/e^ 
z 4- u ’ 


respectively; the equations in the same line being of course equivalent to a single 
equation. 

For each one of the six lines we have 

(A, B, -if) 

in some order or other, and it is thus seen that the six lines lie on a cone of the 
second order, the equation whereof is 
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Consider now the six planes a, 6, c, f g, h, and taking in the first instance an 
arbitrary point of projection, and a plane of projection which is also arbitrary — the 
line of intersection ah of the planes a and b will be projected into a line ah', and 
the point of intersection of the planes a, 6, c into a point aho ; and so in other cases. 
We have thus a plane figure, consisting of the fifteen lines ah, ac, ••.ghj and of the 
twenty points abc, abf, ..,fgh\ and which is such, that on each of the lines there lie 
four of the points, and through each of the points there pass three of the lines, viz. 
the points ahc, ahf, ahg, ahh lie on the line ah\ and the lines ho, ca, ah meet in the 
point ahc, and so in other cases. If now the point of projection instead of being 
arbitrary, be one of the above-mentioned four points 0, then the projections of the 
lines af, hg, ch meet in a point, and the like for each of the six triads of lines ; 
that is in the plane figure we have six points 1, 2, 3, 4, 5, 6, each of them the 
intersection of three lines as shown in the diagram, 

1 = af. hg . ch, 

2 = ag. hh . cf, 

S = ah.lf , eg, 

4i = af.hh. eg, 
o^ag.hf .ch, 

Q ^ ah. hg . cf, 


and these six points lie in a conic. It is clear that the lines af, ag, ah; hf, hg, hh; 
of eg, ch are the lines 14, 25, 36; 35, 16, 24; 26, 34, 15 respectively. 

Conversely, starting from the points 1, 2, 3, 4, 5, 6 on a conic, and denoting the 

lines 14, 25, 36 ; 35, 16, 24 ; 26, 34, 15 (being, it may be noticed, the sides and 
diagonals of the hexagon 162435) in the manner just referred to, then it is possible 
to complete the figure of the fifteen lines ah, ac,...gh and of the twenty points 
aho, ahf,...fgh, such that each line contains upon it four points, and that through each 
point there pass three lines, in the manner already mentioned. 

Of the fifteen lines, nine, viz. the lines af, ag, ah ; hf, hg, hh ; cf, eg, ch are, as has 

■been seen, lines through two of the six points 1, 2, 3, 4, 5, 6; the remaining lines are 

be, ca, ah ; gh, hf, fg. These are Pascalian lines. 


he of the 

hexagon 162435, 

ca 


152634, 

ah 

93 

142536, 

gh 

99 

152436, 

¥ 

99 

142635, 


99 

162534, 
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which appears thus, viz. 

line ho contains points hcf , beg , boh , 

= hf ,cf, hg . eg, hh . eh , 

= 35. 2G, 16.34, 24.15; 

that is, bo is the Pascalian line of the hexagon 162435; and the like for the rest of 
the six lines. 

The twenty points abc, ahf,...fgh arc as follows, viz, omitting the two points 
aho, fgh, the remaining eighteen points arc the Pascalian points (the intersections of 
pairs of lines each through two of the points 1, 2, 3, 4, 5, 6) which lie on the 
Pascalian lines be, ca, ah, gh, hf, fg respectively ; the point abe is the intersection of 
the Pascalian lines be, ca, ah, and the point fgh is the intersection of the Pascalian 
lines gh, hf, fg, the points in question being two of the points P (Steiner’s twenty 
points, each the intersection of three Pascalian lines). 

We thus see that we have two triads of hexagons such that the Pascalian lines 
of each triad meet in a point, jxnd that the two points so obtained, together with the 
eighteen points on the six Pascalian lines, form a system of twenty points lying four 
together on fifteen lines, and which points and lines arc the projections of the points 
and lines of intersection of six planes ; or, say simply that the figure is the projection 
of the figure of six planes. 

It is to be added, that if the planes are a, b, c, f, g, h, theti th('. point of 
projection is any one of the four points which have the same polar plane in regard 
to the system of the planes a, h, c, and in regard to the system of the pianos /, g, h. 
The consideration of the solid figure affords a demonstration of the oxistonco as W(dl 
of the six Pascalian lines as of the two points each the intersection of throe of 
these lines. 
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404 . 

EEPEODUCTION OF EULEES MEMOIR OF 1758 ON THE 
ROTATION OF A SOLID BODY. 


[From the Quarterly Journal of Pure and Applied Mathematics, voL ix. (1868), 

pp. 361—373.] 


Euler’s Memoir ‘‘Du mouvement de rotation des corps solides autour d’un axe 
variable,” MSm. de Berlin, 1758, pp. 154 — 193 (printed in 1765), seems to have been 
written subsequently to the memoir with a similar title in the Berlin Memoirs for 
1760, and to the “Theoria Motus Corporum Solidorum &c.,” Rostock, 1765, and there 
are contained in the first-mentioned memoir some very interesting results which appear 
to have escaped the notice of later writers on the subject; viz. Euler succeeds in 
integrating the equations of motion wiihoiut the assistance furnished hy the consideration 
of the invariable plane. In reproducing these results I make the following alterations 
in Euler’s notation, viz. instead of co, y, z 1 write p, q, r; instead of Ma\ Mb\ Mc^ 
(where M is the mass) I write A, B, G, these quantities denoting the principal 
moments, and in some equations where the omission or insertion of the factor M is 
really immaterial I write A, B, C in the place of a% b% c ^ ; moreover instead of Euler’s 

A, B, G ^which denote respectively ^ ^ I write L, M, Y ; but in 

other respects Euler’s notation is preserved. The equations of motion are 


Adp + ((7 — 5) qrdt = 0, 
Bdq + (A — 0) rpdt = 0, 
Gdr + (B — A)pqdt = 0 ; 

so that putting for shortness 


^ a-A 


JV= 


A-B 
G ’ 
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aiid introducing the auxiliary quantity u such that du = pqrdt, we have 

f = + 

Q'S = 5B + 2Mu, 

r- = (£ ■\-2Nii, 

where 21, S ai’o constants of integration, and thence 

i-f ±L 

~J V 1(3[ + (23 + 2Mu)} ((£ + 2A^ti) ’ 

where the integral may without loss of generality be taken from y/ ==0; v, and 
consequently p, q, r, are thus given functions of and it is moreover clear that 
SI, 35, S are the initial values of p\ q\ r\ We have also if « bo tlie angular 
velocity round the instantaneous axis 

G)-r=2l4-25 + ®^+2 (JL “}“ M + N) 

Euler then assumes that the position in space of the principal axes is geometrically 
deteniiined as follows, viz. (treating the axes as points on a sphere) it is assumed 
that the distances from a fixed point P of the sphere are respectively m, n, and that 



the inclinations of these distances to a fixed arc PQ arc respectively ya, z/. Wc have 
then the geometrical relations 

cos^ I + cos^ m + cos^ vi = 1 ; 

. > . cosJ . V cosmcos?i 

sin (lo — z/ ) = — , cos (^ — y ) = — . — 

^ sm m sm 7Z ^ sin m sin n 

. . ^ V cos m / ^ V cos n cos I 

^ ^ sin 71 sm 6 ^ ' sm n sm I 


sin(\-/i) = ^ 


whence also 


sin I sin m 


, cos (X — ya) = 


sin n sin I ' 

cos I cos m ^ 
sin I sin m ’ 


sm yL6 = 


■ cos X cos n — sin X cos I cos in 
sin i sin m ' 


sin X cos n — cos X cos I cos m 

cos //» — " — — f •""- , 

sin 6 sm m 

cos X cos m + sin X cos I cos n 

sm 1 / = = — , 

sm 6 sm 

— sin X cos m — cos X cos I cos n 

cos V =: : 7 —: , 

sm I sm n 
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The geometrical equations connecting the resolved angular velocities r with 

the differentials of Z, 7n, n, A, p, v are 

dl sin I = dZ (g cos n —r cos m), dX sin^ I = — dt{q cos m -f- r cos Qi ), 

dm sin 7n = dt (r cos I —p cos n ), dp sin^ m = — dt(r cos n p cos I ), 

dn sin n ~ dt (p cos m — q cos I ), dv sin^ n = — dZ (p cos I + q cos m). 

Multiplying the equations of motion respectively by cos Z, cos m, cos n, and adding, 
we obtain an equation which is reducible to the form 

d {Ap cos l-\‘Bq cos m-\-Gr cos n) = 0, 

whence integi’ating 

Ap cos l + Bq cos m + Or cos = 2), 

2) being a constant of integration. One other integral equation is necessary for the 
determination of the angles Z, m, n. The expressions for dl, dm, dn give at once 

p dZ sin Z 4- $ dm sin m + r dn sin n = 0. 

Instead of the ai-cs Z, m, n, Euler introduces a new variable v, such that 

v=^p cos Z -f 5 cos m 4 r cos n ; 

by means of the last preceding equation, we find 

dv = dp cos Z 4* dg^ cos m 4- dr cos n, 

and then, substituting for dp, dq, dr, their values, 

, /i cos Z M cos m . iV* cos n\ , 
dv = 4 4 ) du, 

\ p q ^ / 

from which the relation between v and n is to be determined. We have 


cos^ Z 4 cos® m 4 cos® n ^1, 

Ap cos Z 4 cos m 4 Cr cos w = 2), 
p cos Z 4 gf cos m 4 r cos ?^ = v, 

which give cosZ, cosm, cosn in terms of u, v; the resulting formulae contain the 
radical 

/ + N^C^p^q^) - 2)“ H- | 

Y I + 2S)» + ^2“ + Gi^) - + CV)J ’ 

which, for shortness is represented by V{(")}- then have 

, (-SrC?2® — ifBr®) + BGpv — Nq^) + LAqr V{(-)} 

cost = iaJL=>2 V + + N‘(PpY ’ 

5)2 ( LAr^ - FGp^) + GAqv (Np^ - Lr^) + MBrp V{(--)} 
cos m - — — + N^G^pY ’ 

2)r (MBp^ - LAq^) ABrv {Lq^ - Mp^') ■¥ NGpq 

oo&n = iaj.sgV’ + N’^G^q^ ’ 


O. VI. 


18 
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<ind substituting these values in the differential equation 

dv _L cos I M cos m N cos n 
du~ p q ?■ ’ 

the equation to he integrated becomes 

+ N°-CY(f) = iitfiV 2) + B(f + (?/•■■>) - LMIfv (AY + + a“r“) 

(L^Aq^r- + M~Br'‘p- + N-CpY)‘ 

Now substituting for p, q, r theb values, we have 

+ M^BYY + N^PpY = + M-m^i + N^CT-m - %LMN-w (SIA“ + S3B“ + ^O), 

PAqV^ +N-GYq^ =PAm +N-Gm -2LMNu(^A +335 +(£C'), 

p^ + q^ + r^ — Ql +33 + S+ 2(5 + JI/ + J7)i«, 

Ap^ + Bf + Of“ = SU + 335 + (EC, 

AY + -SY + C-r^ = 31^* + 335= + (EC ^ : 
and writing for shortness 

31+ 33+ (S^E, 

3U+ 335+ (SC = 5, 

3U=+ 335=+ (ECr-=G, 

PA 33(5 + ilf =5(531 +W31S5 =i7, 
i=^=33(5 + Jlif=5=(5Sl + i7=C=3l0 = K, 
where K = EC — F% substituting these values and observing that 

Z + Jf+J7 = -5il/i7, 
the radical of' the formula becomes 

Vl(”)} = V (5:- 2LMmu + 2<S)^LMNu - 2)=5+ 22)5^l - Ch?), 
and the diflferential equation becomes 

^ (5: - iLMNQu) = LMm^iF- LMNQv + ^(H- 2LMNFu) V{(”)}, 
which can be reduced to the form 

Kdv - LMNF^dAjL - 2LMNQvdv + LMNGvdu Hdu - ^LMNFudu 

V {K - S)=5 + iLMN(^ -ff)u + 2(S>Fv - fiV} ~ ^[(2Lu + 31) (2Mu + ») (2Nu + (S)j ' 
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Euler remarks that as the right-hand side of the equation, contains only the 
variable u, the solution will be effected if we can find a function of u, a multiplier 
of the left-hand side ; he had elsewhere explained the method of finding such 
multipliers, and applying it to the equation in hand, the multiplier of the left-hand 

side, and therefore of the equation itself, is found to be ,= — or what is 

K — 2LMNGu 

the same thing ^ J^^LMNQu ' 


Multiplying by this quantity, the right-hand side may for shortness be represented 
by dU, so that 

{K - ^LMNGu) .sj {(2iit + SI) {2Mu + S5) {2Nu q- g)} ’ 
and TJ may be considered as a given function of u, or what is the same thing of t. 

As regards the left-hand side, attending to the equation K — EQ — F^, the radical 
multiplied into V ((?) may be presented under the form 

V[{(f? - {K - ^LMNGu) -(Gv- ; 

and consequently the left-hand side becomes 

(R - 2LMN'Gu) Gdv -I- LMNG (Gv - ^F) dv 


{K - LMNQu) V{((? - 2)0 {R - 2LMRGu) -(Gv- 'S)Fy} ’ 

which putting for the moment R — 2LMNGu=p‘, Gv — ^F=q, G — 2)®=/^ becomes 
iiitegral of which is sin“* ^ ; hence restoring, the values of p, q, f, 

the integral is 

sin“^ ■ 


fp’ 

Gv-(S>F 


>diG- 2)0 \/iR- 2LMRGii) ‘ 


Hence considering the constant of integration as included in U, or writing 

„ ^ f (H -%LMNFu) ^ (G) du 

(R- 2LMNGu) V {{2Lu + 31) (2Mu -l- S5) {2Nv, -1- S)} ’ 


we have for the required integral of the differential equation 


whence also 


and 


Ov--^F 

V - 2)0 V l(^ - 2LMNGu)} ~ 

Gv-‘S)F _ . rr 

■d(G- 2)0 V \{R - 2LMNGV.)] ’ 

V[{(© - 2)0 (.R - 2LMNGU) -{Gv- 2)J')0] _ _ 
s/{G- 2)0 - ^LMNGu)} 


18—2 
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so that the value of the original radical is 

V t(")} cos U. 

Substituting in the expressions for the cosines of the arcs Z, ii, these values of v 
and the radical ; the formulae after some reductions become 

, ^Ap . BGp a/g ~ N^) V - 2)0 - rr . V (ff - 2)0 rr 

- -/ + V (g - d srmsr^ a m - ji-k- wuaHi 

HBq OAq(m-l(S)’J<Jl - ®>) . „ MBi-i, V (0 - s=) fr 

^ + —Q^{K-2mNCho) ^ + V (C?) V {K - 2LMNGU) 


COS m 


cos?i 


©ar , im - ifSl) V (ff - V ((? - 25“) 

V (ff) V (i? - 2ZJ/i7(?t«) 


where for shortness p, q, r are retained in place of their values V (2Zw + 31), ^/ (2Mii + 33), 

^/(2iV^^ + g). 

The values of Z, m, w being known, that of \ could be determined by the 
differential equation 

__ dt (q cos 7)1 -\-‘Z cos }}.) 

wA» “ ““ ■ ^ "X* 7 , 

sin^ Z 


and then the values of /a, z/ would be determined without any further integration; 
but it is better to consider, in the place of any one of the principal axes in particular, 
the instantaneous axis, which is a line inclined to these at angles a, /S, 7, the cosines of 

which are — , - (if as before = n*-* + 7’-* -h rO- Considering the instantaneous axis 

CO 60 (0 ^ 

as a point of the sphere, let j denote the distance OF from the fixed point P, and 
<j} the inclination OPQ of this distance to the fixed arc PQ, We have 


cos j = cos a cos Z -f cos ^ cos m + cos 7 cos w-, 
sin j cos <Jb = cos a sin Z cos X 4- cos jS sin m cos ya + cos 7 sin 7i cos v, 
sin j sin <jE> == cos a sin Z sin X 4- cos ^ sin in sin (jl 4- cos 7 sin n sin v, 

cos 7 cos in — cos ^ cos n 


. cos a — cos Z cos 9 

cos (X - 0) = : — f—. : ^ 

' sm Z siny 


sin (X — <;f>) = 


sin Z sin j 


. , . cos 5 “ cos m cos 7 , . . cos a cos n — cos 7 cos Z 

cos (a — 0) = ;; : ;; , COS — Q) == : : : > 

‘ ' csiv^ /wi olvk it t / oir» rwi Qir» n 


sm m Bxaj 


y cos 7 — COS n COS 7 . .. 

cos (v - 0) - ^ : , COS (v - 0) = 


Sin n sin J 


sm m sm^ 

COS cos Z — cos g cos m 
sin 91 sin J ' 
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SO that X, /i, V are detennined in terms of j and <f>. These expressions give 

cos m (rdp —pdr) + cos n (pdq — qdp)}, 

which is reducible to Euler's equation 


~ cos Z + g (iV2l — L(§) cos m + r (iS — Jkf2l) cos n 
^ ® E-iLMNu-v^ 


and thence, substituting for cos I, cos in, cos n their values, and observing that 

Ap^ {Md - m) + Bq^ (i^2i - m) + Ci^ {m - «) =-(e- 2Lmnfu), 
BGp^{M^~mf+CAq^{m-mf + ABi^{m-]m'f = F{E-%LMNFu), 
LA (if (5 - ifs8) + MB (iV2[ - ZS) + NG (Z33 - ifSI) = LMFF, 
the equation becomes 


{E — '2,LMNu - ®=) ■i-dt=‘ 


-<S:>iE-2LMFu) 

G 


F(E- 2LMNFu) s/(G-^<‘) . „ 


Lm^qr^SS-^ „ 

^ >J{0)>J{K- 2LMEOu) ^ 

where it is to be remarked that 


G^iE-2LMNu-v^) 


Now 


= ((? - 35=) F^ + G {K-2LMNGU) -{G- 2)^ {K- 2LMNGu) sin® U 

- 22)i’ V {G - 3)®) V {{K- 2LMNGu)} sin U. 

,rr dt{E-2LMNFu)>J{G) , ,, 

— k-2LMN(L > 


the differential d<p can be expressed as a fraction, the numerator whereof is 
- ^dTr(K - 2Zifi^ffM) V (G) + FdUs/ {ff {G - 3)®) (ZT- 2ZifJ^G^)} sin U 

, LMNFGdu^{G{G-<S)^)}_ „ 
^ ^(K-2LMEGu) ’ 

and the denominator 

(G~^)F» + G(K- 2Zi£ArG^) - 23)i’ V (G - 3)®) (K - 2LMEGu) sin U 

-(G- 5)®) (K - 2LMEGu) sin® U. 


To simplify, write 


^/(K- 2LMEGu) = 5, V (<? - = h, 
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the numerator is 

— 2)s- dZ7 V (G) + FhsdU\/ (G) sin U — Fhs V (G) cos U, 
and the denominator 

5- — 2^FIls sin U — AV-* sin- Z7, 


which, observing that h^^G— 5)^ is equal to 
{Fh — 2)s sin + Gs- cos- U, 

— ^a^dJJ + Fhs sin UdU — Fhds cos U 


and we have 


d(l>== — 


{Fli ~ S)&* sin U)^ + Gs- cos“ U 


^/{G) 


the integral of which is 


, , q: 4. jPA~S)5sm U 

6 + g == tan-i 

^ s cos (7 V (ff ) 

where g is the constant of integration, or substituting for A, s their values, the 
equation is 

X .a:x F^/(G--^^)^^sinU^/(K^2LMmi6) 
tan (^ + 8) - cos U^/iGiK- 2LMm^i)] 

It may be added that 


and therefore 


® cos j = 11 = ^ [^F + V {(G - 2)=) (K - 2LMmit)} sin U], 

. ^F+ V [((? - S)“) (K - 2LMNGa)] sin U 
" Qj (F~ 2LMmi,) • 


Euler remarks that the complexity of the solution owing to the circumstance that 
the fixed point P is left ax'bitrary; and that the formuhe may be simplified by taking 
this point so that and he gives the far more simple fonnulio conuspondiug 

to this assumption ; this is in fact taking the point P in the direction of the nonmtl 
to the invariable plane, and the resulting formulae are identical with the ordinaxy 
formulae for the solution of the problem. The term invariable plane is not used by 
Euler, and seems to have first occurred in Lagrange’s ‘‘Essai sur lo probl^me do trois 
corps,” PricG de VAcad, de Berlin, t. ix., 1772. 


To prove the before-mentioned equation for d(f>\ starting from the equations 

cosy = cos a cos Z + cos ^ cos m + cos 7 cos t?. = ~ , 

siny cos <^ = cos a sin Z cos X + cos ^ sin m cos ^ -h cos 7 sin n cos v 
siny sin = cos a sin Z cos X 4* cos sin m sin /a + sin 7 sin n sin v, 

we have 

cosy dj cos — siny sin ^ d<f> 

=: — sin OL da sin Z cos X — &c. 4- cos a cos X cos Z cZZ 4- &c. — cos a sin Z sin X cZX 4- &c., 
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the second term is 


P 


cos X cot I (5 cos n — T cos m) 


+ ^ cos /A cot m (r cos I —p cos n ) 


and the third term is 


T 

4- “ COS cot n {p cos m — cos ? ), 

p 

+ “ sin \ cosec I ( q cos m + r cos n ) 

ft) 

4- - sin fjL cosec m (r cos n +p cos 1 ) 


r . 


4- “ sin z/ cosec n {p cos Z 4- 3 cos m). 

Hence the second and third terms together are 

pq [ ^ cos I cos n cos m cos n . ^ cos m . . cos I > 

= cos X : — 5 cos ih — ^ h sin X — 7- 4- sin p. 


(0 \ 


sinZ 


smm 


mxmj 


cos X sin n cos (z/ — X) 4- sin X sin n sin {v — X)' 
” 0) (4- cos p sin n cos ~ v) + ship sin n sin (p — v) 


+ &C., 


. j— cos X cos (z^ — X) 4* sin X sin (z/ — X) 
CO (4 cos pcos(p—v)-\- sin p sin {p — v) 


4&c., 


= sm % ■{ 

Ci> 


— cos {X 4- (z' — X)} 
+ cos {/z. — {p— v)] 


H- &c., ^ 

= — sin n (— cos v + cos v) 4 &c., = 0 ; 


we have therefore 

00s j dj cos — smj sin d<l> 

= — sin a. da sin Z cos X — sin y8 J/3 sin 7?^ cos p — sin 7 CZ7 sin n cos v, 
. sin Z cos X 4 cZ - . sin m cos it 4 cZ — . sin n sin z/ 

O) 0) G) 

1 

= +— (sinZcosXdp + smmcos/udg' + sinncosi'dr) 

— ^ (sin I cos \ p + sin m cos ft>Ci + sin n cos v r) 


= — cot j coB<pd- — sinj sin ^ d 4 >. 


+ &c., 
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Hence therefore 

V 

sin j sin = — cot j cos jid - 


(sin I cos \ + sin m cos cJg" + sin n cos v dr) 


<o 


4 (sin Z cosXp 4 - sinmcos fiq 4 sin n cos vr) 


= — cot j cos <l> - (cos I dp cos m dq 4 cos n dr) 


+ cot^‘ cos ^ (jp cos Z 4 ^ cos m 4 r cos n) 

— ~ (sin Z cos X dp 4 sin m cos pdq-V sin n cos v dr) 


0 ) 

d(o , . 
ay 


\JU%JJ / • 7 « • \ 

H — o (sin Z cos X . 50 4 sm m cos . o' 4 sin cos v , r) 
©** 

= 1 cot^’ cos cos Z — sin Z cos X) dp 4 &c.} 


4 j( cot j cos <;(> cos Z 4 sin Z cos \)p 4 &c.}. 


But we have 


,v cos a -■ cos Z cos V 

cos (X — <f>) = ; — 5 , 

^ sin Z sin j 

cos a X 7 ^ • 
— cot Z cot^, 


sin Z sin J 

. .V cos 7 Cosm — cosS cos9^ 

sm (X — 6 ) = ; — ^ , 

^ sm Z sin j 


and thence 


^ cos <f) (cos a — cos Z cosj) — sin 6 (cos 7 cos m 

cos X - cos {(X - 4 0} = — ^ 


sin Z sin J 


whence also 

cot jf cos cos Z 4 sin Z cos X 


: i {cos ^ cos Z 4 cos ^ (cos a — cos Z cos j) — sin ^ (cos 7 cos m • 

sm^ 


= — r {cos a cos ^ — sin <fy (cos 7 cos m — cos yS cos 71 )}, 
sm j 


— cos /3 cos n) 


cos ^ cos ?i)}. 
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Hence the expression for sin j sin </> dcj^ is 


siiu <5^> - sin 0 (r cos m - g cos n)} + . . .] 


o)- sin j 


w^sinj <^ - sin (r oosm-q cos n)} ^ + . ..] 

' "" 0)- sill ' } <5?> - sin 0 {(r cos m - cos 72) + ...}] 


ct)- siii^y '■ 

. •> ^ 
H — “-co-coso 
ct)-* sin j ^ 


= sin^' sin 


or finally 


that is 


• • • j 7 1 1 sin <f> _ , 

sin_^ sin <p d<p = ^ [(r cos m — q cos n) dp + &c.], 


dcjf = ^ ^ (r cos m — gr cos n) dp ' 

afi sin- J ^ ^ n — r cos l)dq - > 

^ -f- (q cos I —p cos m) dr ^ 
which is the required expression for d4>- 

Recapitulating, A, B, 0, p, q, r denote as usual, 

^ B-0 ^ G-A A-B ^ 

L = -~^ , M= — -g — , N — — , du=pqrdt, 

p = ^ (^ + 2Lu), 

J = V H" SJIfit), 

r = V (® -f 2iVM) ; 

^ + fd + (E =^E, 
m +m+^G =F, 

2l^“ + 35R“ + gO^ = (?; 

X“^S8S +if=‘RSSt +N^(m^ =ff, 

EA^^ + M^B^m -I- N^C^m = K ; 

so that 

K = EG-F% 

Tj_K , f {H — 2LMNFu) du >J {Q) 

(E- 2ZMEOu) V {(21 + 2Lu) (® + 2Mu) (S + 2Nu)} ’ 


C. VI. 


19 
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I _^A^. BOp{B^-Gi8)^iG-<S>^ ) ^ LAqr V ((? - S)“L, jj 

cost --Q-+ a^{K-2LMNQii) ^ [0{K -UMNGu.)] ’ 

I a^g(C3i-A6)V(g-2)^) . ^g^y( g-..^_-)_eos U 

cosm- ^ + q^(^K-%LMNQii,) ^ ^ {G{K -’i.LMNGw)}^^ ' 

^Gr ABr(Af8-BW),/(G-^^) . NGpq V (G - rr 

cosn - -^ + —q^(^s:_2LMKGu,) ^'^^{G{K- 2LMNGi<)} 

co^ = ]S— 2LMNii, 

. T)F+^\(G-^^)(K- 2LMmu)} sin U 

Gs/iB-2LMNu) ’ 

V —p eosl + qcmm + r cos n 


= ^ [Si?'+ V {(G - 2)*) (if - 2iil/iV'(?tO} sin Z7], 


tan(^ + g) = 


J'V((?-2)0-3:)sin i7V(ir-2XilfiV'fa) 


cosi7V{G:(ii:-2ii/iV-(?«)} 


[The angles which determine the position of the body arc thns expressed in 
terms of «, which is given as a function of t by the foregoing equation dii = pqrdt, 
where p, q, r denote given functions of «.] 
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AN EIGHTH’ MEMOIR ON QUANTICS. 

[From the Philosophical Transactio7is of the Royal Society of London, vol. clvil 
(for the year 1867). Received January 8, — Read January 17, 1867,] 

Thje present Memoir relates mainly to the binary quintic, continuing the investi- 
gations in relation to this form contained in my Second, Third, and Fifth Memoirs on 
Quantics, [141], [144], [156]; the investigations which it contains in relation to a 
quantic of any order are given with a view to their application to the quintic. All 
the invariants of a binary quintic (viz. those of the degrees 4, 8, 12, and 18) are 
given in the Memoirs above referred to, and also the covariants up to the degree 5 ; 
it was interesting to proceed one step further, viz. to the covariants of the degree 6 ; 
in fact, while for the degree 5 we obtain 3 covariants and a single syzygy, for the 
degree 6 we obtain only 2 covariants, but as many as 7 syzygies; one of these is, 
however, the syzygy of the degree 5 multiplied into the quintic itself, so that, 
excluding this derived syzygy, there remain (7 — 1 =) 6 syzygies of the degree 6. The 
determination of the two covariants (Tables 83 and 84 post) and of the syzygies of 
the degree 6, occupies the commencement of the present Memoir. [These covariants 
83, 84 are the covariants M and N of the paper 143, “Tables of the co variants M to 
W of the binary quintic”, and they are accordingly not here reproduced.] 

The remainder of the Memoir is in a great measure a reproduction (with various 
additions and developments) of researches contained in Professor Sylvester’s Trilogy, and 
in a recent memoir by M. Hermite(^). In particular, I establish in a more general 
form (defining for that purpose the functions which I call “Auxiliars”) the theory 
which is the basis of Professor Sylvester’s criteria for the reality of the roots of a 
quintic equation, or, say, the theory of the determination of the character of an equation 
of any order. By way of illustration, I first apply this to the quartic equation; and 

1 Sylvester “On the Real and Imaginary Roots of Algebraical Equations; a Trilogy,” J?UU Trains. voL cliv. 
(1864), pp. 679—666. Hennite, “Sur Vtqn&iion du 6® degr6,” Coniptes Rendus, t. lxi. (1866), and in a separate 
form, Paris, 1866. 


19—2 
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I then apply it to the quintic equation, following Professor Sylvester's track, but so 
as to dispense altogether with his amphigcnoiis surface, and making the investigation to 
depend solely on the discussion of the bicoru curve, which is a principal section of 
this surface. I explain the new form which M. Hermite has given to the Tschirn- 
hausen transformation, leading to a transformed equation the coefficients whereof are 
all invariants; and, in the case of the quintic, I identify with my Tables his cubi- 
covariants y) and y). And in the two new Tables, 85 and 86, I give the 

leading coefficients of the other two cubicovariants y) and <jE>.i(/j7, y), [these are 

now also identified with my Tables]. In the transformed equation the second term (or 
that in vanishes, and the coefficient 21 of is obtained as a (]uadric function of 
four indeterminates. The discussion of this form led to criteria for the character of a 
quintic equation, expressed like those of Professor Sylvester in terms of invariants, 
but of a different and less simple form ; two such sets of criteria are obtained, and 
the identification of these, and of a third set resulting from a separate investigation, 
with the criteria of Professor Sylvester, is a point made out in the present memoir. 
The theory is also given of the canonical form which is the mechanism by which 
M. Hermite’s investigations were carried on. The Memoir contains other investigations 
and formulae in relation to the binary quintic; and as part of the foregoing theory of 
the determination of the character of an equation, I was led to consider the (piestiou 
of the imaginary linear transformations which give rise to a real equation: this is 
discussed in the concluding articles of the memoir, and in an Annex I have given a 
somewhat singular analytical theorem arising thereout. 

The paragraphs and Tables are numbered consecutively with those of my former 
Memoirs on Quantics. I notice that in the Second Memoir, p. 126, we should have 
No. 26 = (No. 19)^-128 (No* 25), viz. the coefficient of the last term is 128 instead 
of 1152. [This correction is made in the present reprint, 141, where the equation 
is given in the form Q'= 128Q.] 

Article Nos. 251 to 254. — The Binary Qumtio, Govariants and Syzygies of the degree 6. 

251. The number of asyzygetic covariants of any degree is obtained as in my 
Second Memoir on Quantics, Philosophical Transactio'ns, vol. cxlvi. (1856), pp. 101 — 126, 
[141], viz. by developing the function 

1 

(1 — ^) (1 — xz) (1 — x^z) (1 — a^z) (1 — x^z) (1 — x^z) ’ 

as shown p. 114, and then subtracting from each coefficient that which immediately 
precedes it; or, what is the same thing, by developing the function 

1 — ^ 

(1 — £r) (1 — xz) (1 — a^z) (1 — x^z) (1 — a^z) (1 — a^z) * 

which would lead directly to the second of the two Tables which are there given; 
the Table is there calculated only up to but I have since continued it up to 
so as to show the number of the asyzygetic covariants of every order in the variables 
up to the degree 18 in the coefficients, being the degree of the skew invariant, the 
highest of the irreducible invariants of the quintic. The Table is, for greater 
convenience, arranged in a different form, as follows : 
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Table No. 81. 


Table for the number of the Asyzygetic Covariants of any order, to the degree 18. 

0 12 3 4 3 6 7 8 9 10 11 12 13 14 16 16 17 18 
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[In regard to this table No. 81 it is hardly necessaiy to notice that for any 
column with an even heading the numbers of the column correspond to the even 
outside numbers, while for any column with an odd heading the nurabera of the 
column cori'espond to the odd outside numbera. The table is in fact a table of the 
differences of the numbers of the o/-table, 142 ; thus in this table writing dowir 
cols. 5 and 6 and in each of them forming the differences by subtracting from eacli 
number the number immediately below it, we have cols. 5 and 0 of the table No. 81, viz.: 

1 1 2 3 5 7 9 11 14 16 18 19 20 col. 5, 13—12 of a/table. 

1011222 2 3 2 2 1 1 col. 5 of table No. 81. 

1 1 2 3 5 7 10 12 16 19 23 25 29 30 32 32 col. 6, 15 of »/-tabIo. 

101122 3 24 3 424 1 2 0 col. 6 of table No. 81.] 

252. The interpretation up to the degree 6 is a.s follows: 

[In the following Table No. 82 as originally printed, the heading of the fourth 
column was “Constitution. Nos. in ( ) refer to Tables in former Memoirs except (83) 
and (84) which are given post,” and the covariants were referred to by their Nos. 
accordingly.] 



AE 

AD, BC 

I 

H, 

G 


A^ 

A^C 

A^F 

A^B, A(P 
A^E, GF 
A^D, ABC 
AI + BF-CE==0 
AB^, AR, CD 
BE, L 
AG, BD 
K 
J 


A^ 

A*C 

A^F 


A^(P, 

A^B 




ACF, 

A^E 




E^ + 

4C* 

+ A^D-A^BC 

= 0 


A{AI+ 

BF 

- CE} 

= 0 


eACD - 

lEF 

-4:BC^ + A^E 

=0, 

A^B^ 

AL + 

dDF 

-2CI 

= 0, 

ABE 

^B^C ^UABD 

~ A^G^W 

-0, 

CB 

AK + 

2BI 

^ZDE 

= 0 


AJ + 

2BR 

- B^ -CG--9D^ 

-0 
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253. For the explanation of this I remark that the Table No. 81 shows that we 

have for the degree 0 and order 0 one covariant; ; this is the absolute constant 
unity ; for the degree 1 and order 5, 1 oovariant, this is the quintic itself, A ; for 
degree 2 and order 10, 1 co variant; this is the square of the quintic, for same 
degree and order 6, 1 covariant, which had accordingly to be calculated, viz. this is 
the covariant G; and similarly whenever the Table No. 81 indicates the existence of 
a covariant of any degree and order, and there does not exist a product of the 
covariants previously calculated, having the proper degree and order, then in each such 
case (shown in the last preceding Table by the letter N) o, new covariant had to be 
calculated. On coming to degree 5, order 11, it appears that the number of asyzygetic 
invariants is only == 2, whereas there exist of the right degree and order the 3 com- 
binations AIj BF, GE ; there is hei'e a syzygy, or linear relation, between the 
combinations in question; which syzygy had to be calculated, and was found to be 
as shown, Al-vBF--GE^()y a result given in the Second Memoir, p. 126. Any such 
case is indicated by the letter S. At the place degree 6, order 16, we find a syzygy 
between the combinations A^BF, AGE; as each term contains the factor A, 

this is only the last-mentioned syzygy multiplied by A, not a new syzygy, and I 

have written 8' instead of 8. The places degree 6, orders 18, 14>, 12, 10, 8, 6 indi- 
cate each of them a syzygy, which syzygies, as being of the degree 6, were not given 

in the Second Memoii*, and they were hrst calculated for the present Memoir. It is 
to be noticed that in some cases the combinations which might have entered into 
the syzygy do not all of them do so; thus degree 6, order 14, the syzygy is between 
the four combinations A CD, EF, BG% A-Hy and does not contain the remaining com- 
bination A^jB. The places degi'ee 6, orders 4, 2, indicate each of them a now covariant, 
and these, as being of the degree 6, were not given in the Second Memoir, but had 
to be calculated for the present Memoir. 

254. I notice the following results: 

Quadiinvt. 65" = 3(?, 

Cubinvt. 65 = — C®-1- 54CQ, 

Diset. (aDH-/35) = (-C, Q, -35][a, /3)^ 

Jac. {By 5) = 65, 

Hess. W =5, 

the last two of which indicate the formation of the covariants given in the new 
Tables AT — No. 83 and 5— No. 84: viz. if to avoid fractions we take 3 times the 
CO variant D, being a cubic (a, y)®, then the Hessian thereof is a covariant 

(a, which is given in Table, M No, 83; and in like manner if we form 

the Jacobian of the Tables B and 5 which are respectively of the forms y)®, 

and (a, . ,)® (a?, 2 /)^ this is a covariant (a, . .)® {cOy y/, and dividing it by 6 to obtain the 
coefficients in their lowest terms, we have the new Table, N No, 84. I have in 
these, for greater distinctness, written the numerical coefficients after instead of heforey 
the literal terms to which they belong. 
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The two new Tables are : 

Table No. 83. ilf 2/)-. See 143. 

Table No. 84. JSf = y)\ See 143. 


Ai-ticle No. ^i'ib.—Formulce for the canonical form aa^ + by^ + cz^ ^ 0, where {c + y-i-z = 0. 
255. The (^uintic (c?, b, c, d, e, f^oify yY may be expressed in the form 

H- 52;® -i- 

where v, w are linear functions of {x, y) such that u + v-\-w — i). Or, what is the 
same thing, the quintic may be represented in the canonical form 

aa^ -h 6y® + C2f\ 

where x-\- y + z = this is = (a — c, — c, — c, — c, — c, & — c'^x, yY, and the different 
covariants and invariants of the quintic may hence be expressed in terms of these 
coefficients {a, 6, c). 

For the invaiiants we have 

G — b^o^ 4- cW + — 2a6c (a + 6 + c), 

Q = = a^b^c^ (be + ca 4- ab), 

-U = L = a W, 

■ff = / = 4a®6®c® (b — c) (c — a) (a — 6). 

[Observe that throughout the present Memoir, the invariants, instead of being called 
Q> ^^7 called /, J, K, L, viz. the /, J, K, L in all that follows denote 

the invariants, and not the covariants denoted by these letters in 142, 143. Moreover 
D is used to denote the invariant Q\ which is in fact the discriminant of the quintic.] 

Hence, writing for a moment 

C6 + 6 4-0 —p, and therefore J 4pr, 

be ca + ah = q K — I'^q, 

ahe —r L 

(a - bY (b — cY (c — aY — 4^® — 4p®r 4- ISpqr — 27r®, 

P = 16r^<^ (p^q^ —4if — 4ip^r + ISpqr — 27r^), 

J (K^ - JLY + 8A:®i - 72JKP - 432i® 

= {( 2 ® — 4ipr) 16p^ 4* Sq^ — (q^ — 4}pr) 72q — 432r®}, 

= 8?”“ {( 2 ® — 4j?r) (2p^ — dq) + g'® — 54r2}, 

= 16r^® "h '^Spqr — 27r®}, 

20 


we have 
and thence 
and 


a VI. 
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that is, 

^ - JLf 4- - nJKD - 432Z^ 

which is the simplevst mode of obtaining the exprcssii>n for the square of the 18-thic 
or skew invariant I in terms of the invariants /, K, L of the degi'oes 4, 8, 12 
respectively. 


If instead of the invariant K of the degree 8 we consider the invariant D [= Q' 
as before-mentioned] of the same degree, this is 

= jD = {6^*^ + cW + 2a6c (a H- i> + o)|“ — 128a“6“C“ {ho 4* ca + a6), 

~ — 128g?’‘‘* 4 16j/?’“, 

D = Norm {{hc)^ 4- (ca)*^ 4 {ah )^) ; 
and we have also the following covariants : 

5 = (— ac, ah — ao — be, — hc^nc, yY, 

= hoyz 4 cazijo 4 ahxij. 


C ac, — Sac, — 3ac, ah — ao — he, — She, — She, — be'^x, yY 
= hey^z^ 4 4 aho(;^y\ 

D = (0, — a6c, — a6o, yY—abexyz, 



( 

ai^b — ctc“ + 

6c»- 

a“c — 2a5o) x^ 

+( 

— 5ac“ + 

55o“ 

— babe) x^y 

+ ( 

-10ac“+106c-‘ 

— 2a6o) 

+( 

— lOac* + 106c“ 

4 2a6c) 

+( 

— 5ac® + 

56c® 

4 oabc) xy^ 

+ (- 

a¥ — ac“ + 

he^ 4 h^c 4 2a5c) y^ 


==(b — c) a\K^-^(e — a) 6‘y 4 (a - 6) 

- abc (y -z)(z- x) (x - y) {yz 4 4 xy). 


Article No. 256 . — Expression of the IS-thie Iiwariant in terms of the roots, 

256. It was remarked by Dr Salmon, that for a quintic (a, b, e, d, e, f^x, yY 
which is linearly transformable into the form (a, 0, c, 0, e, O^x, yY, the invariant I 
is = 0. Now putting for convenience y^l, and considering for a moment the equation 

x(x — ^)(x — y) {x — B){x — e)=^ 0, 

00 

then writing herein ■ for the transformed equation is 

mx + n ^ 

x(x — — Y) (® — S') (cd — e') = 0, 
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where 


O' — , ' _ "n . 

1 — mp ' 1 — my 


hence m may be so determined that -hy' may be =0; viz. this will be the case- 

if y8 -f 7 = 2 ??i^ 7, or m = . In order that S' + e' may be = 0, we must of course 

Ipy 

S ~j~ e « 

have Qii = , and hence the condition that simultaneously jQ' -f 7' == 0 and S' + e' = 0 is 

^ IS, (0 + 7) Se — /97 (S 4- e) = 0. Or putting 00 — a for oc and 0 ~ a,, 

7 — a, &c. for / 3 , 7, &c., we have the equation 

(cv — a) (os— 0 ) (x — y)(x — S) (x — €) = 0, 


which is by the transformation x — oc into — 7 r changed into 

^ m(x — a) + n ^ 

(x — a) (x — 0 ') (x — 7') (x — S') (x — e') = 0 

(where a' = a), and the condition in order that in the new equation it may be possible 
to have simultaneously 0 ' + y'— 2a' = 0, S' -f e' — 2a' = 0, is 

(/S 4- 7 — 2a) (S — a) (e — a) — (S 4- e — 2a) (0 — a) (7 — a) = 0, 

or, as this may be written, 

1, 2a , a^ =0. 

1 , 0 + y, 0 y 

1, S + € , Se 

Hence writing x 4 for x, the last-mentioned equation is ' the condition in order that 
the equation 

(x — a) (x — 0 ) (x — y)(x — B)(x— 6 ) — 0 
may be transformable into 

x(x'- 0 ')(x — y) (x — S') (x — e') = 0, 

where /S' -h 7' = 0, S' + e' = 0, that is, into the form x(a^^ — 0 '^) (ixP — S'^) = 0. Or replacing 
y, if we have 

(a, b, c, d, e, f^jc, y)' = a (a? - ay) {so - /3y) {x - ^y) {x - Sy) (x - ey), 

then the equation in question is the condition in order that this may be transformable 

into the form (a', 0, c', 0, e/, O^x, y)®; that is, in order that the 18-thic invariant I 
may vanish. Hence observing that there are 15 determinants of the form in question, 
and that any root, for instance a, enters as a^ in 3 of them and in the simple power 
a in the remaining 12, we see that the product 

n 1, 2a , a® 

1, /34-7» 

1, S -h€, Se 


20—2 
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contains each root in the power 18, and is consequently a rational and integral 
function of the coefficients of the degree 18, viz. save as to a numerical factor it is 
equal to the invariant /. And considering the equation (a, , = 0 as representing 

a range of points, the signification of the equation /=() is tliat, the pairs (^8, y) and 
(8, e) being properly selected, the fifth point a is a focus or si biconjugate point of 
the involution formed by the pairs (/8, 7) and (S, e). 


Article Nos. 257 to 267. — Theory of the determinatioyi of the Ch(travter if an 
Equation; Auxiliars; Facultative ami NonfacuUative space. 

257. The equation (a, 5, yY^-0 is a real erpiation if the ratios a : b : r, .. 

of the coefficients are all real. In considering a given real eejuation, there is no loss 
of generality in considering the coefficients {a, 5, c..) as being themselves real, or in 
taking the coefficient a to be = 1 ; and it is also for the most part convenient to 
'wi'ite y = 1, and thus to consider the ecjiiatiou under the form (1, b, 1)’^ = 0. 

It will therefore (unless the contrary is expressed) be throughout assumed that tlie 
coefficients (including the coefficient a when it is not put = I ) are all of them real ; 
and, in speaking of any functions of the coefficients, it is assumed that these are 
rational and integral real functions, and that any values attributed to these functions 
are also real. 

258. The e(iuation (1, b, with a real roots and 2/3 imaginary roots, 

is said to have the character ar4-2i8i; thus a quintic equation will have the character 
5r, 3?’ + 2i, or according as its roots are all real, or as it has a single pair, or 

two pairs, of imaginary roots. 

259. Consider any m functions {A, i?, ... K) of the coefficients, {m— or oi). For 

given values of (A, 5, ... Jf), non constat that there is any corresponding e<piation (that 
is, the corresponding values of the coefficients (5, c, ...) may be of necessity imaginary), 
but attending only to those values of (A, which have a corresponding equation 

or corresponding equations, let it be assumed that the c([uations which correspond to 
a given set of values of (A, 5, ...if) have a determinate character (one and the siune 
for all such equations): this assumption is of course a condition imposed on the form 
of the functions (A, i?, ... if) ; and any functions satisfying the condition are said to 
be auxiliars.*' It may bo remarked that the n coefficients (6, c, ...) arc themselves 
auxiliars ; in fact for given values of the coefficients there is only a single (equation, 
which ecpiation has of course a determinate character. To fix the ideas we may (‘.on- 
sider the auxiliars (A, as the coordinates of a point in m-dimcnsional si)acc, or 

say in m-space. 

260. Any given point in the 7/^-space is either facultative,’’ that is, we have 
corresponding thereto an equation or equations (and if more than one equation then by 
what precedes these equations have all of them the same character), or else it is 

non-facultative,” that is, the point has no corresponding equation, 

2G1. The entire system of facultative points forms a region or regions, and the 
entire system of non-facultative points a region or regions; and the m-space is thus 
divided into facultative and non-facultative regions. The surface which divides the 
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facultative and non-facultative regions may be spoken of simply as the bounding 
surface, whether the same be analytically a single surface, or consist of portions of more 
than one surface. 

262. Consider the discriminant Z), and to fix the ideas let the sign be determined 

in such wise that Z) is + or — according as the number of imaginary roots is 

= 0 (mod. 4), or is =2 (mod. 4) ; then expressing the equation Z) = 0 in terms of the 

auxiliars {A, we have a surface, say the discriminatrix, dividing the 7 ?i-space 

into regions for which Z) is 4-, and for which Z) is — , or, say, into positive and 
negative regions. 

263. A given facultative or non-facultative region may be wholly positive or wholly 

negative, or it may be intersected by the discriminatiix and thus divided into positive 
and negative regions. Hence taking account of the division by the discriminatrix, but 
attending only to the facultative regions, we have positive facultative regions and 

negative facultative regions. Now using the simple term region to denote indifferently 
a positive facultative region or a negative facultative region, it appears fi'om the very 
notion of a region as above explained that we may pass from any point in a given 
region to any other point in the same region without traversing either the bounding 
surface or the discriminatrix ; and it follows that the equations which correspond to 
the several points of the same region have each of them one and the same character; 
that is, to a given region there correspond equations of a given character. 

264. It is proper to remark that there may very well be two or more regions 
which have corresponding to them equations with the same character; any such regions 
may be associated together and considered as forming a kingdom; the number of 
kingdoms is of course equal to the number of characters, viz. it is = ^ (n + 2) or 
^(/i. 4-1) according as n is even or odd; and this being so, the general conclusion 
from the preceding considerations is that the whole of facultative space will be 
divided into kingdoms, such that to a given kingdom there correspond equations having 
<i given chai'acter; and conversely, that the equations with a given character correspond 
to a given kingdom. Hence (the characters for the several kingdoms being ascertained) 
knowing in what kingdom is situate a point (A, 5, ... K), we know also the character 
of the corresponding equations. 

265. Any conditions which determine in what kingdom is situate the point 

(A, B, ,,, K) which belongs to a given equation (1, 6, c 1)’^ = 0, determine 

therefore the character of the equation. It is very important to notice that the form 
of these conditions is to a certain extent indeterminate; for if to a given kingdom 
we attach any portion or portions of non-facultative space, then any condition or 
conditions which confine the point (A, B, K) to the resulting aggregate portion of 
space, in effect confine it to the kingdom in question; for of the points within the 
aggregate portion of space it is only those within the kingdom which have corre- 
sponding to them an equation, and therefore, if the coeflScients (6, c, ...) of the given 

equation are such as to give to the auxiliars (A, Z?, ... JS^) values which correspond to 

a point situate within the above-mentioned aggregate portion of space, such point will of 

necessity be within the kingdom. 
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266- In the case where the auxiliars ai'c the cocfEcionts (6, c, ...), to any given 

values of the auxiliai’s there corresponds an equation, that is, all space is facultative 

space. And the division into regions or kingdoms is effected by means ('>f the 

discriminatrix, or surface D = 0, alone. Thus in the case of the quadric equation 

(1, X, y\6, l)- = 0 the 7 ?i"Space is the plane. We have = — y, and the discriminatrix 

is thus the parabola — y = 0. There are two kingdoms, each consisting of a single 

region, viz. the positive kingdom or region {of — y == +) outside the parabola, and tin' 

negative kingdom or region — y = —) inside the parabola, which have the characters 
2r and 2i, or correspond to the cases of two real roots and two imaginary roots, 
respectively. And the like as regards the cubic (1, x, y, 1)'* = 0; the ?//.-space is 

here ordinary space, Z) = — ~ 4y* — 5^ and the division into kingdoms 

is effected by means of the surface D = 0 ; but as in this cavse therc^ are only tin' 

two characters 3r and r + 2i, there can be only the two kingdoms i) = + and — - 

having these characters 37* and r -j- 2i respectively, and the determination of the 

character of the cubic eqiiation is thus effected without its being necessary to proceed 
further, or inquire as to the form or number of the regions determined by the 

surface i)5=0: I believe that there are only two regions, so that in this case also 

each kingdom consists of a single region. But proceeding in the same manner, that 

is, with the coefficients themselves as auxilians, to the case of a quartic equation, tiu‘ 

7?i-Kspace is here a 4-dimensional space, so that we cannot by an actual geometrical 
discussion show how the 4-space is by the discriminatrix or hypersurface i) = 0 divided 
into kingdoms having the characters 47*, 27*-f2i, 4i respectively. The employment 

therefore of the coefficients themselves as auxiliars, although theoretically applicable to 
an equation of any order whatever, can in practice be applied only to the cases for 
which a geometrical illustration is in fact unncceHsary. 

267. I will consider in a different manner the case of the quartic, chiefly as an 
instance of the actual employment of a surface in the discussion of the character of 
an equation; for in the case of a quintic the auxiliars are in the setpiel selected in 
such manner that the surface breaks up into a plane and cylinder, and the disctission 
is in fact almost independent of the surface, being conducted by means of the curve 
(Professor Sylvester's Bicorn) which is the intersection of the plane and cylinder. 


Article Nos. 268 — 273 . — Application to the Qnartio equation, 

268. Considering then the quartic e(piation (a, &, o, d, e\6, 1)^ = 0 (I retain for 
symmetry the coefficient a, but suppose it to be =:!, or at all events positive), then 
if /, J signify as usual, and if for a moment 

Sr = — 3a6c -h 26“, 

X = SaJ + 2 (6** — ac) J, 

we have identically 

f + Z2) = 9 - acy (b^ - acY (P - 27 P) - 



405] 


AN EIGHTH MEMOIR ON QUANTICS. 


159 


(see iny paper, “ A discussion of the Sturmian Constants for Cubic and Quartic 
Equations/’ Quart Math, Joiirn,, vol. iv. (1861) pp. 7—12), [290]. And I write 

X = 6 ^ _ 

y = 3aJ + 2 (6^ - ac)/, 

2= /3_27/=^(=D). 

269. I borrow from Sturm’s theorem the conclusion (but nothing else than this 

conclusion) that y, z) possess the fundamental property of auxiliars (that is, that the 
quartic equations (if any) corresponding to a given system of values of (a?, y, z) have 
one and the same character). The foregoing equation gives Qa^y^ — a^z — 2 /® = a square 
function, and therefore positive ; that is, the facultative portion of space is that for 
which — is =+. And the equation 

a? (9y2 — 5 ) — = 0 

is that of the bounding surface, dividing the facultative and non-facultative portions 
of space. 

270. To explain the form of the surface we may imagine the plane of xy to be 
that of the paper, and the positive direction of the axis of z to be in front of the 
paper. Taking z constant, or considering the sections by planes parallel to that of xy, 

z = 0, gives (9a?'* — y) = 0, viz. the section is the line 0, or axis of x twice, 
and the cubical parabola y^x^. 



^ = -f-, the curve x^ = — has two asymptotes y=± parallel to and equi- 

vy^ — z 

ilistant from the axis of x, and Consists of a branch included between the two 
parallel asymptotes, and two other portions branches outside the asymptotes, as shown 
in the figure {z = +). 
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2 = — , the curve a? — ^J! - has no real asymptote, and consists of a single 

branch, resembling in its appearance the cubical parabola as shown in the Hgurc 
(^— )• 

Taking w as constant, or considering the sections by pianos parallel to that of si/, 

7 /*^ 

the equation of the section is — which is a cubical parabola, meeting the 

plane of osy in a point on the cubical parabola ?/ == 9.r*, and also in a twofold point 
on the axis of a’, that is, touching the plane of asy at the last-mentioned point. 


271. The surface consists of a single sheet extending to infinity, the form of 

which is most easily understood by considering thi' sections by a system of spheres 
having the origin of coordinates for their common centre. These sections have all of 
them the same general form ; and one of them is shown fig. 1 of the Plate at the 
end of the present Memoir, the projection being orthogonal on the plane of tvy or plane 
of the paper, and the spherical curve being shown, the portion of it above the plane 

of the paper by a continuous line, that below it by a dotted line (the double point 

in the figure is thus of course only an apparent otic): the same figurt‘- shows also 
the sections by planes parallel to that of wy previously shown in the figures and 

272. Now considering the discriminatrix JD = 0, in this case the plane 5' = 0, it 

appears that the bounding surface and this plane divide space into six regions, viz. 
above the plane of the paper wo have the four regions, A non-facultativc, B facultative, 
A' facxiltative, B' non-facultative, and below it the two regions, 0 facultative, O' non- 

facultative. There are thus in all three facultative regions A\ B, 0, and sinct^ 

and B correspond to jD = -|-, these must have the characters 4?’ and 4/, and it is 
easy by considering a particular case to show that B has the character 4r, ami A' 
the character 4?i; G corresponds to 1) = --, and can therefore only have the character 
2?* + 2i. Hence, for any given equation, (a*, y, si) will lie in one of the regions 
(5, A', 0), and if (x, y, s) 

is in the region B, the character is 4?*, 

9i A f „ 4?', 

„ C , „ 2t + 2i. 

273. It is right to notice that the determination of the character is really made 
in what precedes; the determination of the analytical criteria of the different characters 
is a mere corollary ; to obtain these it is only necessary to remark that 

z = + , + y 7/ = + includes the whole of facultative region B, 

that is, (x, y, z) being each positive, the character is 4?'; 

include each a part and together the whole 
of facultative region -4', 


+ , 3 /=- 
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that is, s being + , but (a?, y) not each positive, the character is 4i ; 

include each a part and together the whole 
of facultative region (7, 

= — , 07 = — , 2/ = + does not include any facultative space, 

that is, z being — , the character is 2?"+2^; and the combination of signs ^ = — 

07 = — , = + is one which does not exist. 

The results thus agree with those furnished by Sturm s theorem ; and in particular 
the impossibility of ^ = — = — , 2 / = + appears jB:om Sturm's theorem, inasmuch as 

his combination would give a gain instead of a loss of changes of sign. 


, = y = -t- 

„ 0 ; = + , 2 / = - 

„ 0; = — , -v = — 


Article Nos. 274 to 285 . — Determination of the characters of the quintic equation. 


274. Passing now to the case of the quintic, I write 


J = G, 
if= ft 
i)= Q\ 
L =-U, 
J = F; 


viz. is the quartinvariant, K and D are octinvariants {D the discriminant), L is 
12-thic invariant, and I is the 18-thic or skew invariant. Hence also J, D, 2^^Zr— 
are invariants of the degrees 4, 8, 12 respectively; and forming the combinations 


X 


_D 

j3 ’ y ji’ 


Z = J, 


I assume that {x, y, z) are auxiliars, reserving for the concluding articles of the 
present memoir the considerations which sustain this assumption. 


275. The 
ante, No. 255) 


separation into regions is effected as follows: — We have identically (see 
16/“ = JK* + SLK^ - 2/“/Z“ - 12JDK - 432/* + J*/* ; 


or putting for K its value = (/“ — D), this is 

2® /* = J (/“ — I)y + &c., 

= (/* - 2>i/)“ (/» - 3* . 2“/) 

+ DJ(- 4iJ‘‘+ 61 . 2 “/*/ + 144 . 2 ®/*) 
+ />*/*( 6J'*-2“.29/) 

+ /» (-4/*- 2“/) 

+ W; 


C. VI. 


21 
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_D 

whence also 

1 + « = - j:,- , 

this is 

2”^ = +•«)-!} 

+ y { 36(l+a')=-f^(l + .«)-41 
~yn ^(l+^«) -6} 

+ 2/“{-i(l + «) --^1 

+ y*, 

or, what is the same thing, 

2 . 2“ 

+ y (72ai“ + 205,7; + 125) 

+ 2/H-29a!-l7) 

+ ?/»(-«,• - 9 ) 

+ 2/^-2 

= 4>{x, y) suppose. 

276. Hence also writing z = J, we have 

z<f){x, y) = 2.2“j, = + , 

•or the equation of the bounding surface may be taken to be 

y)=0, 

that is, the bounding surface is composed of the plane z^i), and the cylinder 
<f> (x, y) == 0. Taking the plane of the paper for the plane -s = 0, the cylinder meets 
this plane in a curve <j>{x, y) — 0, which is Professor Sylvester’s Bicorn: this curve 
divides the plane into certain regions, and if we attend to the solid figure and instead 
of the curve consider the cylinder, then to each region of the plane there correspond 
in solido two regions, one in front of, the other behind the plane region, and of these 
regions in solido, one is facultative, the other is non-facultative (viz. for given values 
of {x, y), whatever be the sign of y), then for a certain sign of z, z<f>(x, y) will 
be positive or the solid region will be facultative, and for the opposite sign of 
z, z<f> {x, y) will be negative or the region will be non-facultative). It hence appears that 
we may attend only to the plane regions, and that (the proper sign being attributed 
to z, that is to J) each of these may be regarded as facultative. It is to be added 
that the discriminatiix is in the present case the plane y = 0, or, if we attend only 
to the plane figure, it is the line 3 /=? 0 ; so that in the plane figure the separation 
into regions is effected by means of the Bicorn and the line y^O. 
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277. Eeverting to the equation of the Bicom, and considering first the form at 
infinity, the intersections of the curve by the line infinity are given by the equation 

(2y — x) = 0, viz. there is a threefold intersection ?/® = 0, and a simple intersection 
2^ ~ a? = 0 ; the equation 3/^ = 0 indicates that the intersection in question is a point 
of inflexion, the tangent at the inflexion (or stationary tangent) being of course the 
line infinity; the visible effect is, however, only that the direction of the branch is 
ultimately parallel to the axis of x. The equation 23/ — = 0 indicates an asymptote 
parallel to this line, and the equation of the asymptote is easily found to be 
2y - IV + 5 = 0. 

278. The discussion of the equation would show that the curve has an ordinary 
cusp; and a cusp of the second kind, or node-cusp, equivalent to a cusp and node;, 
the curve is therefore a unicursal curve, or the coordinates are expressible rationally 
in terms of a parameter (^ ; we in fact have 

^ 3 ( 0 - 1 - 1 ) ’ ^ 

whence also 


279. The curve may be traced from these equations (see Plate, fig. 2, where the 
bicorn is delineated along with a cubic curve afterwards referred to): as extends 
from an indefinitely small positive value e through infinity to — 1 — e, we have the- 
upper branch of the curve, viz. 

^ = e, gives ai=oo , y = — co, point at infinity, the tangent being horizontal, 

(^ = 00, gives x = — 1, y — the node-cusp, tangent parallel to axis of y, 

= gives a = 0, y = 0, the tangent at this point being the axis of ai, 

^ = gives «=<», y = -l-, point at infinity along the asymptote; 


and as <f> extends from .-i: = — 1 -f- e to sb = — e, we have the lower branch, viz. 

^ _ 1 q. gj gives x = — <x> , jr = — 00 , point at infinity along the asymptote, 

A = -.| a; = — 76^, y = -41|; the cusp, shown in the figure out of its proper 
poktion (observe that for * = -76f^, we have for the asymptote y = -40ff. 
BO that the distance below the asymptote is =|f; Professor Sylvester’s value 
y = -25 for the ordinate of the cusp is an obvious error of calculation). 

(f> = -€, x = — oo, j^ = -oo, point at infinity, the tangent being horizontal. 

The class of the curve is =4. 


280 The node-cusp counts as a node, a cusp, an inflexion, and a double tangent; 
the node-cusp absorbs therefore (6 + 8 -t- 1 =) 15 inflexions, and the other cusp 
8 inflexions; there remains therefore (24-15-8=) 1 inflexion, ^ t^e 

at infinity, having the line infinity for tangent; there is not, besides the tangent at 
the node-cusp, any other double tangent of the curve. 


21—2 
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281. The form of the Bicorn, so far as it is material for the discussion, is also 

shown in the Plate, fig. S, and it thereby appeai-s that it divides the plane into three 

regions ; viz. these are the regions PQR and S, for each of which (f> (x, y) is = - , 
and the region TU, for which y) is = + ; that is, for PQR and >Sf we must have 

, and for TU we must have »/=+, Hence in connexion with the bicorn, con- 
sidering the line we have the six regions P, Q, P, S, 1\ IT. It has just been 

seen that for P, Q, P, S we have /= — , and for T, U we have J= + ; and the 

sign of J being given, the equations .^•= p then fix for the several 

regions the signs of — and P, as shown in the subjoined Table; by what 
precedes each of the six regions has a determinate character, which for P, /?, and U 
(since here D is =— ) is at once seen to be 3r-i-2i, and which, as will presently 

appear, is ascertained to be or for P and r + for Q and T. 

282. We have thus the Table 

P, P = + , 2i^X -/« = + } 5r, 

> 7 ’ + 47 , 

T, P = -^, /= + , 2i^Z-P'^=±) 

P, P = -, P = 2“Z~J«=±^ 

S, P = -, / = 211Z- l-3r + 27; 

u, P = -, P=-l., 2^^Z-e/“=±, 

so that we have the kingdom or consisting of the single region P, the kingdom 
r + 47 consisting of the regions Q and P, and the kingdom 3r + 2i consisting of the 
regions P, and U. 

283. For a given equation if P is = — , the character is 3r + 27 ; if = / = +, 

the character is r + 47 ; if P = + , / = — , then, according as 2“Z — is = -|- or is 
= — , the character is or or r + 4i. But in the last case the distinction between the 

characters 5r and r + 47 may be presented in a more general form, involving a 

parameter /x, aiBitrary between certain limits. In fact drawing upwards from the 
origin, as in Plate, fig. 3, the lines x — 2?/ = 0 and x + y = 0, and between them any 
line whatever -f- yay = 0, the point {x, y), assumed to lie in the region P or Q, will 

lie in the one or the other region according as it lies on the one side or the other 

side of the line in question, viz. in the region P if x~\-fjLy , in the region Q 

if x + iJby is — -f . But we have 

^+/^y= jrs— ^ — » 

and J being by supposition negative, the sign of 2^^X - J® + yJP is opposite to that 
of x + fLy. The region is thus P or Q according to the sign of -j- fzJD ; and 

completing the enunciation, we have, finally, the following criteria for the number of 
real roots of a given quintic equation, viz. 

If P = — , the character is Br + 27, 

If P = 4- , J=+, then it is r + 47. 
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Bvit if i) = + , J = —, then ^ being any number at pleasure between the limits +1 
and — 2, both inclusive, if 

2“Z “ + jjiJD == + , the character is or, 

2^^Z“*/3_^yLtJD = — , „ „ „ r + 4i. 

254. The characters 5?’ of the region P and r + 4i of the regions Q and T may- 
be ascertained by means of the equation (a, 0, c, 0, e, 1)®=0, that is 

(9(a(9^ + 10ci9" + 5e) = 0; 

there is always the real root 0 = 0, and the equation will thus have the character 5r 
or according as the reduced equation + lOc0® + Se = 0 has the chai^acter 4r 

or 4/. it is clear that (a, e) must have the same sign, for otherwise 0® would have 
two real values, one positive, the other negative, and the character would be 2r + 2i. 
And (f7., e) having the same sign, then the character will be 4r, if 0^ has two real 
positive values, that is, if ae — 5c^ is = — , and the sign of o be opposite to that of 
a and e, or, what is the same thing, if be = — ; but if these two conditions are 
not satisfied, then the values of 0^ will be imaginary, or else x'eal and negative, and 
in either case the character will be 4r. 

255. Now, for the equation in question, putting in the Tables 6 = d=/=0, we find 

D = 256 ae^ {ae — oc^^, 

/= 16 ce(«e4-3c2), 

2“Z - = 2^2 {2 (ae - {ae + Sc^Y] 

— 2^2 _ 5ga^ (2aV + H- Sade + 5c®). 

We have by supposition Z) = +, that is, ac = + ; hence J has the same sign as ce; 
whence if /= + , then also cc = +, and the character is 4^'; that is the character of 
the region T is But if / = — , then also cc = -. But ae being = + , the sign 

of is the same as that of ce{ae—6c% and therefore the opposite of that of 

— 06*2 ; hence Z) = 4*, / = — , the quartic equation has the character 4r or 4i 
according as is =4- or =-. Hence the region P has the character 6r and 

the region Q the character r + 4i; and the demonstration is thus completed. 


Article Nos. 286 to 293.— Hermite’s new fo7'm of Tschirnhausen’s tra-nsformation, and 

application thereof to the quintic, 

286. M. Hermite demonstrates the general theorem, that if /(a:, y) be a given 
cjuantic of the w-th order, and <jf) {x, y) any covariant thereof of the order ?i - 2, then 
considering the equation /(^, 1)“0, and writing 


^ (^, 1 ) 
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(where (£», 1) is the derived function of f{x, 1) in regard to then eliminating 
we have an equation in z, the coefiScients whereof are all of them invariants of 
2 /)- 


287. In particular for the quin tic /(. t, y) = {a, 6, c, d, e, yy\ if 

y), <i>^i{so> y), y). y) 

are any four covariant cubics, writing 

fJ 1) 

(viz. the numerator is a covariaiit cubic involving the iucloterminate coefficients 
t, u, V, w) then, in the transformed equation in z, the coefficients are all of them 
invariants of the given quintic. Conducting the investigation by means ('>f a certain 
canonical form, which will be refeiTed to in the sequel, he fixes the signification of his 
four CO variant cubics, these being respectively covariant cubics of the degi'ees 3, o, 7, 
and 9, defined as follows ; viz. starting with the form 


j 

- 2/“«, 

yx\ 

-a-' 

i 

h , 

c , 

d 

1 h , 

c , 

d , 

e 

1 c » 

d , 

^ , 

f 


— — 3Z), — — 3(ri., G, D\cv, yy, or (—3^1, — iy, -(7, — yf, suppose, 

and considering also the quadric covariant 

(«, / 3 , y)% = 5 , 

then <pi, (jfca, </) 3 , ^4 are derived from the form 

(ri, B, C, B'^^x-Tji^go+^yyl fy + ?? (2aa? + /3y))«, 

viz. we have 

y) = - 3 (. 4 , B^ G, l)%a, y)\ 

y) = + 3(^, 5, a, yy(^/3aj-2yy, 2a^• + /3y), 

0^9 B, G, D\x, y) (— — 27 y, 2ac/; -}- /3y)-, 

{Xf y)} = + 3 ( J., Bt G, — 27 y, 2clx + /Sy)®, 

where y)} and y)] are the functions originally called by him y) and 

y): those ultimately so called by him are 

C) <^8 {x, y) = 4 {<^8 (x, y)] + {x, y), {J = G\ 

<p4 (Xf y) " 4 {^4 (Xy y)] q- {x^ y) + 96^J5ri {x, y), 

1 M. Hermite, p. 17, has erroneously writteu y) y), instead of 408 (ar, y) + ^0i(a;, y)i the 
latter expression is that which he really makes use of, and the formula in the text is correct. 
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where y) is the cubicovariant (— 27 + 9-45(7 — 25®, . y)^ of y), 

= (— 3A, —5, — (7, y)\ iit suprL 

The CO variant y) has the property that if the given quintic yY 

contains a square factor {la) + myy\ then 02 y) contains the factor los+my: { 0 s (^, y)} 
and { 04 (.^•, y)} are covaiiants not possessing the property in question, and they were 
for this reason replaced by 0 s (a;, y) and (p^ios, y) which possess it, viz. 03 y) contains 
the factor + and 04 (.vc, y) contains {la)-\-myy, being thus a perfect cube when 
the given quintic contains a square factor. 


288. The covariants 0l(.^’, y) and 02 (a;, y) are included in my Tables, viz. we have 

01 = of 142, 143, 

02 2 /) = -“ ^ >> 

(observe that in K the fii'st coefficient vanishes if a = 0 , & = 0 , which is the property 
just referred to of y))] the other two covariants, as being of the degree 7 and 9, 

are not included in my Tables, but I have calculated the leading coefficients of these 
covariants respectively, viz. 

Table No. 85 gives leading coefficient (or that of sif) in 03 (^, y), and 

Table No. 86 gives leading coefficient (or that of ixP') in (p^icc, y) [and by means 
thereof wo have the values of the co variants in question]. 

The coefficients in question vanish for a = 0 , 6 = 0 , that is, 03 (x, y) and 04 (a?, y) 
then each of them contain the factor y; if the remaining coefficients of y) were 

calculated, it should then appear that for a = 0 , 6 = 0 , those of x^y, anf would also 
vanish, and thus that 04 {x, y) would be a mere constant multiple of y®. 


Table No. 85 [= leading coefficient of 165J-155 (t]. 


+ 1 

- 1 

+ 15 

u?ha<Jf^ - 94 

«W/ -32 

a?bo^/ + 86 

(iV +16 

d?bdPef + 106 


aW - 96 


aVr + 63 


CO 
00 
r— 1 

! 


«W + 32 


+ 60 


+ 68 


c?d^6 - 36 


+ 32 ± 415 


ab^df 

+ 64 

Vcf 

... 

ahH^f 

- 54 

¥def 

- 144 


- 48 

6V 

+ 135 

aPedef 

+ 184 

h^c\f 

+ 108 

oh^ce^ 

- 135 

hHd?f 

+ 288 

eWf 

- 272 

hhde^ 

-450 


+ 243 

¥(Pe 

+ 80 

aJbchf 

- 66 

hHHf 

- 360 

(jdbe^d^f 

+ 212 

hW 

+ 135 

alcHe^ 

+ 148 

h^<^(Pe 

+ 360 

ahed^e 

^412 


- 160 

ahd^ 

+ 144 

hdf 

+ 108 

achlf 

- 36 

bdde 

- 180 

ac*e^ 

- 48 

bdd^ 

+ 80 

cM^d^e 

+ 124 




- 48 




+ 1119 ±1294 
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Table No. 86 [= leading coefficient of /S']. 


a^cef^ 

+ 9 

d^ef^ 

__ 

9 

dlMP + 

120 

aJyhp 

— 

576 


-f 

192 


+ 21 

d^bedf^ 

- 

162 

- 

21 

ah^'dpf" 

+ 

672 

¥ci>P 

- 

1440 

a\hf^ 

a^e\f 

- 78 


+ 

99 

awr + 

486 

a¥df 

-- 

359 

IM\P 

“ 

192 

48 

d^bd^ef^ 

dWf 

+ 

309 

dJrcdef^— 

2160 

alr'def^ 

+ 

3456 

bhi&^f 

~ 

1080 


+ 

12 

d^lrccY + 

1023 

ali^cdif'^ 

__ 

864 

i-V 


2025 



nW 

— 

240 

dHrdP + 

120 

ahh.ddf 

“h 

2094 

hvh//- 

+ 

2592 



d^c^f'^ 


81 

d“H^d^frf “ 

1053 

abh'd 


391;") 

b'^ercY 


3546 



dddeP 

d^ddf 

+ 

1026 

d^trdd' + 

1314 

aird^r/ 

+ 

528 

hhdhf 


3280 



_ 

768 


1863 

alrdh'' 

-- 

45 

b-^rdp‘ 


1.3r)()0 



ai^edf^ 

d^cd^frf 

— 

738 

arhe^d-f^ -f 

2538 


~ 

2592 

bMY' 

- 

4800 



— 

564 

ft%(;-wy + 

2340 

(drddf 

-- 

9747 

hhih- 

-I- 

7800 



ded^:^ 


1056 

(i%c-d + 

672 

(drchppj 


8496 

bhy- 


648 



d^d^pf 

+ 

756 

a^bed'^ef 4 - 

2820 

ab^ddp!^ 


26610 

liVdf/ 


14040 



di^dd 


696 

ddird“P'' - 

7812 

(ib^cd^f 

+ 

8544 

b’W^ 


3075 






ddidf - 

3024 

abh.Se 


16650 

ly^rdf 

-1' 

9120 






orbd^e' 4 - 

4572 

alrd^e 

-h 

720 

bhhrh“ 

+ 

16350 






oFcSIf^ - 

324 

abdf- 

+ 

972 

bhdh 


19200 






d^c^ii\f + 

3888 

abc^def 


24048 


-f 

4800 






a^dSef - 

8748 

abchv' 

— 

4464 

Irchf 

-H 

4860 






orchid — 

4800 

abdd:f 


15984 

If/dY' 

— 

3240 






1 orcrd\f + 

4248 

obddh- 

.. 

30108 

IMid 


8100 






archFd + 

14520 

ab<rdh 

4 . 

35088 

bhhlh 

+ 

9000 






- 

11448 

ohc(b^ 


8640 

hdhb 


2400 






ahP -f 

2592 

ac\f 

— 

7776 











add\f 

+ 

5184 











, (U'hid 

+ 

12960 











, achbhi 

— 

14400 











add^^ 

+ 

3840 





+ 78 


± 

3258 

+ 

412.6.3 

± 124716 


± 

C8(j.to 


[The values thus are ^3 («, y) = —laDQ \ <^4 2^) = *S'.] 

289. The equation in z is of the form 


where D is the discriminant of the quintic and ?l, 53, (J, T> denote rational and 
integral functions of the coefficients (a, 6, c, d, e, /). And the covariants y), 

^a(®) y)> y)> y) having the values given to them above, the. actual value 

of 91 is obtained as a quadric function of the indeterminates (^, v, v, w), viz. this is 

= — 6BI)tv — D (Dj — lOA j5) i!)“] + X> [— Bu^ + IDiUW + 9 {BD - 10Ai>i) w'-'], 

where A= 25A.5+ 16<?, these quantities, and the quantity N{—D^ — \(iABDi^2B‘D) 
afterwards spoken of, being in the notation of the present Memoir as follows: 


A = J 

£ = -K 

0 = 9L + JK 

D ^ D 

A = 9 (16Z - JK), 

N =1162(18Z»-JZZ 


(= Q), 

(=-QX 

(^-9U + GQ), 

(= Q'X 


-K*). 
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290. If by establishing two linear relations between the coefEcients {t, it, w) 
the equation 2[ = 0 can be satisfied (which in fact can be done by the solution of a 
quadric equation), then these quantities can be by means of the relations in question 
expressed as linear functions of any two of them, say of v and w\ and then the next 
coefficient 33 will be a cubic function (v, wy, and the equation 35 = 0 will be satisfied 
by means of a cubic equation (v, wy = 0, that is, the transformed equation in z can 
be by means of the solution of a quadric and a cubic equation reduced to the trinomial 
form 




and M. Hermite shows that the equation 2[ = 0 can be satisfied as above very simply,, 
and that in two different ways, viz. 


291. r. 31-0 if 

A-10.AJ5)i>2 =0, 

Bur — 2Bt^uw — (QBD — lOJ. A) = 0, 

that is, N denoting as above, if 

, 3£Z) + v'i^2) 


292. 2°. Writing the expression for 21 in the form 

A “ Dv^ + Wuw - lOABvf) + BD (10 + 


then 21 = 0, if 

— Dv’^ + 2Dim — lOADw- = 0, 
10 Av^ — 6tv — u^+ 9 JDw^ = 0. 
These equations, writing therein 


become 


.-ivsr, 


u= U+ 5 A W, 



F* + 4i7F=0, 


w=Wf 


-f,AV^ + 3Vi>rF+ + 10 J. i7F + (25^^ - W) F* = 0, 


the first of which is satisfied by the values 

T = pW--U, V^pWA-U-, 

P P 

and then substituting for T and V, the second equation will be also satisfied if only 

= 5 + 3VA 


C. VI. 


22 
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Article Nos. 293 to 295. — Hebmite’S application of the foregoing results to the deter- 
mination of the Gharact&r of the quintic equation. 


293. By considerations relating to the form 

^ |[Ai° — ^BDtv — — lOAB) + D [— Bn^ + Wgm + QBD — lOA Aw“] •, 

M. Hermite obtains criteria for the character of the quintic equation f (x, 1) = 0. 

294. If D = - , the character is 3r 4- 2i, but if D = + , then expressing the fore- 
going form as a sum of four squares affected with positive or negative coefficients, 
the character will be 5r or 2-i-4i, according as the coefficients are all positive, or 
are two positive and two negative. Whence, if AT denote as above, then for 


and 


D = + , A^=— , A = + > B = — , chiU’acter is 5r, 

2) = + . BA = + 1 


>■ chaiActer is r 4- 4i ; 


Z) = + , iV = 4- 


and further, the combination D = + , JV'= — , A = “> B = + cannot arise (Hermite’s first 
set of criteria). 

295. Again, from the equivalent form 


1 

2 ) 


A — Bif^ H- 2J)uw — lOAw®) 4- BJD (lOAo® — Qtv — 4- dDvf)[, 


which, if 0 , a' are the roots of the equation 9^** — 10A^-|-D = 0, is 

1 (I),0-B£>r.^ „ , ,/ jD yl Bia'-BBf.. „ f B \y] 

then by similar reasoning it is concluded that 

2> = 4-, 26A® — 9i) = 4-, A= — , if= — , character is 5r, 

2> = 4-, 25A»-9D = 4-, A=-, A’'=4-,'j 
2) = 4" , 2oA® — 9jE) = 4',A=4*, [• ,, r4- 4i. 

2) = 4-, 25A2-9i) = -, 


(Hermite’s second set of criteria.) 
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Article Nos. 296 to Zm.—Gorn'parism with the Criteria No. 283: the Nodal Cubic. 

296. For the discussion of Hermite’s results, it is to be observed that in the 
notation of the present Memoir we have 

A = J, 

B =■ — K ■= — (i7^ — D), 

D = D, 

A= + 

N= 1%L^-JKL-K^ 

= ^ {3= .2^1^- UJL (J"- - Z») - (J-= - i))3}. 

or, putting as above, 

a? = ^~jJ^ ’ therefore 1 + 1 = 

we have 

A = J, 

B = Tin Cv ~ 1)> 

B = J'-y, 

Bi = rksJ'‘{<» + y\ 

N = ^J« (9(1 + a')o-8(l+a>)(l-y)-(l- , 

= i J" . {y’ - 3y= + 8an/ + 9a? + 11?/ + lOa;}. 

It thus becomes necessary to consider the curve 

y/r (os, y) = 2/® — 3y^ + Sooy + -f lly + = 0, 

the equation whereof may also be written 

9oe + 4}y -f- 5 = (y — 1) V25 — 9y. 

297. This is a cubic curve, viz. it is a divergent parabola having for axis the 
line 9^ + 4y + 5 = 0, and its ordinates parallel to the axis of oo; and having moreover 
a node at the point og = — 1, j/ == + 1, that is, at the node-cusp of the bicom ; the 
curve is thus a nodal cubic; we may trace it directly from the equation, but it is 
to be noticed that qud nodal cubic it is a unicursal curve; the coordinates x, y are 
therefore rationally expressible in terms of a parameter n/r; and it is easy to see that 
we in fact have 

81 (^-1-1)= 

9(y-i) = -V^ (■^-8), 

whence also 

rfy — 18('^ — 4) 

(S^}r — 16) ’ 

22—2 
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298. We 

see 

that 



= X , gives 

x = 00 j 

y = — X , point at infinity, the direction of 
parallel to axis of x. 

the curve 

i/r = 9. 


X = 0, 

2/ = 0, the origin. 


•^ = 8, 


a? = — 1, 

2/ = 4-1, the node, tangent parallel to axis of y. 



ft 


y = tangent parallel to the axis of y» 


i|r = 4, 

» 


tangent parallel to axis of x. 


\|r = 0, 

)) 

.‘7! = -l, 

7/==4l, the node. 


■\jr = —l, 



2/ = 0. 


= -16, 

}} 

i» = — 76|f, 

^ = the cusp of the bicorn. 


^ = — 00 , 

jt 

ai — — <x>, 

y = — X, point at infinity, direction of curve 
axis of X. 

parallel to 

299. The 

Nodal Cubic 

is shown along with the Bicorn, Plate, fig. 2 ; 

it consistH 


of one continuous line, passing from a point at iniinity, through the cusp of the 
bicorn, on to the node-cusp, then forming a loop so as to return to the node-cusp, 
again meeting the bicom at the origin, and finally passing off to a point at infinity, 

the initial and ultimate directions of the curve being parallel to the axis of O). 

300, It may be remarked that, inasmuch as one of the branches of the cubic 

touches the bicom at the node-cusp, the node-cusp counts as (4 4- 2 =) G intei’sections ; 
the intersections of the cubic with the bicorn arc therefore the cusp, the node-cusp, 
and the origin, counting together as (2 -{- 6 + 1 =) 9 inteivsections, and besides these ^ the 
point at infinity on the axis of x, counting as 3 intersections. This may be verified 
by substituting in the equation of the cubic the bicoru ^jt-values of x and y. ^ But 

to include all the proper factors, we must first write the equation of the cubic in the 

homogeneous form 

{9x -I- 8y + 5^)2 ^ - (j/ - - ^y) = 

and herein substitute the values 

X : y : = — (<^ + 2) (<j!)® — + 26 — 4) : (<^> 4- 2)^ — 3) 

the result is found to be 

{{<f> 4- 1) (4i<f>^ 4- 6<;(> — 9)*-^ — (2(j> 4- 3)^ (4^® 4- 4^*^ 4 18^ 4- 27)} = 0, 

that is 

-903 (0-|-2)(404-3)" = O; 

and considering this as an equation of the order 12, the roots are 0 — 0, 3 times, 
0=:-2, 1 time; 0 = -|, 2 times, and 0 == oo , 6 times. 

301. The cubic curve divides the plane into 3 regions, which may be called 

respectively the loop, the antiloop, and the extra cubic; for a point within the loop 
or antiloop, 'yjr(x, y) is for a point in the extra cubic 3/) is =4-. If in 

conjunction with the cubic we consider the discriminatrix, or line 2/ = 0, then we have 
in all six regions, viz. y being = 4-, three which may be called the loop, the triangle, 
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and the upper region ; and y being = — , three which may be called the right, left, 
and under regions respectively ; the triangle and the other region form together the 
antiloop. 

302. It is now easy to discuss Herinite’s two sets of criteria; the fii*st set becomes 
2/ “ +> 2/ — 1 = “3 = +, 2/) = character or, 

2/ = +, '^(2/~l)(^+2/) = +. '^(^»2/) = ~l , . 

J- character 

;y = +, ir(a?,y) = +J 

y = y — 1“+, J(af-j-y) =— , y) = “ cannot exist. 

Referring to the Plate, fig. 4, which shows a portion of the cubic and the bicom, 
then 1"* the conditions y = (a;, y) = — imply that the point {x, y) is within the 

loop or within the triangle of the cubic ; the condition y — 1 = — brings it to be 
within the triangle, and for any point within the triangle we have whence 

also the condition J {x y) becomes hence the conditions amount to 

/ = — , (pc, y) within the triangle ; but by the general theory (x, y), being within the 
txdangle, that is, in the region P or if /=— , will of necessity be within the region 
P; so that the conditions give /=—, (x, y) within the region P; the corresponding 
character being or, which is right. 

2®. 3') = — , the point (x, y) must be within the loop, or within the 

triangle ; if (x, y) is within the loop, then 3/ — 1 = +, x-\-y^l, and the condition 
./(y — 1) 2/)= 4- becomes J=~, that is, we have «/ = — and (x, y) within the loop, 

that is, in the region T, And again, if (x, y) be within the triangle, then y — 1 — — , 
+ y = 4-, and the condition */(y — 1) (it? 4- y) = -h still gives «/’ = — ; but J=—, and 
(x, y) within the triangle, that is, in the region T or P, will of necessity be in 
the region T\ so that in either case we have /=— , (x, y) in the region T, which 
agrees with the character r 4- 

S°. y=+, y) = 4, (iT, y) is in the upper region, that is, in the region 

Q ov T; if (x, y) is in the region Q, then of necessity / = and if in the region T, 
then of necessity J* = 4- , that is, we have 

/ = — , (x, y) in the region Q, or 
(x, y) in the region P, 
which agrees with the character r-\- 4 ii 

And it is to be observed that the portions of T under 2° and respectively 
make up the whole of the region T, and that 3° relates to the whole of the region Q, 

so that the conditions allow the point (x, y) to be anywhere in Q or T, which is 

right. 

4^ y = -f, '^(^3 y) = “3 {pj y) is in the loop or the triangle; and then y — ! = -{- 

implies that it is in the loop, whence ia?4-y = +3 and the condition J(a? + y) = - 

becomes J — -; we should therefore if the combination existed have J-—, (^3 y) 
within the loop, that is, in the region T\ but this is impossible. 
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303. Hei’mite’s second set of criteria arc 

y = +, - y = +, J=~, ■>\r(x, y) = ~, character 5r, 

y = +, ^-y = +, ^Ky) = + '| 

= = J- character r + 4i. 

3/ = +^ ¥~2/ = -> ^ 

1°. If y = +, '^0^’, y )--7 then the point {x, y) must be situate within the loop 
or within the triangle; and recollecting that at the highest point of the loop wc have 
the condition is satisfied for every such point, and may therefore be 

omitted. The conditions therefore are / = — , (a*, y) within the loop, that is, in the 
region T, or within the triangle, that is, in the region P or the region T ; but for 
any point of T the general theory gives J = +, and the conditions are therefore J = — , 
(x, y) within the region P ; which agrees with the character 5r. 

2°. = 2/) = + , that is, {x, y) is within the upper region, that is, in the 

region Q or P; and 2 /=+, {x, y) will be within the portions of Q and P which 

lie beneath the line y = ^; but P= — , and therefore (x, y) cannot lie in the region 

P; hence the conditions amount to / = — , {x^ y) within that portion which lies 
beneath the line y^^^ of the region Q. 

3^ 2 / = +, = y) bes beneath the line viz. in one of the 

regions P, Q or P; but P=-h, {x, y) cannot lie in the region P or Q; hence the con- 
ditions give /=+, {x, y) within the portion which lies beneath the lino 2 / = ^ of the 
region P. 

4j°. 2 / = +, ^- 2 / = -, that is, {x, y) lies above the line y — \}i and therefore in 
one of the regions P or Q; and by the general theory, according as {x, y) lies in P 
or in Q, we shall have /=+ or */=— , hence the conditions give 

{x, y) within the portion which lies above the line y — ^, of the region Q, 

/ = +, {Xj y) within the portion which lies above the lino y = of the region P. 

2°, 3°, and 4°, each of them agree with the character r + 4i, and together they imply 
J=i—, {x, y) anywhere in the region Q, or else J=4', {x, y) anywhere in the region P; 
which is right. 


Article Nos, 304 to 307. — Heemite's third set of GHteria; coinpariso7i with No. 283, 

mid remarks. 


304, In the concluding portion of his memoir, M, Hermite obtains a third set of 
criteria for the character of a quintic equation ; this is found by means of the equation 
for the function 


(Oq 6^ (02 Oo) (02 — 0s) (0$ ~ ^ 4 ) (^4 — ^u) 


of the roots (0o, 0i, On, 0^, 0^ of the given quintic equation (a, 6, c, d, e, f\0, 1)® = 0. 
The function in question has 12 pairs of equal and opposite values, or it is determined 
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by an equation of the form (u^, 1)“ = 0, which equation is decomposable, not rationally 
but by the adjunction thereto of the square root of the discriminant, into two equations 
of the form (it=, 1)® = 0; viz. one of these is 

+ M“(a + 3'v/A) 

+ [J(a-VA)2 + A] 

— it® d 

+ w® (a + Va)® + A] A 
+ «“ (a-3VA) A= 

+ A® = 0, 

and the other is of course derived from it by reversing the sign of v^A. I have in 
the equation wiitten (a, d) instead of Hermite’s writing capitals A, D ; the sign — 
of the term in w® instead of +, as printed in his memoir, is a correction communicated 
to me by himself. The signification of the symbols is in the author’s notation 

a = 5*A, 

d = 4.5»(AjD-^A). 

A = 5®i), 

whence, in the notation of the present memoir, the expressions of these symbols are 

a = 5*J, 

d = - §5“ (2“Z -JO- %JD), 

A= 5®D. 

305. From the equation in it, taking therein the radical Va as positive, M. Hermite 
obtains (d < 0 a mistake for d > 0) the following as the necessary and sufiScient con- 
ditions for the reality of all the roots, 

A = +, a-h3VA = — , d = d-, character 6r 
(Hermite’s third set of criteria). 

306. It is clear that a-f-3VA = — is equivalent to (a = — and a“ — 9A = -!•), and 
we have a®— 9A = 5'(126t7‘ — 9D), so that these conditions for the character 5r are 

D = +, /=-, 125J^-9i) =+, 2^L-J‘-iJD = +. 

Now, writing as above, 

® 2“i-J5> D 

a!- ji . y-j^' 

these are y = +, /=-, ^-y = +, = the conditions y=+, J=- imply that 

{x, y) is in the region P or the region Q; and the condition x — ^y = — (observe the 
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line = 0 lies between the lines = and so does not cut either 

the region P or the region Q) restricts {x^ y) to the region P ; and for every point 
of P 2 / is at most = 1 , and the condition — 2 / = + is of course satisfied. The con- 
dition, 125P->9P = +, is thus wholly unnecessary, and omitting it, the conditions are 

i)==+, J — — , P-~fJ"P = 0 , character o?*, 

which, — ■§ being an admissible value of ya, agrees with the result toite, No. 283. 

307. It may be remarked in passing that if 12345 is a function of the roots 
iTg, ^ 3 , x^, -n) of a quintic equation, which function is such that it remains 
unaltered by the cyclical permutation 12345 into 23451, and also by the reversal 
(12345 into 15432) of the order of the roots, so that the function has in fact the 
12 values 

ofi = 12345, ySi = 241 35, 
a, = 13425, y3, = 32145, 
a3 = 14235, ^03 = 43125, 

^ 4 = 21435, /S 4 = 13245, 
cc 8 = 31245, /35= 14325, 

«« = 41325, yS« = 12435, 

then <^(a, yS) being any unsymmetrical function of (a, yS), the equation having for its 
roots the six values of <^(a, (viz. A)> 0 (a 2 > /Sg)..* <^(aoj A)) can be expressed 

rationally in terms of the coefficients of the given quintic equation and of the square 
root of the discriminant of this equation. In fact, v being arbitrary, write 

. £ = n4i; - (a, y8)}, Jf = (y8, a)}, 

then the interchange of any two roots of the quintic produces merely an interchange 
of the quantities £, M\ that is, 

P-f-ikf and (£ — ^ 2 , x^, w^) 

are each of them unaltered by the interchange of any two roots, and are consequently 
expressible as rational functions of the coefficients; or observing that x^, Xj^) 

is a multiple of VP, we have L a function of the form P-fQVP; the equation 
£ = 0, the roots whereof are i; = < 5 [>(ai, ySi) ... -y = <^ (ao, /Sa), is consequently an equation 
of the form P+QVP = 0 , viz. it is a sextic equation 1 )® = 0 , the coefficients of 

which are functions of the form in question. Hence in particular 

= 12345 = (xi — Xa)^ (x.2 -* x^y (x^ — x^y (x^, — x^y {xs — Xi}^ 

is determined as above by an equation 1)® = 0. Another instance of such an 

equation is given by my memoir “On a New Auxiliary Equation in the Theory of 
Equations of the Fifth Order,'" Phil. Trans, vol. CLi. (1861), pp. 263 — 276, [268]. 
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Article Nos, 308 to 317. — Hermite’s Ganmvical form of the guintio. 

308. It was remarked that M. Hermite’s investigations are conducted by means 
of a canonical form, viz. if A (=J, =&) be the quartinvariant of the given quintic 
(a, h, c, d, e, f yY, then he in fact finds (X, Y) linear functions of {co, y) such that 
we have 

{a, h, 0 , d, e, fjx, yf = (X, fk, fk, fjf, X'JX, Yf 


(viz. in the transformed form the two mean coefficients are equal; this is a convenient 
assumption made in order to render the transformation completely definite, rather than 
an absolutely necessary one) ; and where moreover the quadricovariant B of the trans- 
formed form is 

= ^lAX7, 

01 ', what is the same thing, the coefficients (]\., fiy fx, V) of the transformed form 

arc connected by the relations 

XfM — 4yL6 Vi 4- = 0, ^ 

\! fjL — ^/k Zk = 0 , 

XX' ~ Zjjufji' -h 2* = ^/A , , 


the advantage is a great simplicity in the forms of the several covariants, which 
simplicity arises in a great measure from the existence of the very simple covariant 


d d 


operator -j.,, . (viz. operating therewith on any covariant we obtain again a covariant). 
d/A cL JL 


309. Reversing the order of the several steps, the theory of M. Hermite^s trans- 
formation may be established as follows: 


Starting from the quintic 

(a, h, c, d, e, f'$x, yf, 


and considering the quadricovariant thereof 

(a. / 3 . y)“ 

((a, y) are of the degree 2), and also the linear covariant 

Pai+ Qy 

((P, Q) are of the degree 6), we have 


and moreover 


y3® — 4a7 = A, 

(a, /3, yl[Q, -Py = -0, 


B 

J 

G 


viz. the expression on the left hand, which is of the degree 12, and which is obviously 
an invariant, is = — (7, where 0 is (wt suprd) 


C=U + JK = -QU+GM. 


C. VI. 


23 
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The Jacobian of the two forms, viz. 

lax + ^y, + 27 ^ , 

P , Q 

= x{2ocQ-^P)+ym-iPy), 


is a lineal' eovariant of the degree 7, say it is 

— P Qy> 

and it is to be observed that the determinant PQ' — P'Q of the two linear forms is 
= — 2 (a, ) 8 , y^Q, — P)\ that is, it is =2(7. 

310. Hence writing 

x+n 

<-^+n 

whence also 


X=T^A- 

VA 


the determinant of substitution from (X, Y) to {T, J7) is = 2 , that from (IT, U) to 
{cc, y) is ^2(7, = and consequently that from {X, Y) to {og, y) is = 1 . 


We have 

AT--U^= {(i8“ - 4a7) {Pw + Qy^ - {Fx + qyf ] ; 

or putting for P\ Q' their values, this is = ^ into 4 (a, / 3 , — Pf {aoS^ + ^$xy -f 73 /-), 

that is, we have 

^ ^ fyg2 * 

and we have also 

cr2=iV3 [(X + Yy-{X^YY]=^\f2xY, 

consequently _ 

aaP + 0a!y+yy'^=::AT^ — JJ^—^/AXY. 

311. We have 

qp-QU), 


y^±(-FT+PV). 
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SO that, a moment to consider the transformation from (cg, y) to (T, U), we 

have 

(a, h, c, d, e,f'^x, y)»= A (a, c, a, e,f'iqT-QU, -P'T+PUf 
= ;^(a, b, c, d, e, i\T, Uf suppose, 

where (a, b, c, d, e, f) are invai-iants, of the degrees 36, 34!, 32, SO, 28, 26 respectively; 
it follows that b, d, f each of them contain as a factor the 18-thic invariant J, the 
remaining fiictors being of the orders 16, 12, 8 respectively. 

312. That (a, b, c, d, e, f) are invariants is almost self-evident ; it may however 
be demonstrated as follows. Writing 

{y9®} = + 269(! + Seda + -t- 5e3/, = S suppose, 

{xdy] = 5bda H" 4icdb + 3d3<, -I- 2eda + » 

then Px + Qy, P'x+Qy being co variants, we have SP = 0, SQ = P, SP' = 0, SQ' = P', 
whence, treating T, U as constants, S(Q'T — QU) = P'T — PU, B(—P'T+PU) = 0. Hence 

S(a, b, c, d, e,f^qT-QU, -P'P-fPP)' 

= 5(a, b, 0 , d, e^Q'T-QU, - FT + PUy P'T+PU) 

+ o{a,h,c,d,e1 „ „ )‘.( P'T-PU) 

+ 5 {b, c, d, e, /$ „ „ )* . 0, 

the three lines arising from the operation with S on the coefficients (a, b, c, d, e, /} 
and on the facients Q'T—QU and —P'T + PTJ respectively; the third line vanishes of 
itself, and the other two destroy each other, that is, 

h {a, b, c, d, e, f^Q'T — QU, —FT+PUy = 0, and similarly 
B,(a, b, c, d, e.f'^qT-QU, -FT+PUy = 0, 

or the function (a, b, c, d, e, f^Q'T-QU, -PT+PUy, treating therein T and TJ as 
constants, is an invariant, that is, the coefficients of the several terms thereof are all 
invariants. 

313. The expressions for the coefficients (a, b, c, d, e, f) are in the first instance 
obtained in the fonns 

a= 2(Z -|-5Jf(7-t-10(?‘), 
h = -2iL' + SM'0)A, 
c= 2{L +MC-20)A-\ 
d = -2{L'-M'G), 
e=| 2{L -SMC + 2G^)A-‘\ 

i^-'2.{L'-m'G)A-\ 


23—2 
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where, developing M. Hermite’s expressions, 




24J/= 

24Z^ = 


24Jf'- 

A^B 

+ 

1 

A^B - 1 

ABI + 

1 

/+ 1 


+ 

1 

A^C - 1 

GI + 

5 


A^B^ 

+ 

6 

A^B^ - 3 




A^BG 

— 

24 

ABG + 12 




A^B^ 

+ 

9 

G^ + 24 




A^CP 

— 

39 





A^B^C 

+ 

9 





ABCP 

+ 

108 






+ 

72 






and substituting these values, we find 


36a = 

36b « 

36c = 

36d = 

36e = 

36f= 

AW + 1 

A^BI - 3 

AW + 1 

ABI - 3 

A^B + 1 

BI ^ ^ 

+ 1 
A».B= + 6 

AWG - 39 

+ 9 

- 54 

AWG - 36 

ABCB + 288 
(B + 1152 

AGI - 24 

A^C + 1 

A-^B^ + 6 

A^BC--- 27 
A^B^ + 9 

A^G^ - 42 
BC^ + 144 

Cl 12 

A*G + 1 
uBB^ + 6 
AWG -15 
AIB -1- 9 
AG^ - 30 
B^G + 36 



I have not thought it worth while to make in these formulje the substitutions A=J, 
B = — K, C=QL + JK, which would give the expressions for (a, b, c, d, e, f) in terms 
of J, K, L. 


314. Substituting for (x, y) their values in terms of (X, T), we have 
(a, b, c, d, e, yf 

= (a, b, e, d, e, + Q'^) ^ + 


^nd by what precedes 
this gives 








= (\, fi, V, v', jjJ, \'\X, F)' suppose, 


aa? ^xy + = Vj.XF; 

00 / - + 79 / = - Ad^r> 


(00/ - /30j^a, + 79 /)® (a. b, 0 , d, e,f\x, yf 

= il0/0/(\, fi, V, /i', V, X''$X, Yf 

= nOA{vX + v'7)-. 


and thence 
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the left-hand side is a linear covariant of the degree 5, it is consequently a mere 
numerical multiple of + and it is easy to verify that it is = 120 (P^ + Qy). 
(In fact writing b=d — e = 0, the expression is - afd^^y (aafi + 10oaf>y^ +fy^), and 

the only term which contains x is = 120ci=c/^a! ; but for b==d = e = 0, 

Table ^ gives Fx = a^cf"-x, and the coefficient 120 is thus verified.) But Px + Qy 

V G \/g _ 

is = ^7^ "i* have thus Av = Av' = , whence not only v — i/, = 

Q 

suppose, but we have further h = -47=^ , a result given by M. Hermite. 

vA’^ 


315. Substituting for v = v' the value V4 we have 
(a, b, c, d, e, f^x, yf 


=(». h. 0, A + 

1 /-P' 
2V(7Vv/2 

= (X, /*, Va, ^k, yf, X%x, 7y, 



' Q' 

2^G\ 

. ^A 

Z + -^( 

' P' 

. vV2 


and we have then cia^-\- 0xy + 'Yy^ = 'JAXY, viz. the left-hand side being the quadri- 
covaaiant of {a, b, 0 , d, e, f^x, yY, the equation shows that the quadricovariant of the 

form (\, fi, Vk, •Jk, yl, yP^iX, 7)' is =VJ.XF, and we thus arrive at the starting-point 
of Hermite’s theory. 


316. The coefficients (\, /^, ^lk, yil, X') of Hermite’s form are by what precedes 
imarianU; they are consequently expressible in tenns of the invariants -4, P, (7 (and /). 
M, Hermite writes 

XX' = y, 

and he finds 

V-4=y-3A4‘2A, = = 

^ ^/A^ slA^ 

or, what is the same thing, 

A^^ZAB^G ^_AB + G G 

VX» ’ VX' ’ VX’ 

which give g, h, k in terms of A, B, G, and then putting 


A = (9A^ + 16hk — ghy — 24AA;®, = 


(the equation I^ = A'^A is in fact equivalent to the before-mentioned expression of P 
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in terms of the other invariants), the coefficients (X, /u, f/, X') are expressed in terms 
of (/y hy ky that is of jB, Gy viz. we have 

72 V/c®X —h{g— 16/?)“ — ^ki{g+ 16^’) -f- {g — 16/t?) Va, 

24 = 9^’- + 16M? — gh — Ay 

24 Viy = dt 4- 16/^/? - 4- Va, 

^ 72 V^X' = h (g - IG/?)-^ - 9/j + IGA) - - IGA) Va ; 

these values of (X, fjL, fif, X') could of course be at once expressed in terms of {J, Ky i), 
but I have not thought it necessary to make the transformation. 

317. It has been already noticed that the linear covariant (Gy = Ptc 4 Q//), was 

= 's/a i'/ky \/k^Xy Y)y 

it is to be added that the septic covariant (P^os-i-Q'y) is 

= (VA, ~ VA$.Y, Y)y 

and that the canonical forms of the cubieovariants y), &c. are as follows: 

<f>yiX, Y) =VI(;a, :iVk, SVk, Yf, 

<l>y{X, Y) = Ai^. ^k. - -^’\X, Y)\ 

{MX, r)) = V2»(;., - - vs, ^j_x, Yy, 

{MX, )')}= ^“0*. -3 VI- 3V/:, -iY%X, I7‘. 

{X, Y) = V J» r (2 Vjfc^ - 3M' + /iV ), ” 

3( •/lif> + fj.fi''^k-2fik), 

1 . — Q A , i )•', 

-3( V&“ + ^/VA! —2/j,'k), 

_ (2V/f> -3/i . 

r) = v2’(5M, -V4 Vi, 5/*35 ;z, f)', 

<f>, (X, Y) = VZ® r (7 VZ^ + 96 (2 VP - 3M + A^y)), " 

- 8 (3 VZ VA — 96 ( VP + jAuf \/k — 2fJo )), . 

+ 3 (3 VZ V* - 96 ( Vp + /i/ V/.! - 2yyl- )), 

, , - (7 vzy + 96 (2 Vp - S/Jfk + ; 

or, as the last formula may also be written, 

(X, F) = Vz5 ^ ((7^ - 53^. + llOA) - 6Akfi' VI-),'^ . 

- 3 {(fig + 151/t - 90*) V* _ 64\y ), 

■" F)“ 

+ 3((3<7 + 151/t- 90*) V* -64V2 ), 

- {(7g - 53* + 1 10*) / - 64\> V*) J 
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It is in fact by means of these comparatively simple canonical expressions that 
M. Hermite was enabled to effect the calculation of the coefficient 21. 


Article Nos. 318 to 326. — Theory of the imaghiary linear transformatiom which lead to 

a real equation, 

318. An equation (a, h, c, = 0 is real if the ratios a : b : c, &c. of the 

coefficients are all real. In speaking of a given real equation there is no loss of 
generality in assuming that the coefficients (a, b, c, ...) are all real; but if an equation 
presents itself in the form (a, c, ...Jo?, = 0 with imaginary coefficients, it is to be 

borne in mind that the equation may still be real; viz. the coefficients may contain 
an imaginary common factor in such wise that throwing this out we obtain an 
equation with real coefficients. 

In what follows I use the term transformation to signify a linear transformation, 
and speak of equations connected by a lineai' transformation as derivable from each 
othei’. An imaginary transformation will in general convert a real into an imaginary 
equation ; and if the proposition were true universally, — viz. if it were true that the 
transformed equation was always imaginary — it would follow that a real equation derivable 
from a given real equation could then be derivable from it only by a real transfor- 
mation, and that the two equations would have the same character. But any two 
equations having the same absolute invariants are derivable from each other, the two 
real equations would therefore be derivable from each other by a real transformation, 
and would thus have the same character; that is, all the equations (if any) belonging 
to a given system of values of the absolute invariants would have a determinate 
character, and the absolute invariants would form a system of auxiliars. 

But it is not true that the imaginary transformation leads always to an imaginary 
equation ; to take the simplest case of exception, if the given real equation contains 
only even powers or only odd powers of a?, then the imaginary transformation x : y 
into ix : y gives a real equation. And we are thus led to inquire in what cases an 
imaginary transformation gives a real equation. 

319. I consider the imaginary transformation x : y into 

(a + hi) ^ + (c + di) y : (e 4- fi) co^{g + hi) y, 
or, what is the same thing, I write 

^ = (a + bi) X + (c + di) F, 

^ ^ +{9 

and I seek to find P, Q real quantities such that Px + Qy may be transformed into 
a linear function i2X + >SF, wherein the ratio R : S is real, or, what is the same 
thing, such that iJX-fiSF may be the product of an imaginary constant into a real 
linear function of (X, F). This will be the case if 

+ Qy = (1 + ei) {P (aX + c 7) + Q {eX +g7)l 
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that is if 

P {hX + dY)-{‘Q (fX + h Y) ^d{P (aX-f cY) + Q {eX + fY)}, 
which implies the relations 

bP + fQ = d (ciP “h eQ ), 
dP^hQ=e(cP^ffQ), 

or, what is the same thing, 

(b — a0)P + (/— e9) Q = 0, 

(d-cd)P + (k-gd)Q^0, 

and if the resulting value of P : Q be real, the last-mentioned equations give 
(ag — ce) 6^ — (ah -t- — c/*— de) 5 + Wi — df^ 0, 

and 6 being known, the ratio P : Q is determined rationally in terms of 0, 

320. The equation in 6 will have its roots I'eal, equal, or imaginary, according as 

{ah -f 6^ — c/*— de)- — 4 {ag — ce) {bh - df), 

that is 

+ b^g- + c^/- + (Pe^ 

— 2ahbg — 2ahcf’- 2ahde — 2hgcf— 2hgde — 2cfde 
+ ^adfgh 4- 4ibceh 

is = =0, or = — ; and I say that the transformation is subimagiiiary, nexttral, and 

superimaginary in these three cases respectively. In the subimaginary case there arc 
two functions Psc + Qy which satisfy the prescribed conditions ; in the neutral case a 
single function ; in the superimaginary case no such function. But in the last-mentioned 
case there are two conjugate imaginary functions, Px-\-Qy, which contain as factoi\s 
thereof respectively two conjugate imaginary functions UX -f- FF. 

321. Hence replacing the original x, y, X, F by real linear functions thereof, the 
subimaginary transformation is reduced to the transformation x : y into hX : F, where 
h is imaginary ; and the superimaginary transformation is reduced to x + iy : x — iy 
into ^’(X^-^F) : (X — iF), where k is imaginary. As regards the neutral transformation, 
it appears that this is equivalent to 

(a 4- hi)X 4- (o 4- di) F, 

(g^hi)T, 

with the condition 0 = (aA 4- bgf - 4^aghh, = {ah - bg)\ that is, we have ah — 6^^ = 0, or 
without any real loss of generality ^ = a, A = 6, or the transformation is 

it? == (ct 4- bi) X 4“ (c 4- di) F, 

(a4•6^)F, 

that is, X : y = X-4-&F : F, where k is imaginary. 
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322. The original equation after any real transformation thereof, is still an equation 
of the form 

(a, 3/)” = 0; 

and if we consider first the neutral transformation, the transformed equation is 

(a, + r)" = 0; 

this is not a real equation except in the case where h is real. 

323. For the superimaginary transformation, starting in like manner from 
(a, . . . yY = 0, this may be expressed in the form 

(a + / 9 i, 7 + 7— a - + iy, x — iyY = 0 , 

viz. when in a real equation (a?, yY = 0 we make the transformation x : y into 
x + iy : x — iy, the coefficients of the transformed equation will form as above pairs of 
conjugate imaginaries. Proceeding in the last-mentioned equation to make the trans- 
formation x+iy : x — iy into k(X+iY) : X-’iT, 1 throw k into the form 

cos 2<f> + i sin 2<f>, = (cos sin <^) 4- (cos — i sin 

(of course it is not here assumed that 4> is real), or represent the transformation as 
that of x-\-iy : x — iy into (cos -h i sin <}b) (X + zF) : (cos ~ ^ sin </>) (X —iF) ; the trans- 
formed equation thus is 

(a -h ... a — /9i][(cos sin (56) (X -H i F), (cos 0 — i sin <^) (X — i T)Y = 0. 

The left-hand side consists of terms such as (X® -f Y^Y''^ 

(7 -f hi) (cos scj> + i sin 5^) (X + ^F)® 4- (7 — Si) (cos scf) — ^ sin (X — ^ F)®, 

viz. the expression last written down is 

= (7 cos scfi — S sin s(f>) {(X + ^F)® -l- (X — ^F)®} 

/ • f(X + ^F)®-(X-^F)®| 

— (7 sm 4- 0 cos 5<^) j -y , 

and observing that the expressions in { } are real, the transformed equation is only 
real if (7 cos 5<jf) — S sin S((>) 4- (7 sin S(l> + S cos s<f)) be real, that is, in order that the trans- 
formed equation may be real, we must have tan s<j> = real ; and observing that if tan s<f)‘ 
be equal to any given real quantity whatever, then the values of tan^ are all of them 
real, and that tan <f> real gives cos (f> and sin each of them real, and therefore also <f) 
real, it appears that the transformed equation is only real for the transformation 

x + iy : 07 — iy = (cos04-^sin<^)(X-h^F) : (cos0 — ^sin^)(X — ^F), 

wherein (}> is real; and this is nothing else than the real transformation x : y into- 
X cos <f) — Y sin <f> : X sin 4- Fcos Hence neither in the case of the neutral trans- 
formation or in that of the superimaginary transformation can we have an imaginary 
transformation leading to a real equation. 

C. VI. 


24 
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324. There remains only the subimaginary ti'ansformation, viz. this has been reduced 
to X : y into hX : F, the transformed equation is 

(a,...pZ, F)’^-0, 

and this will be a real equation if some power of k (p not greater than n) be 
real, and if the equation (a, 2 /F = 0 contain only terms wherein the index of x 

{or that of y) is a multiple of p. Assuming that it is the index of y which is a 

multiple, the form of the equation is in fact x°‘ = 0, {n = mp 4- a), and the 

transformed equation is F^)”^ = 0, which is a real equation. 

325. It is to be observed that if p be odd, then writing kP=K (K real) and 

taking k' the real p-th root of K, then the very same transformed equation would 

be obtained by the real transformation x : y into k'X : F; so that the equation 
obtained by the imaginary transformation, being also obtainable by a real transfor- 
mation, has the same character as the original equation. 

326. Similarly if p be even, if K be real and positive, the equation k^^ = K has 
a real root k' which may be substituted for the imaginary k, and the transformed 
equation will have the same character as the original equation ; but if K be negative, 
say K— — 1 (as may be assumed without loss of genei'ality), then there is no real 
transformation equivalent to the imaginary transformation, and the o(iuation given by 
the imaginary transformation has not of necessity the same chai'actcr as the original 
equation; and there are in fact cases in which the character is altered. Thus if p — 2, 
and the original equation be x y'^y^ = 0, or (x\ ?/“)”*' — 0, then making the transfor- 
mation X : y into iX : F, the tx'ansformed equation will be X — F^y”* = 0 or 
(X'\ — F*y^ = 0, giving imaginary roots X-4*aF^=0 corresponding to real roots — = 


Article No. 327. — Application to the wimliars of a quintic. 

327. Applying what precedes to a quintic equation (a, . . . .^x, yy == 0, this after 
any real transformation whatever will assume the form (a', . . yf = 0 ; and the only 
cases in which we can have an imaginaiy transformation producing a real equation of 
an altered character is when this equation is (a', 0, 0, e , 0][£r', yf = 0 (o' not = 0), or 

when it is (a', 0, 0, 0, 0\x\ yy = Q, viz. when it is ir'(aV'*-|-10cVy®-i- 5c'2/*) = 0, or 

x'{a'x'^+ 5e'y'^)=0. In the latter case the transformation x', f into X *- 1 : F gives the real 
equation X {a'X^ — 5eT^) = 0. I observe however that for the form (a\ 0, 0, 0, e\ (f^x, y)*, 
and consequently for the form {a, ... yY from which it is derived we have 
= 0 ; this case is therefore excluded from consideration. The remaining case is 
(a\ 0, 0, e\ (y^x\ yf = 0, which is by the imaginary transformation x' : f into iX : F 

converted into {a!, 0, — c', 0, e\ 0][X, F)® = 0 ; for the first of the two forms we have 
J’= 16 a'c'e'^ and for the second of the two forms /= — 16 a'c'e'®, that is, the two values 
of J have opposite signs. Hence considering an equation (a, 6, c, r?, e, f\x, yy = 0 for 
which J is not = 0, whenever this is by an imaginary transformation converted into 
a real equation, the sign of J is reversed ; and it follows that, given the values of 
the absolute invariants and the value of J (or what is sufficient, the sign of J), the 
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different real equations which correspond to these data must be derivable one from 
another by real transformations, and must consequently have a determinate character ; 
that is, the Absolute Invariants, and J, constitute a system of auxiliars. 

Annex. — Analytical Theorem in relation to a Binary Quantio of any Order, 

The foregoing theory of the superimaginary transformation led me to a somewhat 
remarkable theorem. Take for example the function 

(a, h, c^oG + 1 — te)-, 

or, as this may be written, 

h 1 

0^ c, a or ( c, 2&, a l)®(a7, 1)®, 

os 26, 2a — 2c, — 26 26, 2a — 2c, — 26 

1 a, — 26, c, a, — 26, c 

then the determinant 

0 , 26, a 

26, 2a — 2c, — 26 
a, — 26, c 

is a product of linear functions of the coefficients (a, 6, c); its value in fact is 
— — 2 (a + c) (a + 2bi + ci®) (a — 2bi + ci®), = — 2 (a 4- c) [(a — c)® 4- 46®]. 

To prove this directly, I write 

a' = a -- 2bi 4- ci®, 

6' = a — ci®, 
c' = a 4“ 26^ 4- ci®, 

and we then have 

c, 26, a 1, 2 , 1 

26, 2a — 2c, —26 0 , — ^ 

a, — 26, c ^®, — 2^®, i^ 

(1, i i% (2, 0, -2^^), (1, -i, i®) 

= (c, 26, a) 

(26, 2a- 2c, -26) 

( a, -26, c) 


i^a\ 


lY , =a'h'c' 


- 2^^ 

2ia ' , 

Oh', 

- 2iG' 

2i, 

0 , — 2i 

a'., 

2b', 

& 

1, 

2 , 1 


24—2 
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whence observing that the determinants 


12 1 
i, -1 } 

i 

P , - 2i\ 

i, 0 , —i 


2i, 0 , -2i 



1 , 2 , 1 


are as 1 : — 2, we have the required relation, 


c, 

26, 


a, 


26, a 

2a — 2c, — 26 
-26, c 


= — 2a'6V, = — 2 (a + c) [(a — of + 


It is to be remarked that the determinant 


1. 

2 , 

1 

, taken as the multiplier of 


26, 

a 

i, 

0 , 

— i 


2&, 

2a — 2c, 

- 26 


- 

2^ 


a, 

-26, 

c 


is obtained by writing therein a — 6 = c, = 1 ; and multiplying the successive lines 
thereof by 1, (1, 1 are the reciprocals of the binomial coefficients 1, 2, 1), the 

proof is the same, and the multiplier is obtained in the like manner for a function 
of any order ; thus for the cubic (a, 6, c, dJA? -i- a?, 1 — hxf^ 





k 

1 

= a? 

- d, 

3c, 

-36, 

a 

a? 

3c, 

— 66 + ^d, 

3a — 6c, 

36 

X 

-36, 

3a — 6c, 

66 - 3d, 

3c 

1 

a, 

36, 

3c, 

d 


the multiplier is obtained from the determinant by writing therein a==6 = c==cJ=l, 
and multiplying the successive lines by 1, viz. the multiplier is 


1 

3, 

- 3, 

1 


-i, 

— 2, 

2 


-i“. 

i\ 

2“ 

i\ 

3^\ 

32®, 

2^ 


and the value of the determinant is found to be 

9 (a — 362 + 3 c 2 ® — di^) (a — bi — + di^) {a + hi — ci® — di?) (a + 862 + Sci^ + di% 

= 9 ((a - 3c)» + (36 - df) {{a + c)* + ^6 + df). 
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But the theory may be presented under a better form ; take for instance the cubic, 
viz. writing - and j for x and k respectively, we have (a, 6, c, d^y + te, Zy — kxy 



■ k? 

k^i 

W 


01 ? 

- d. 

•3c, 

-Zb, 

a 

a^ij 

3c, 

- 66 + M, 

Sa — 6c, 

36 

xy^ 

-36, 

3a — 6c, 

66 — 3d, 

3c 

t 

a. 

36, 

3c, 

d 


a bipartite cubic function {^^k, yf\ the determinant formed out of the 

matrix is at once seen to be an invariant of this bipartite cubic function. 

Assume now that we have identically 

(a, h, c, d'^x, yf={a', V, c', d'\^{x + iy), l{x-iy)y, 
viz. this equation written under the equivalent form 

(a!, V, o', d'^X, Yf = {a, b, c, d^X+ Y, i(X-Y)y, 
determines (a', b\ c\ d!) as linear functions of (a, h, c, d), it in fact gives 
a' = (a, 6, c, djl, — if = a — Zhi + Zci^ — di®, 

V = (a, 6, c, d][l, if (1, i) = a — hi— 4* di^ 

c' — (a, 6, c, d][l, — i) (1, if = a+ hi— — di^, 

d' = (a, 6, c, d][l, i)® = a 4* + Zd^ 4- di®, 

then observing that ky lx ± i {ly — kx) — { x ± iy) (4 ik + Z), we have 

(a, 6, c, dJAry + i®, ly-kxy = {a', ¥, o', d'^^ (x + iy) (- ik + 1), ^{x - iy) {ik + l))\ 
and if in the expression on the right-hand side we make the linear transformations 

x-\-iy = a:' V 2 , ~ ik + 1 A/ V2, 

X — iy-^ — vif V 2 , ik + l = — V2, 

which are respectively of the determinant -hi, the transformed function is 

= («', V, o', d'^kfx!, -I'y'f, 

that is, we have 

(a, 6, c, d'i§Jey + h), ly — kx'f = {a', V, o', d''^'x', — I'y'f. ^ 
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The last-mentioned function is 


k'-’ k'-V k’l'- 


xy 

xY- 

r 


Gb • ■ • 

. -36' 

. * 4" Sc* • 


and (from the invariantive property of the determinant) the original determinant is 
equal to the determinant of this new form, viz. we have 


- d, 

3g, 

-36, 

a 

1 = i)a'b'c'd\ 

Sc, 

— bh 4“ 3d, 

3cr. — ()C, 

36 

\ 

— 36, 

3a — 6c , 

C6 - 3rf, 

3c 


a, 

36, 

3c, 

d 



= 9 [(a - Sc)“ 4- (36 - dy] [(a + cf 4- (6 4- dy]. 


which is the required theorem. And the theorem is thus exhibited in its true 
connexion, as depending on the transformation 


Addition, Tth October, 1867. 

Since the present Memoir was written, there has appeared the valuable paper by 
MM. Clebsch and Gordan ** Sulla rappresentazione tipica dellc form(^ binarie,” Arumli 
di 3Tate7natica, t. I. (1867) pp. 23 — 79, relating to the binary (juintic and sextic. On 
reducing to the notation of the present memoir the formula 95 for the representation 
of the quintic in terms of the covariants a, which should give for (a, b, c, d, e, f) 
the values obtained ante, No. 312, I find a vsomewhat different system of values; viz. 
these are 


36a *= 


361) - 

360-* 


36d 

36e 



36f 


A^jB -t- 

1 

*A*I - 1 

AUi ^ 

1 

*A^I ■ 1 

A^n 


1 

*A^I 

«1 

A^C + 

1 

A<‘BI- 3 

A^C + 

1 

Alii - 3 

A*G 

+ 

1 

ABI 

3 

A^& + 

6 

*ACI + 24 

A*B^ -(- 

6 

*CI + 12 



6 



A^BC- 

39 


AWC ~ 

27 


A^BC 


16 



A^B^ + 

9 


AW + 

9 


Ali^ 

+ 

9 


1 

A^C^ - 

64 


A^(P - 

42 


A(B 


30 



AVi^C- 

126 


*AJPC~ 

90 


*B^C 


64 



AB(P + 

288 


BC* -hl44 







-1-1162 

1 



1 







where I have distinguished with an asterisk the terms which have different coefRciontH 
in the two formulae. I cannot at present explain this discrepancy. 
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ON THE CUEVES WHICH SATISFY GIVEN CONDITIONS. 

[From the Philosophical Transactions of the Royal Society of London, vol. CLViii. (for the 
year 1868), pp. 75 — 143. Received April 18, — ^Read May 2, 1867.] 

The present Memoir relates to portions only of the subject of the curves which 
satisfy given conditions ; but any other title would be too narrow : the question chiefly 
considered is that of finding the number of the cuxwes which satisfy given conditions; 
the curves are either curves of a determinate order r (and in this case the conditions 
chiefly considered are conditions of contact with a given curve), or else the curves are 
conics; and here (although the conditions chiefly considered are conditions of contact 
with a given curve or curves) it is necessary to consider more than in the former 
case the theory of conditions of any kind whatever. As regards the theory of conics, 
the Memoir is based upon the researches of Chasles and Zeuthen, as regards that of 
the curves of the order r, upon the researches of De Jonqui^res; the notion of the 
quasi-geometrical representation of conditions by means of loci in hyper-space is 
employed by Salmon in his researches relating to the quadric surfaces which satisfy 
given conditions. The papers containing the researches referred to are included in the 
subjoined list. I reserve for a separate Second Memoir the application to the present 
question, of the Principle of Correspondence. 

List of Memoirs and Works relating to the Curves which satisfy given conditions, 

with remarks. 

De Jonquiferes: “Thdor^mes g^ndraux concemant les courbes gdomdtriques planes 
d'un ordre quelconque,” lAouv. t. vi. (1861), pp. 113 — 134. In this valuable memoir is 
established the notion of a series of curves of the index N ; viz. considering the curves 
of the order n which satisfy + conditions, then if N denotes how many 

there are of these curves which pass through a given arbitrary point, the series is 
said to be of the index JV. 

In Lemma IV it is stated that all the curves (7^ of a series of the index N can 
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be analytically represented by an equation F{y, x) = 0, which is rational and integral 
of the degree N in regard to a variable parameter \ : this is not the case ; see 
Annex No. 1. 

Chasles: Various papers in the Gomptes Rendus, t. LVIII. et seq, 1864 — 67. The 
first of them (Feb. 1864), entitled “ Ddtei'mination du nombre des sections coniques 
qui doivent toucher cinq courbes donndes d’ordre quelconque, on satisfaire k diverses 
autres conditions,” establishes the notion of the two characteristics (/a, v) of a system 
of conics which satisfy four conditions ; viz. pL is the number of these conics which 
pass through a given arbitrary point, and v the number of them which touch a given 
arbitrary line. The Principle of OoiTespondence for points on a line is established in 
the paper of June — July 1864. Many of the leading points of the theory are repro- 
duced in the present Memoir. The series of papers includes one on the conics in space 
which satisfy seven conditions (Sept. 1865), and another on the surfaces of the second 
order which satisfy eight conditious (Feb. 1866). 

Salmon; On some Points in the Theory of Elimination,” Quart Math. Joimi. 
t. VII. pp. 327 — 837 (Feb. 1866); "'On the Number of Surfaces of the Second Degree 

which can be described to satisfy nine Conditions,” Ibid. t. viii. pp. 1 — 7 (June 1866), 

which two papers are here referred to on account of the notion which they establish 
of the quasi-geometrical representation of conditions by means of loci in hyper-space. 

Zeuthen; Nyt Bidrag ... Contribution to the Theory of Systems of Conics which 
satisfy four conditions, 8°. pp. 1—97 (Copenhagen, Cohen, 1865), translated, with an 
addition, in the Moiivelles AnTiales. 

The method employed depends on the determination of the line-pairs and point- 
pairs, and of the numerical coefficients by which these have to be multiplied, in the 
several systems of conics which satisfy four conditions of contact with a given curve 
or curves. It is reproduced in detail, with the enumeration called ‘^Zeuthen’s Capitals,” 
in the present Memoir. 

Cayley: “Sur les coniques ddtermindes par cinq conditions d’intersection avec une 
courbe donnee,” Gomptes Rendiis, t, Lxiii. pp. 9—12, July 1866. Results reproduced in 
the present Memoir. 

De Jonquikes; Two papers, Gomptes Rendus, t. LXiii. Sept. 1866, reproduced and 
further developed in the *‘Memoire sur les contacts multiples d’ordre quelconque des 
courbes du degr^ r qui satisfont ^ des conditions . donnees de contact avec une courbe 
tixe du degrd m; suivi de quelques reflexions sur la solution dun grand nombre de 
questions conceinant les propriet^s projectives des courbes et des surfaces alg^briques,” 
Co-'eUe, t. Lxvi. (1866), pp. 289 — 322, — contain a general formula for the number of curves 
G^ having contacts of given orders a, 6, c, . . with a given curve which formula 
is referred to and considered in the present Memoir. 

De Jonquiferes: Recherches sur les sdries ou systbmes de courbes et de surfaces 
alg^briques d’ordre quelconque; suivies dune r4ponse &c. 4°. Paris, Gauthier Villars 
1866(0. 

1 The foregoing list is uot complete, and the remarks are not intended to give even a sketch of the coc^ 
tents of the vrorks comprised therein, but only to show their bearing on the present Memoir. 
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Article Nos. 1 to 28 . — On the quasi-geometrical representation of Conditions* 

1. A condition imposed upon a subject gives rise to a relation between the 

parameters of the subject; for instance, the subject may be, as in the present Memoir, 
a plane curve of a given order, and the parameters be any arbitrary parameters con- 
tained in the equation of the curve. The condition may be onefold, twofold,... or, 
generally, A;-fold, and the corresponding relation is onefold, twofold,... or A;-fold accord- 
ingly* Two or more conditions, each of a given manifoldness, may be regarded as 
forming together a single condition of a higher manifoldness, and the corresponding 
relations as forming a single relation; and thus, though it is often convenient to con- 
sider two or more conditions or relations, this case is in fact included in that of a 
A?-fold condition or relation. In dealing with such a condition or relation it is assumed 
that the number of parameters is at least for otherwise there would not in 

general be any subject satisf3n.ng the condition: when the number of parameters is 
= A, the number of subjects satisfying the condition is in general determinate. 

2. A subject w-hich satisfies a given condition may for shortness be termed a 
solution of the condition ; and in like manner any set of values of the parameters 
satisfying the corresponding relation may be termed a solution of the relation. Thus 
for a ^-fold condition or’ relation, and the same number h of parameters, the number 
of solutions is in general determinate. 

3. A condition may in some cases be satisfied in more than a single way, and 

if a certain way be regarded as the ordinary and proper one, then the others are 
special or improper : the two epithets may be used conjointly, or either of them 
separately, almost indifferently. For instance, the condition that a curve shall touch a 
given curve (have with it a two-pointic intersection) is satisfied if the curve have 
with the given curve a proper contact; or if it have on the given curve a node or 
a cusp (or, more specially, if it be or comprise as part of itself two coincident curves) ; 
or if it pass through a node or a cusp of the given curve : the first is regarded as 

the ordinary and proper way of satisfying the condition; the other two as special or 

improper ways; and the corresponding solutions are ordinary and proper solutions, or 

special or improper ones accordingly. This will be further explained in speaking of 

the locus which serves for the representation of a condition. 

4. A set of any number, say of parameters may be considered as the coordi- 

nates of a point in ct>-dimensional space; and if the parameters are connected by a 
onefold, twofold, ... or &-fold relation, then the point is situate on a onefold, twofold, . . . 
or A;- fold locus accordingly ; to the relation made up of two or more relations corresponds 
the locus which is the intersection or common locus of the loci corresponding to the 
several component relations respectively. A locus is at most ©-fold, viz. it is in this 
case a point-system. The relation made up of a- A-fold relation, an ?-fold relation, &c., is 
in general (^r -h ^ &c.) fold, and the corresponding locus is (Jc I + &c.) fold accordingly. 

5. The order of a point-system is equal to the number of the points thereof, 
where, of course, coincident points have to be attended to, so that the distinct points 
of the system may have to be reckoned each its proper number of times. The locus 

c. VI. 25 
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corresponding to any linear y-fold relation between the coordinates is said to be a j-fold 
omal locus; and if to any given Z?-fold relation we join an arbitrary (oo — k) Md linear 
relation, that is, intersect the A;-fold locus by an arbitrary (co — k) fold omal locus, so as 
to obtain a point-system, the order of the A-fold relation or locus is taken to be 
equal to the number of points of the point-system, that is, to the order of the point- 
system. And this being so, if a yfc-fold relation, an Z-fold relation, &c. are completely 
independent,' that is, if they are not satisfied by values which satisfy a less than 
(jc ^ I fee.) fold relation, or, what is the same thing, if the &-fold locus, the Z-fold 
locus, &c., have no common less than (A -f Z -f- &c.) fold locus, then the relations make 
up together a (A + Z + &c.) fold relation, and the loci intersect in a (A Z &c.) fold 
locus, the orders whereof are respectively equal to the product of the orders of the 

given relations or loci. In particular if we have A + Z -f- &c. = co, then we have an 

co-fold relation, and corresponding thereto a point-system, the orders whereof are 
respectively equal to the product of the orders of the given relations or loci. 

6. A A-fold relation, an Z-fold relation, &c., if they were together equivalent to a 

less than (A H- Z + &c.) fold relation, would not be independent; but the relations, assumed 
to be independent, may yet contain a less than (k-\-l + &c.) fold relation, that is, they 
may be satisfied by the values which satisfy a certain less than (A -h Z + &c.) fold relation 
(say the common relation), and exclusively of these, only by the values which satisfy 
a proper (k + l+ &c.) fold relation, which is, so to speak, a residual equivalent of the 
given relations. This is more clearly seen in regard to the loci; the A-fold locus, the 

Z-fold locus, &c. may have in common a less than (A -h Z -f &c.) fold locus, and besides 

intersect in a residual (A + Z-h&c.) fold locus. (It is hardly necessary to remark that 
such a connexion between the relations is precisely what is excluded by the foregoing 
definition of complete independence.) In particular if A -4- Z H- &c. = o), the several loci 
may intersect, say in an {co — j) fold locus, and besides in a residual cw-fold locus, or 
point-system. The order (in any such case) of the residual relation or locus is equal 
to the product of the orders of the given relations or loci, less a reduction depending 
on the nature of the common relation or locus, the determination of the value of 
which reduction is often a complex and difficult problem, 

7. Imagine a curve of given order, the equation of which contains co arbitrary 
parameters : to fix the ideas, it may be assumed that these enter into the equation 
rationally, so that the values of the parameters being given, the curve is uniquely 
determined. Suppose, as above, that the parameters are taken to be the coordinates 
of a point in ©-dimensional space; so long as the curve is not subjected to any 
condition, the point in question, say the parametric point, is an arbitrary point in the 
©-dimensional space; but if the curve be subjected to a onefold, twofold,... or A-fold 
condition, then we have a onefold, twofold,... or A-fold relation between the parameters, 
and the parametric point is situate on a onefold, twofold,... or A-fold locus accordingly: 
to each position of the parametric point on the locus there corresponds a curve 
satisfying the condition, that is, a solution of the condition. In the case where the 
condition is ©-fold, the locus is a point-system, and corresponding to each point of 
the point-system we have a solution of the condition; the number of solutions is 
equal to the number of points of the point-system. 
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8. Considering the general case where the condition, and therefore also the locus, 
is ^-fold, it is to be observed that every solution whatever, and therefore each special 
solution (if any), corresponds to some point on the A:-fold locus ; we may therefore have 
on the ^-fold locus what may be termed ^‘special loci,” viz. a special locus is a locus 
such that to each point thereof corresponds a special solution. A special locus may of 
course be a point -system, viz. there are in this case a determinate number of special 
solutions corresponding to the several points of this point-system. We may consider 
the other extreme case of a special ^;-fold locus, viz. the A-fold locus of the parametric 
point may break up into two distinct loci, the special ^-fold locus, and another A;-fold 
locus the several points whereof give the ordinary solutions: we can in this case get 
rid of the special solutions by attending exclusively to the last-mentioned 4-fold locus 
and regarding it as the proper locus of the parametric point. But if the special locus 
be a more than 4-fold locus, that is, if it be not a part of the 4-fold locus itself, but 
(as supposed in the first instance) a locus on this locus, then the special solutions cannot 
be thus got rid of: we have the 4-fold locus of the parametric point, a locus such 
that to every point thereof there corresponds a proper solution, save and except that 
to the points lying on the special locus there correspond special or improper solutions. 
It is to be noticed that the special locus may be, but that is not in every case, a 
singular locus on the 4-fold locus. 

9. Suppose that the conditions to be satisfied by the curve are a 4-fold condition, 
an Z-fold condition, &o. of a total manifoldness =a>. If the conditions are completely 
independent (that is, if the corresponding relations, ante, No. 5, are completely indepen- 
dent), we have a 4-fold locus, an Z-fold locus, &c., having no common locus other than 
the point-system of intersection, and the number of curves which satisfy the given 
conditions, or (as this has been before expressed) the number of solutions, is equal to 
the number of points of the point-system, or to the order of the point-system, viz. it 
is equal to the product of the orders of the loci which correspond* to the several con- 
ditions respectively; among these we may however have special solutions, corresponding 
to points situate on the special loci upon any of the given loci; but when this is 
the case the number of these special solutions can be separately calculated, and the 
number of proper solutions is equal to the number obtained as above, less the number 
of the special solutions. 

10. If, however, the given conditions are not completely independent (that is, if 
the corresponding relations are not completely independent), then the 4-fold locus, 
the Z-fold locus, &c. intersect in a common (c*)— y)fold locus, and besides in a residual 
point-system. The several points of the {w — y) fold locus give special solutions — ^in fact 
the very notion of the conditions being properly satisfied by a curve implies that the 
curve shall satisfy a true (4 -f Z -h &c.) fold, that is, a true c«>-fold condition ; the proper 
solutions are therefore comprised among the solutions given by the residual point- 
system, and the number of them is as before equal to the order of the point-system, 
or number of the points thereof, less the number of points which give special solutions: 
the order of the point-system is, as has been seen, equal to the product of the orders 
of the 4-fold locus, the Z-fold locus, &c., less a reduction depending on the nature of 

25—2 
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the common (co — J) fold locus, and the difficulty is in general in the determination of 
the value of this reduction. 


11. In all that precedes, the number of the parameters has been taken to be c» ; 
but if the parameters are taken to be contained in the equation of the curve homo- 
geneously, then the parameters before made use of are in fact the ratios of these 
homogeneous parameters; and using the term henceforward as referring to the homo- 
geneous parameters, the numbers of the parameters will be = co + 1. 

12. I assume also that the equation of the curve contains the parameters linearly : 
this being so, the condition that the curve shall pass through a given arbitrary point 
implies a linear relation between the parameters; and the condition that the curve 
shall pass through j given points, a j-fold linear relation between the parameters. It 
follows that the number of the curves which satisfy a given ^-fold condition, and besides 
pass through (o — k given points, is equal to the order of the fc-fold relation, or of the 
corresponding ^-fold locus; and thus if we define the order of the A-fold condition to be 
the number of the curves in question, the condition, relation, and locus will be all of 
fche same order, and in all that precedes we may (in place of the order of the relation 
or of the locus) speak of the order of the condition. Thus, subject to the modifications 
occasioned by common loci and special solutions as above explained, the order of the 
(feq-Z + &c.)fold condition made up of a /y-fold condition, an Z-fold condition, &c., is 
equal to the product of the orders of the component conditions; and in particular if 
A + Z + &c. = <i), then the order of the a)-fold condition, or number of the solutions thereof, 
is equal to the product of the orders of the component conditions. 

13. The conditions to be satisfied by the curve may be conditions of contact with 
a given curve or curves. In particular if the curve touch a given curve, the para- 
metric point is then situate on a onefold locus. It is to be noticed in reference hereto 
that if the given curve have nodes or cusps, then we have special solutions, viz. if 
the sought for curve passes through a node or a cusp of the given curve; and each 
such node or cusp gives rise to a special onefold locus, presenting itself in the first 
instance as a factor of the onefold locus of the parametric point; this is, however, a 
case where the special locus is of the same manifoldness as the general locus (a 7 ite, 
No. 8), and is consequently separable; throwing off therefore all these special loci, we 
have a onefold locus which no longer comprises the points which correspond to curves 
passing through a node or a cusp of the given curve; the onefold locus, so divested 
of the special onefold factors, may be termed the contact-locus ” of the given curve. 
To each point of the contact-locus there corresponds a curve having with the given 
curve a two-pointic intersection, viz. this is either a proper contact, or it is a special 
contact, consisting in that the sought for curve has on the given curve a node or 
cusp, or (which is a higher speciality) in that the sought for curve is or contains as 
part of itself two or more coincident curves (ante, No. 3). To a point in general on 
the contact-locus there corresponds a curve having a proper contact with the given 
curve, save and except that to each point on any one of certain special loci on the 
contact-locus there corresponds a curve having some kind of special contact as above 
with the given curve. To fix the ideas, it may be mentioned that for the curves of 
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the order r which touch a given curve of the order m and class n, the order of the 
contact-locus is = -f- (2r — 2) m. 

14. If, then, the curve touch a given curve, the parametric point is situate on the 
contact-locus of that curve. If it touch a second given curve, the parametric point is 
in like manner situate on the contact-locus of the second given curve, that is, it is 
situate on the twofold locus which is the intersection of the two contact-loci; and the 
like in the case of any number of contacts each with a distinct given curve. But if the 
curve, instead of ordinary contacts with distinct given curves, has either a contact of 
the second, or third, or any higher order, or has two or more ordinary or other contacts 
with the same given curve, then if the total manifoldness be =h, the parametric point 
is situate on a ^;-fold locus, which is given as a singular locus of the proper kind on 
the onefold contact-locus ; so that the theory of the contact-locus corresponding to the 
case of a single contact with a given curve, contains in itself the theory of any 
system whatever of ordinary or other contacts with the same given curve, viz. the 
last-mentioned general case depends on the discussion of the singular loci which lie on 
the contact- locus. And similarly, if the curve has any number of ordinary or other 
contacts with each of two or more given curves, we have here to consider the inter- 
sections of singular loci lying on the contact-loci which correspond to the several given 
curves respectively,, or, what is the same thing, to the singular loci on the intersection 
of these contact-loci ; that is, the theory depends on that of the contact-loci which 
belong to the given curves respectively. 

15. Suppose that the curve which has to satisfy given conditions is a line ; the 

equation is ax-{-hy + cz— 0, and the parameters (a, 6, c) are to be taken as the 

coordinates of a point in a plane. Any onefold condition imposed upon the line 
establishes a onefold relation between the coordinates (a, 6, c), and the parametric point 
is situate on a curve; a second onefold condition imposed on the line establishes a 
second onefold relation between the coordinates (a, 6, c), and the parametric point is 
thus situate on a second curve ; it is therefore determined as a point of intersection 
of two ascertained curves. In particular if the condition imposed on the line is that 
it shall touch a given curve, the locus of the parametric point is a curve, the con- 
tact-locus; (this is in fact the ordinary theory of geometrical reciprocity, the locus in 
question being the reciprocal of the given curve ;) and the case of the twofold condition 
of a contact of the second order, or of two contacts, with the given curve, depends 

on the singular points of the contact-locus, or reciprocal of the given curve ; in fact 

according as the line has a contact of the second order, or has two contacts with the 
given curve (that is, as it is an inflexion-tangent, or a double tangent of the given 
curve), the parametric point is a cusp or a node on its locus, the reciprocal curve: this 
is of course a fundamental notion in the theory of reciprocity, and it is only noticed 
here in order to show the bearing of the remark {ante, No. 14) upon the case now 
in hand where the curve considered is a line. 

16. If the curve which has to satisfy given conditions is a conic 

(a, 0, /, g. hjx, y, zf = 0, 

we have here six parameters {a, b, c, /, g, h), which are taken as the coordinates of a 
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point in 5-dimensional space. It may be remarked that in this 5-dimensional spaice we 
have the onefold cubic locus ahc- ^fgh=:^0, which is such that to any 
position of the parametric point upon it there corresponds not a proper conic but a 
line-pair; this may be called the discriminant-locus. We have also the threefold locus 
the relation of which is expressed by the six equations 

(6c~/^==0, ca-g^-O, ah-h^ — O, gh-af-0, hf-hg-O, fg-ch-0), 

which is such that to any position of the parametric point thereon, there corresponds 
not a proper conic but a coincident line-pair. I call this the Bipoint-locus (^), and 
I notice that its order is =4; in fact to find the order we must with the equations 
of the Bipoint combine two arbitrary linear relations, 

(* b, c, /, g, h) = 0, 

6, c, /, g, /0=0; 

the equations of the locus are satisfied by 

a : b : c : f : g : Ji=== OL^ : ^ : <y^ : By : yot : a/3 

(where a : yS : 7 are arbitrary) ; and substituting these values in the linear relations, 
we have two quadric equations in (a, /3, 7), giving four values of the set of ratios 
(a : yS : 7) ; that is, the order is = 4, or the Bipoint is a threefold quadric locus. 

17, The discriminant-locus does not in general present itself except in questions 
where it is a condition that the conic shall have a node (reduce itself to a line-pair); 
thus for the conics which have a node and touch a given curve (m, ?i), or, what is the 
same thing, for the line-pairs which touch a given curve (m, ii), the parametric point is 
here situate on a twofold locus, the intersection of the discriminant-locus with the con- 
tact-locus. It may be noticed that this twofold locus is of the order 3 (n -h 2m), but 
that it breaks up into a twofold locus of the order 3?i, which gives the proper solutions; 
viz. the nodal conics which touch the given curve properly, that is, one of the two 
lines of the conic touches the curve ; and into a twice repeated twofold locus of the 
order 3m which gives the special solutions, viz. in these the nodal conic has with the 
given curve a special contact, consisting in that the node or intersection of the two 
lines lies on the given curve. By way of illustration see Annex No. 2. But the con- 
sideration of the Bipoint-locus is more frequently necessary. 

18. Suppose that the conic satisfies the condition of touching a given curve; the 
parametric point is then situate on a onefold contact-locus (a, b, c, f, g, h)^ = 0 (to fix 
the ideas, if the given curve is of the order m and class n, then the order q of the 
contact-locus is + 2m). The contact-locus of any given curve whatever passes 
through the Bipoint-locus; in fact to each point of the Bipoint-locus there corresponds 
a coincident line-pair, that is, a conic which (of course in a special sense) touches the 
given curve whatever it be; and not only so, but inasmuch as we have a special 

1 In framing the epithet Bipoint, the coincident line-pair is regarded as being really a point-pair: see 
po/rt, No. 30. 
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contact at each of the points of intersection of the given curve with the coincident 
line-pair regarded as a single line, that is, in the case of a given curve of the m-th 
order, m special contacts, the Bipoint-locus is a multiple curve on the corresponding 
contact-locus. 

19. If the conic has simply to touch a given curve of the order mi and class then 

the order of the condition (or number of the conics which satisfy the condition, and 
besides pass through four given points) is equal to the order of the contact-locus, that 

is, it is =ni-f2??ii. If the conic has also to touch a second given curve of the order 

ma and class then the order of the twofold condition (or number of the conics 
which satisfy the twofold condition, and besides pass through three given points) is 

equal to the order of the intersection or common locus of the two contact-loci; and 
these being of the orders -f ^rrii and -h 2 m 2 respectively, the order of the intersection 
and therefore that of the twofold condition is = (?Zi + 2mi) (n^ -h 21712 ). But in the next 

succeeding case it becomes necessary to take account of the singular locus. 

20. If the conic has to touch three given curves of the order and class (?%, 

(ma, Wa), (ms, TZs) respectively, we have here three contact-loci of the orders 7Zi + 2mi, 
ii 2 + 2 m 2 , Tis-f 2 m 3 respectively; these intersect in a threefold locus, but since each of 
the contact-loci passes through the threefold Bipoint-locus, this is part of the intersection 
of the three contact-loci; and not only so, but inasmuch as they pass through the 

Bipoint-locus m^ mg, ms times respectively, the Bipoint-locus must be counted 

times, and its order being =4, the intersection of the contact-locus is made up of the 
Bipoint reckoning as a threefold locus of the order and of a residual three- 

fold locus of the order 

(?2i -h 2mi) (na H- 2m^ {n^ + 21712 ) — 4mim2m8, 

= 7^l 772^3 + 2 (nj^nzins -f &c.) + 4 + &c.) -f 4mim2ms ; 

and the order of the threefold condition (or number of the conics which touch the 
three given curves, and besides pass through two given points) is equal to the order 
of the residual threefold locus, and has therefore the value just mentioned. 

21. In going on to the cases of the conics touching four or five given curves, 

the same principles are applicable ; the contact-loci have the Bipoint (a certain number 
of times repeated) as a common threefold locus, and they besides intersect in a residual 
fourfold or (as the case is) fivefold locus, and the order of the condition is equal to 
the order of this residual locus; but the determination of the order of the residual locus 
presents the difficulties alluded to, ante. No. 10. I do not at present further examine 
these cases, nor the cases of the conics which have with a given curve or curves 

contacts of the second or any higher order, or more than a single contact with the 

same given curve. 

22. The equation of the conic has been in all that precedes considered as con- 
taining the six parameters (a, 6, c, /, g, A); but if the question as originally stated 
relates only to a class of conics the equation whereof contains linearly 2, 3, 4, or 5 
parameters, or if, reducing the equation by means of any of the given conditions, it 
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can be brought to the form in question, then in the latter case we may employ the 

equation in such reduced form, attending only to the remaining conditions ; and in 
either case we have the equation of a conic containing linearly 2, 3, 4, or 5 parameters, 
which parameters are taken as the coordinates of a point in 1-, 2-, 3-, or 4-dimensional 
space, and the discussion relates to loci in such dimensional space. This is in fact 
what is done in Annex No. 2 above referred to, where the conics considered being 
the conics which pass through three given points, the equation is taken to be 

fyz-\-gzx -\-hxy and we have only the three parameters A); and also in 

Annex No. 3, where the conics pass through two given points, and are represented by 
an equation containing the four parameters (a, 6, c, h ) : I give this Annex as a some- 
what more elaborate example than any which is previously considered, of the application 
of the foregoing principles, and as an investigation which is interesting for its own 
sake. See also Annexes 4 and 5, which contain other examples of the theory. The 
remark as to the number of parameters is of course applicable to the case where the 

curve which satisfies the given conditions is a curve of any given order r \ the 

number of the parameters is here at most =|- (r -f 1) (r -h 2), and the space therefore 

at most ^ r (r + 3) dimensional ; but we may in particular cases have ct) H- 1 parameters, 
the coordinates of a point in ct)-dimensional space, where o) is any number less than 
J r(r + 3). 

23. I do not at present consider the case of a cuiwe of the order r, or further 

pursue these investigations; my object has been, not the development of the foregoing 
quasi-geometrical theory, so as to obtain thereby a series of results, but only to sketch 
out the general theory, and in particular to establish the notion of the order of con- 
dition, and to show that, as a rule (though as a rule subject to very frequent exceptions), 
the order of a compound condition is equal to the product of the orders of the 

component conditions. The last-mentioned theorem seems to me the true basis of the 
results contained in a subsequent part of this paper in connexion with the formulae 
of De Jonquiferes, post, No. 74 et seq. But I now proceed to a different part of the 
general subject. 

Article Nos. 24 to 72. — Reproduction and Development of the Researches of 

Chasles and Zeuthen. 

24. The leading points of Chasles’s theory are as follows: he considers the conics 

which satisfy four conditions (4X), and establishes the notion of the characteristics 
(fM, v) of such a system, viz. /u., = (4Z •), denotes the number of conics in the system 
which pass through a given (arbitrary) point, and v, the number of conics in 

the system which touch a given (arbitrary) line. We may say that yb is the parametric 
order, and v the parametric class of the system. 

25. The conics 

(.■./), (://), (•///), (////) 

which pass through four given points, or which pass through three given points and 
touch a given line, &c., ... or touch four given lines, have respectively the characteristics 

(1, 2), (2, 4), (4, 4), (4, 2), (2, 1). 
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26. A single condition {X) imposed upon a conic has two representative numbers, 
or simply representatives, (a, ^); viz. if {4^Z) be an arbitrary system of four conditions, 
and (/X., v) the characteristics of {^Z\ then the number of the conics which satisfy 
the five conditions (X, 4X) is = a/x + ^v, 

27. As an instance of the use of the characteristics, if X, X\ X”, X”\ X"" be 

any five independent conditions, and (a, /9), ... {d"\ the representatives of these 

conditions respectively, then the number of the conics which satisfy the five conditions 
(X, X\ X'\ X"\ X"") is 

= (1, 2, 4, 4, 2, /3)(a', /S') (a", /S"") 

viz. this notation stands for + 2SaaW''y8'''^.. + 

28. In particular if X be the condition that a conic shall touch a given curve 
of the order m and class 7i, then the representatives of this condition are (n, m), 
whence the number of the conics which touch each of five given curves (m, ?^), ... 
(m"", 7i"") is 

= (1, 2, 4, 4, 2, m)(n\ m"")- 

29. A system of conics (4X) having the characteristics (fi, v), contains 

2v — fjL line-pairs, that is, conics each of them a pair of lines; and 

— v point-pairs, that is, conics each of them a pair of points (coniques 
infiniment aplaties), 

80. I stop to further explain these notions of the line-pair and the point-pair; 
and also the notion of the line-pair-point. 

A conic is a curve of the second order and second class; qud, curve of the second 
order it may degenerate into a pair of lines, or line-pair (but the class is then = 0) : 
qud curve of the second class it may degenerate into a pair of points, or point-pair 
(but the order is then = 0). The two lines of a line-pair may be coincident, and 
we have then a coincident line-pair; such a line-pair (it must I think be postulated) 
ordinarily arises, not from a line-pair the two lines of which become coincident, but 
fi:om a proper conic, flattening by the gradual diminution of its conjugate axis, while 
its transverse axis remains constant or approaches a limit different fi'om zero; the 
conic thus tends (not to an indefinitely extended but) to a terminated line Q ) ; in other 
words, the tangents of the conic become more and more nearly lines through two fixed 
points, the tenninations of the terminated line; and these terminating points, which 
continue to exist up to the instant when the conjugate axis takes its Kmiting 
value = 0, ai*e regarded as still existing at this instant, and the coincident line-pair 
as being in fact the point-pair formed by the two terminating points. Similarly the 
two points of a point-pair may be coincident, and we have then a coincident point- 

^ A line is regarded as extending from any point A tkereof to B, and then in the same direetion, from B 
through infinity to A ; it thus consists of two portions separated by these points ; and considering either portion 
as removed, the remaining portion is a terminated line. 

C. VI. 


26 
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pair; such a point-pair (it must in like manner be postulated) ordinarily arises, not 
from a point-pair the two points of which become coincident, but from a proper conic 
sharpening itself to coincide with its asymptotes, and so becoming ultimately a pair 
of lines through the coincident point-pair; and the coincident point-pair is regarded 
as being in fact the line-pair formed by some two lines through the coincident point- 
pair. 

31. In accordance with the foregoing notions we may with propriety, and it will 
in the sequel be found convenient to speak of a point-pair as a line terminated by 
two points on this line, and similarly to speak of a line- pair as a point terminated 
(that is, the pencil of lines through the point is terminated) by two lines through the 
point. 

32. If in a point-pair thus considered as a line terminated by two points the 
two points become coincident (the line continuing to exist as a definite line), or, what 
is the same thing, if in a line-pair thus considered as a point terminated by two 
lines, the two lines become coincident (the point continuing to exist as a definite 
point), we have a ‘‘line-pair-point;” viz. this is at once a coincident line-pair and a 
coincident point-pair; it may also be regarded as the limit of a conic the axes of 
which, and the ratio of the conjugate to the transverse axis, all ultimately vanish : 
it may be described as a line terminated each way at a point thereof, or as a point 
terminated each way at a line through it. The notion of a line-pair-point first 
presents itself in Zeuthen’s researches, as will presently appear; but it may be noticed 
here that line-pair-points, and these the same line-pair-points, may present themselves 
among the 2i/ — /a line-pairs, and among the 2fjb — v point-pairs of the system of conics 4X. 

33. Eetuming to the foregoing theory of characteristics, I remark that the funda- 
mental notion may be taken to be, not the characteristics (yLt, v) of the conics which 
satisfy four conditions, but in every case the number of the conics which satisfy five 
conditions. Thus for the conics not subjected to any condition, we may consider the 
symbols 

(:•:), (::/). (•••//), (:///). (■/Ill), (Hill) 

denoting the number of the conics which pass through five given points, or which 
pass through four given points and touch a given line, &c. or which touch five 
given lines; these numbers are respectively 

= 1, 2, 4, 4, 2, 1. 

So for the conics which satisfy a given condition X, or two conditions 2X, , or five 

conditions 5X, we have respectively the numbers 

X (://), (•///), (////> 

2X, (:/), (•//), (HD 

3X, (:), (./), (//) 

(•), ( /) 

6X, 
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where the X, 2X, &c. belong to the symbols which follow: read (X::), (X.*./), &e., 
or, as we may for shortness represent them. 


, V 

viz. the single condition X has the five characteristics (ya'", . . . r""'), . . . ; the four 
conditions 4X, the characteristics (ytt, v) as in the original theory ; and the five 
conditions 5X a single characteristic fjbQ. 

34. We thus see the origin of the notion of the representatives (a, yS) of a 
single condition X ; for considering the arbitrary four conditions 4^, the characteristics 
whereof are (yu», v), and assuming that the single characteristic, or number of the conics 
(X, 4^Z)y is = aya H- ySz/, and taking for (4^) successively the conditions 

00, O-./X 0//X (•///)> (////X 

having respectively the characteristics 

(1, 2), (2, 4), (4, 4), (4, 2), (2, 1), 

we have 

ya'" = la + 2y0, 

I/'" =2ct-f 4y8, 
p'" ==4a + 4yg, 
o-'"=4aH-2A 

t'" =2a+l/9, 

that is, the characteristics (yu'", v"\ p'", o-'", r'") of a single condition X are not 
independent, but are representable as above by means of two independent quantities 
(a, yS); or, what is the same thing, we have 

V =2/4 , ff =2 t , /) =f(i' +or ), 

which being satisfied, the representatives (a, are given by 

a = i(2T"'-/4'"), 

35. I find that a like property exists as to the characteristics (ya", p", o*") of 

the two conditions 2X, viz. these are not independent but are connected by a single 
linear relation. 

This may be proved in the case where the conditions 2X are two separate conditions 
(X, X'); viz. let the representatives of these be (a, yS), (a', yS') respectively, then 

26—2 
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combining with them the three arbitrary conditions , X'", X'" having respectively 
the representatives (a", /S"), (a'", (of'", fi""), we have the general equation 

(X. X', X", X'", X"") = (l, 2, 4, 4, 2. IJa, /3)(a', /S') (a", /S") (a'", /S'") (a"", 

taking herein 

(Z", Z"', Z"0 (:/), (•//;, (///) 

successively, and observing that the representatives of (•) are (1, 0) and those of (/) 
are (0, 1), we thus obtain for (/a"', v\ p'\ characteristics of (Z, Z'), the values 

^" = ( 1 , 2 , 45 a, 

4, 4][a, ^)(a', ^ 
p"=(4, 4, 25 a, > 8 )(a^ /3'), 
o-" = (4, 2 , IJa, ^)(a\ yS'), 

(viz. pf' = laa' + 2 + a'yS) + 4)8^', &c.), and these values give identically 

2/'-3^/" + 3p"-2o*" = 0, 

which is the foregoing equation. And I assume that the theorem extends to the 
case of two inseparable conditions 2Z, but in this case I do not even know where 
the proof is to be sought for. 

The characteristics v\ pf) of the three conditions 3Z are in general independent. 

36. It has been mentioned that if (a, ff) are the representatives of the condition 
Z, and (ya, v) the characteristics of the conditions 4Z, then 

(Z, 4Z) = a/A + /Si' ; 

this is the most convenient form of the theorem, but as (a, yS) are known functions 
of the characteristics (ja'", v”\ p'", cr'", r") of the condition Z, the equation is in 
effect an expression for (Z, 4Z) in terms of the characteristics of Z and 4Z respectively. 

There is, similarly, an expression for (2Z, 3Z) in terms of the characteristics 
{pi, v\ p\ cr') of 3Z (satisfying the relation yu.' — | z/' + f p' — cr' = 0) and the characteristics 
(ya, V, p) of 2Z, viz. we have 

(2Z, 3Z)= p{ + 

This may be easily proved in the case where the conditions 2Z are two separable 
conditions Z, Z' having the representatives (a, yS), (a', y8') respectively, and the 
conditions 3Z three separable conditions Z', Z'", Z'" having the representatives (a", yS"), 
(a''', y8'")> respectively ; we have, in fact, 

yt.' = (l, 2, 4g;a, /3)« ^), ya=:(l, 2, 4, 4][a", /3")(a'", yS'") 

I.' -(2, 4, 4][ „ „ ), z; =(2, 4, 4, 2]^ „ „ „ ), 

p'=(4, 4, 2$ „ „ ), p=(4, 4, 2, 1$ „ „ „ ), 

cr'-(4, 2, 1$ „ „ ); 
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(X, X', Z", Z’", Z""), =(1, 2, 4., 4, 2, l$a, yS)(a', /3')« y8")(«"', D. /S'"') 

is found to he expressible as above in terms of C/i, v, p), (//, v', p', <r'); but I do 
not know how to conduct the proof for the inseparable conditions 2X and BZ, 

37. It may be remarked by way of verification that writing successively 

, . (3^) = (•••), (:/), (•//), (///), 

that IS, 

(p, V, p) = (l, 2. 4), (2, 4, 4), (4, 4, 2), (4, 4. 1). 
we have in the first case 

(2Z.-.)= -ip' + i<r' 

+ 2/i' - v' 

= + =p', 

and similarly in the other three cases, 

(2X.jl) = v\ (2X^II)==p', (2X///) = «r'. 

38. Let (p, V, p, cr) be the characteristics of 2Z, (/t — f r + f p — <r = 0), and 
(p', v', p', <r') the characteristics of 2X, (p' — ^v'+§p' — </ = 0). Then in the formula 
for (2Z, 3Z), writing successively for 3X 

(2Z •), characteristics (p, v, p), 

and 

(2X/), „ (y, p, <r), 

we obtain expressions for the characteristics (2X, 2-Z'') and (2Z, 2Z/) of (2X, 2Z), viz. 
eliminating from the formulae, first the (o-, cr') and secondly the (>, fjif\ each of these 
may be expressed in two different forms as follows: 


(2X, 2Z.) 

= 

+ ivv 

-i(pv' + pv) 
+ i(M'P' + /*'p) 
-i(vp' +v'p) 

-ipp' 

-ipp' 

-i(p</ + p'<r) 

+ i (V + pp), 


(2X, 2ZI) 

= ip-P-' 

w' 

-ipp' 

— i (pp' + p'p) 
+ i (vp' + v'p) 

= io-a-' 

+ iPP' 

-f (po-' + p'cr) 
+ J (p(/ + p'a-) 
-i(pp'+v'p). 
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the two expressions of the same quantity being of course equivalent in virtue of the 
relations between (//,, v, p, a) and v, p\ a) respectively. 

The characteristics of (X, Z)^ (X, 2X), (X, 3X) are at once deducible from the 
before-mentioned expression a/4 + of (X, 4X). 

39. Zeuthen's investigations are based upon the before-mentioned theorem, that 
in a system of conics (4X), characteristics (/t, v), there are 2/4 — z/ point-pairs and 
2z^ — /4 line-pairs. If in the given system the number of point-pairs is =\ and the 
number of line-pairs is ='cr, then, conversely, the characteristics of the system are 

/4 = |- (2X + -zar), i; = ^ 4- 2-53“). 

And by means of this formula he investigates the characteristics of the several systems 
of conics which satisfy four conditions (4X) of contact with a given curve or curves, 
viz. these are the conics 

(1) a) (i)(i)> 

( 2 ) ( 1 )( 1 ) , 

( 2 ) ( 2 ) 

(3) a) 

(4) 

where (1) denotes contact of the first order, (2) of the second order, (3) of the third 
order, (4) of the fourth order, with a given curve; (1) (1) denotes contacts of the first 
order with each of two given curves, (1, 1) two such contacts with the same given 
curve, and so on. A given curve is in every case taken to be of the order m and 
class n, with 8 nodes, k cusps, t double tangents, and t infiexions (mi, ?ii. Si, Ti, ti; 

rii, &c., as the case may be). The symbols (1), &c. might be referred to the 
corresponding curves by a suflSz; thus (l)„i would denote that the contact is with a 
given curve of the order m (class n, See.)] but this is in general unnecessary. 

40. In a system of conics satisfying four conditions of contact, as above, it is 
comparatively easy to see what are the poiut-pairs and line-pairs in these several 
systems respectively; but in order to find the values of \ and w, each of these point- 
pairs and line-pairs has to be counted not once, but a proper number of times; and 
it is in the determination of these multiplicities that the difficulty of the problem 
consists. I do not enter into this question, but give merely the results. 

41. For the statement of these I introduce what I call the notation of Zeuthen’s 
Capitals. We have to consider several classes of point-pairs and the reciprocal classes 
of line-pairs. A point-pair may be described (ante. No. 31) as a terminated line, and 
a line-pair as a terminated point ; and we have first the following point-pairs, viz. : 

A, line terminated each way in the intersection of two curves or of a curve with 

itself (node). 

B, tangent to a curve, terminated in a curve, and in the intersection of two 

curves or of a curve with itself. 


( 1 . 1 )( 1 )( 1 ), ( 1 , 1 ) ( 1 , 1 ), ( 1 , 1 , 1 )( 1 ). ( 1 , 1 , 1 , 1 ). 
( 2 )( 1 , 1 ) , ( 2 , 1 )( 1 ) , ( 2 , 1 , 1 ), 

( 2 , 2 ) 

(3. 1) 
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0 , common tangent of two curves, or double tangent of a curve, terminated each 
way in a curve. 

Z), inflexion tangent of a curve terminated each way in a curve : 
and the corresponding line-pairs, viz. : 

A\ point terminated each way in the common tangent of two curves or the double 
tangent of a curve. 

jB', point of a curve terminated by the tangent of a curve, and by the common 
tangent of two curves or double tangent of a curve. 

G', intersection of two curves, or of a curve with itself (node), terminated each 
way by the tangent to a curve. 

D', cusp of a curve terminated each way by the tangent to a curve : 

all which is further explained by what follows ; thus in the case (1) (1) (1) (1), 
= (1)^(1)^ (1)^(1)^^, the value of A is given as . m3m4 (= 3mlW^2?7^37?^4). Here 

A is the number of the point-pairs terminated one way in the intersection of any 

two mi, m3 of the four curves, and the other way in the intersection of the remaining 

two m3, m4 of the four curves. But in the case (1, 1)(1)(1), =(1, the 

value of A is given as = Smima + mmi.mma. Here A denotes the number of the 

point-pairs, which are either terminated one way at a node of m, and the 

other way at an intersection of ??ii, mg, or else (mmi.mma) terminated one way at an 
intersection of m, ttii, and the other way at an intersection of m, rthi and so in other 
cases. 


42. This being so, we have 

(1) (1) (1) (1), = (lu (1)^ (lU (1 w 


-4=2mi?7i2 ,7n^vi4^ (=3 
B = Smi^Wg .m 3 , 714 ^ (= 32mim2m3724 ), 
C = Smi . m2 . W3?i4 (= ). 


1 

2 

4 


A'=Xni7i2 ,n 3 ?i 4 (=3 ), 

J5' = 27^l7l2 (= 

G' = 2^1 . 713 . m8m4 (= 2wl7^2msm4). 


(1, 1)(1)(1). =(1, 1)^(1)^ (!),«». 

A = + m?^?2i . 

B = Sjiima -I- huzTrii 

-h mmi (n — 2) m 2 -f- mm^ (n^ 2 )mi 
-h mTWing (m — 1) + (m — 1) 
-h mimaW (m — 2), 

C = TTTJim^ 

+ nnx (m — 2) + nn 2 (m — 2) 

+ ^ 1 ^ 2 . -J- m (m — 1), 

D = LYYlimz. 


1 

2 


4 


3 


A' = 'n^l7^2 -h nn ^ . run^, 

B' = T?7^27^2 + rma^h 

+ nni (m — 2) ^ -f- nwg (m -- 2) tij 
H- wwima (w — 1) + mfi 2 mi {n — 1) 
-h ?iin2m (?^ — 2), 

C' = S/iina 

-h mmi (n — 2) tig + (9^ — 2) ^ 

-hmiTWa. 

i)' = tm^n2. 
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(1, 1)(1, 1), =(1, 1)^(1, Ik- 

= 8Si +1 mmi (mTTZi - 1), 

B = Swi (??^l — 2) + SiU {m — 2) 

+ m7Wi(n-2)(mi-l) + mmi(ni-2) (m-1), 

(7 = T . -I mi (mj - 1) + Ti . J m (m - 1) 

+ nrii (m - 2) (mi - 2), 

jD — 4 . i mi (?7^l — 1) + ii . ^ m (m - 1). 


1 

2 

4 

3 


A'— TTi + ^ Will (nui — 1), 

5' = rnii (71-2) + Tim (7^ - 2) 

4* TiTii (m — 2) (7^l - 1) + nrii (mi - 2) (w — 1), 
G' = S . I- Wi (7?i — 2) +8i.|-?i(?z — 1) 

+ mmi (n — 2 ) (t^ — 2 ), 

Z)'= yc.J7^l(7^l — 1) + A:l.^7^(7^ — 1). 


(1, 1, i)(i)=(i, 1, luau. 

A = Smmij 

B = 8 (72 — 4) mi + (m — 2), 

+ m7?2i(72- 2)(m-3), 

C = T (m — 4)mi + 7272i . -Km - 2) (m - 3), 

i)= 4(m— 3)772 i. 


4'= T?2??1, 

5' = T (m - 4) 72i + T7?2i (72 - 2), 

+ 7272i (m — 2) (n — 3), 

(7' = 8 (72 — 4) 72i + mmi . ^ (72 — 2) (72 — 3), 
D' = K (n — 3) 72i. 


(1, 1, 1, 1), =(1, 1, 1, l)«^. 
^ = ^8(8-1), 
jS = 8 (72 - 4) (m - 4), 

0= T.-|(m-4)(m-5), 
jD = 2 , J (m - 3) (m — 4). 


1 

2 

3 

4 


4'-iT(T-l), 

= T (m - 4) (72 — 4), 
(7'= S4(72 -4)(72- 5), 
jD' =■• /c . (72 — 3) (72 — 4). 


43. Secondly, we have the point-pains: 


Ej tangent to curve from intersection of two curves or of a curve with itself 
(node), and terminated at the point of contact and the last-mentioned point. 


F, tangent to a curve at -intersection with another curve or with itself, and 
terminated there and at a curve. 


(?, common tangent of two curves or double tangent of a curve, terminated at 
one of the points of contact and at a curve. 

D, ut suprL 

Hj line joming cusp of a curve with intersection of two curves or of a curve 
with itself, and terminated at these points. 

/, line from cusp of a curve touching a curve, and terminated at the cusp and 
at a curve. 

J, Inflexion tangent of a curve, terminated there and at a curve: 
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and the corresponding line-pairs, viz. 

E\ point on a curve in common tangent of two curves or double tangent of a 
curve, and terminated by this tangent and by tangent to a curve. 

F, point on a curve in common tangent of this and another curve or in double 
tangent of this curve, and terminated by this tangent and by tangent to a 
curve. 

F , ut supra, 

H\ intersection of inflexion tangent of a curve with common tangent of two 
curves or double tangent of a curve, and terminated by these lines. 

intersection of inflexion tangent of a curve with a curve, and terminated by 
this tangent and by tangent of a curve: 

and this being so, 


(2)(1)(1), = (2)^ (IV. (IV 
E = n, 772im2, 

F = mmi . m2 + mm ^ . mi, 

G = nriQ . rii -f- . m 2 , 

D =z 

H = /tmims, 

/ = fcnim2 -f- 

(2)(1, 1) = (2),,(1, 


E' =^m. 72i?Z2, 

F = nni . m 2 + nn2 . mi, 

G^ = mm 2 . rix + mTZi . ?^2, 
B' = Arnica, 

H' = 

T = 


II 

r 

3 

= Tim, 

F ^m.TYix (mi — 1 ), 

3 

F = n ,7ix (% — 1), 

G = nux {mx — 2), 

6 

G' = mrox (jix — 2), 

D — b. -^1 ( 77^1 “• 1), 

2 

i)' = ytf.i7Zi(%-l), 

H=kSx, 

1 

-ff' = bTxy 

I == KTix {rth — 2). 

2 

r = mi (7^l — 2). 

(2. 1)(1), =(2, IV (IV.. 

E = (n~-2).m7nx, 

3 

^ = (m — 2) . 7^?^l, 

F = mmi (m — 2) + 2S77Zi, 

3 

F = n72i (n -- 2) + 2 t71i, 

G= w?Zi (m — 2) -h 2 t771i, 

6 

G' = mmx (n — 2) + 2S7ii, 

i) = ^ (m — 3) mi. 

2 

CfS' 

1 

S 

II 

JT = Kmmx, 

1 

JE' = inrix. 

I = K {n — 2) mx + Knx{m — 

2 

F = A (m — 3) Wi + urthx {n — 

J = tT^i. 

5 

J* = ^Tll. 


C. VT. 


27 
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(2, 1, 1), =(2, 1, 1)^. 

E = S — 4), 

F = 2& (m - 3), 

- 2t (m - 4), 
jD = i J (m — 3) (m — 4), 
H = Sk, 

I =: /c (n — 3) (m — 4), 

J = A (m — 8). 


3 

3 

6 

2 

1 

2 

5 


T(m-4), 
F^2T(n -3), 

(?' = 2S(7^ -4), 

2)'= /c4(n~3)(w-4), 

6T, 

/' = 4 (m — 3) (?^ — 4), 
a:(w-3). 


44. Thirdly, we have the point-pairs: 

K, common tangent of two curves or double tangent of a curve, terminated at 

points of contact. 

L, line from cusp of a curve touching a curve, and terminated at cusp and point 

of contact. 

M, line joining cusp of a curve with cusp of a curve, and terminated by the two 

cusps. 

E, inflexion tangent terminated each way at inflexion, viz. this is a line-pair-pomt 
Oy cuspidal tangent terminated each way at cusp, viz. this is a line-pair-point: 
and the corresponding line-pairs : 

K\ intersection of two curves or of curve with itself (node), and terminated by 
the two tangents. 

L\ intersection of inflexion tangent of a curve with a curve, and terminated by 
the inflexion tangent and the tangent at the intersection. 

M\ intersection of inflexion tangent of a ctu've with inflexion tangent of a curve, 
and terminated by the two inflexion tangents. 

iV"', =0, line-pair-point as above. 

O', ^Ny line-pair^point as above: 


which being so, we have 

(2) (2), =(2),, (2)^. 

K' = 7nmi, 

L' = Lm^ -H fcjm, 


K = nuiy 

L — /C?Zi -h ACiTi, 
M = 
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( 2 , 2 ), =( 2 , 2 ),,. 

L = /c (?^ — 3), 
jJf = J/c (/c — 1), 
N =L, 

0 — K, 


9 

3 

1 

2 

1 


i' = t (m — 3), 
-IX 

iV^'= 

O' - 


45. Fourthly, we have the point-pairs : 

P, tangent of a curve at its intersection with another curve or itself, terminated 

each way at the point of contact — Une-pair-point 

Q, common tangent of two curves or double tangent of a curve, terminated each 

way at one of the points of contact — line-pair-pomt. 

ut supra, 

M, cuspidal tangent terminated at cusp and at a curve: 
and the corresponding line-pairs: 

P', = Q, line-pair-point. 

Q\ =P, line-pair-point 
J\ ut suprdj. 

JR!, inflexion of curve terminated by the inflexion tangent and by tangent to a 
curve : 


which being so, we have. 
(^) (1)3 ~ ( 3 )w (IX/ii- 


P =: mmi. 

2 

P' =s nui , 

Q = nni , 

2 

0! =r mnh. 

tT = imx , 

6 

J' = KUx, 

Jt = KTYh . 

4 

j ~ • 

(3. 1), =(3, 1)„. 

P=2S, 

2 

«'=2r, 

Q - 2 t , 

2 

1^=23, 

J = L (m — 3), 

5 

1 

II 

JJ = « (m — 3). 

4 

R ^ 1 {n-~ 3). 

46. And lastly, we have the point-pairs 
O' (line-pair-points), ut suprd,, and 

N, 0 (line-pair-points) and 

(4)> — (4)m' 

N=i. 

4 


0 =K. 

2 

0 ' =t. 


27—2 
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47. Where in all cases the central column of figures gives the numerical factors 
which multiply the corresponding capitals, thus we have 


for (1)(1)(1)(1) 
for (1, 1)(1)(1), 


and so on. 


X = 2z; - = 4 4- 2B + 4(7, 

'GT = 2fi — V = A' -h 2B' 4 * 4 ( 7 ' ; 

X = 2v —^fjb^^A + 25 4(7 4" SjiO, 

^ = 2/^-1/ =.4' 4- 25' 4- 4(7' 4- 35', 


48. The elements (m, n, S, tc, r, l) of a curve satisfy Plticker's six equations, and 
Zeuthen uses these equations, in a somewhat unsystematic way, to simplify the form 
of his results. 


It is convenient in his formulae to write 3m 4 k, =^ot, and to express every- 
thing in terms of (m, n, a), viz. we have for this purpose 

2S = — m 4- — 3a, 

—8m— w — 3a. 


But I make another alteration in the form of his results; he gives, for instance, 
the characteristics of (1, 1) (1) (1) as 

fM — /4'" 4* fjf' 4 4- fJif 

V = z/'" 4- v" {rrixn^ 4- 4- v' 

where 

fi! = 2m ( m 4- — 3) 4 r, = (1, 1 

=2?^ ( m4-2?2.-5)+2T, =(1, 1:/ ), 

/i'" = v” = 2n (2m 4- w — 5) 4- 2S, = (1, 1 • //), 
i;"' = 2n ( m 4- — 3) 4 3, = (1, 1 /// ), 

viz. the four components have really the significations (1, 1.*.) set opposite to them 
respectively; and accordingly, instead of giving the formulae for the two characteristics 
of (1, 1)(1)(1), I give those for the four characteristics (1, I.'.), &c. of (1, 1), thus in 
every case obtaining formulae which relate to a single curve only. Subject to the last- 
mentioned variation of form, I give Zeuthen's original expressions in Annex 6; but 
here in the text I express them as above in terms of (m, n, a), viz. 

49. We have the formulae 

(1) 

( ;; )= 

( .*./) = 

( ://) = 47i4 4m, 

(•///) = 4n 4- 2m, 

( ////) = 2^4 2m; 
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( 1 , 1 ) 

(.'.) = 2^2 + — 2?w — — fa, 

(:/)=• 2m^ + 4mri + 2m — ti- — 3a, 

(• If) ~ + 4imn 4* Sti® — m — 27i 3a, 

(III) — + 2m7i + 271® — f m — 2n--^a. 

(1, 1, 1) 

( : ) = 1 771® + 27?i®n + mTi® + 1 7i® — 2m® — 3m7i — f-Ti® — -^m — ^7i + a(— 3m — |n + 13), 

(• /) = f 771® + 2m®7i + 2m?i® + J ti® — m® — 4m7i — ti® — — ^7i + a(— 3m — 37i + 20), 

(//) = J??i®+ m®n + 2m?i® + f 71® — fm® — 3m7i — 271® — -^m — -^71 + a(— fm — 871 + 13) ; 

(1, 1, 1, 1) 

( • ) = 1?^ + 1 ^ mil® -1- ^ m^ 

— f 771® — 3m®7i — 2m7i® — Jn® — m® — 21m7i — ^ ti® + -ifi m + ^ 7i 

+ a(— |m® — 3m7i — f7i® + ^m-|--^7i — •^) + a . f, 

(/) = -^m^ + f m?n 4- m®7i® + 1 mTi® + iV 

— Jm® — 2m®7i — 3m7i® — fTi® — -^m® — 21m7i — J^7i®4-^^m + J^7i 
+ a (— |m® — 377177 — f7i®4^m4-'^7i — •^) + a® . | ; 

(2) 

(•••)= a. 

(:/) = 2«, 

(.//) = 2«. • 

(///)= «; 

(2, 1) 

( : ) = 12771 4- 1271 + (2m + ti — 14) a, 

( • /) = 24m + 24?! 4 (2m + 27i — 24) a, 

( H) = 12m + 12?i 4- ( m 4- 271 — 14) a ; 

(2, 1, 1) 

( • ) = 24m® 4- 36m7i+ 1271® — 168m — 1687H-a( m®4-2m7i4 fn® — 25m — ^71 + 138) — fa®, 

( / ) = 12m® 4- 36m7i + 2471® — 168m — I6871 4- a (fm® 4- 2m7i + n® — m — 2o7i + 138) — fa®; 

(2, 2) 

( • ) = 27m 4- 2471 — 20a 4* fa®, 

( / ) = 24m 4- 2771 — 20a + fa® ; 

(3) 

( : ) = — 4m — 371 + 30, 

(•/) = — 8 m — 871 + 6a, 

(//) = — 3m — 471 + 3a ; 
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(3, 1) 

( . ) = — — 12mn — Sn® + 56m + 539^ + cl (6m + 3n — 39), 

( / ) = — 3m® — 12m7i — 4- 53m 4- 56?i 4- oc (3m + 67i — 39) ; 

(4) 

( . ) = — 10m — Sti 4- 6a, 

( / ) = — 8m — 107^ 4- 6a. 

50. By means of the foregoing formulae I obtain, as will presently be shown, the 
following formulae for the number of the conics which satisfy five conditions, viz. : 

(5) = — 15m — 15?^ 4- 9a ; 

(4, 1) — — 8m® — 20mn — 8n® 4- 104m 4- 10471 4- a (6m 4- 6w — 66) ; 

(3, 2) = 120m 4- 120?^ 4- a (— 4^}^ — 4w — 78) 4- 3a® ; 

(3, 1, 1) = — fm® — 10m®« — 10m?i® — f 7i®4-^m®4-116m?2.4"^^®“434m — 434?i 
4- a (f -h 6??m 4-fn® — ^m — ■^n4-291) — |a®; 

(2, 2, 1) = 24m® 4- 54mn 4- 24n® — 468m — 468?2 

4* a (— 8m ■“ 8?i 4* 327) 4* a® (^77z 4“ — 12) j 

(2, 1, 1, 1) = 6m®4-30m®7i4- 30mn®4“ I74?7i® — 348m7i — l74?z® 4 1320m4- 1320w 

+ a m® 4- m®7i 4- mn® 4- ^ ti® — m® — 26m?i — n® 4- m 4- n — 960) 

4- a®(— fm — |n4- 28); 

(1, 1, 1, 1, 1)(0= ■J■J^m®4■l^m^4-im®7^®4-|m®7^®4-^^m7^^4-xb■^® 

— — |■m®9^ — 2m®n® — ■|m?^®--^?^^ 

— — 

4.i||Xm® 4- 4- — 

4"a(— Jm® — f mhb — f m7i® — 4- m® 4- 2 3 'rrm 4- ti® — m — 4- 4 8 6 ) 

4- a® dm 4- 1'/?.— 15). 

51. I observe that by means of the above-mentioned expressions of (X, 4iZ) and 
(2X, 3Z), the foregoing results, other than those for (5), (4, 1), &c., may be presented 
in a somewhat different form, viz. we have 

(4^)(l)-7i(.) + m(/), 

where (•) denotes (4^-), (/) denotes (4X/), and so in other cases, the understood 
term being 3Z or 2.2^, as the case may be. 


1 In my paper in the Comptes Rendus^ I gave erroneously the coefficients . +a(...+i|^). 
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(3^(2) = (./)ia; 

(3,^(1, 1) = 

+ ( ■ / ) (mn - fa) 

+ ( 

{2Z){Z) = (.-.)( |m+ 7i-fa) 

+ ( : + 

+ (///)( m + fw-|a); 

(2^(2, 1) = ( ){-3m — 3n. + a(— fm+fK, + 2)} 

+ (:/){ |m+|w + a( |m+^w — 4)} 

+ (•//){ |m+|w + a( ^TO+fn-4)} 

+ (///) {“3m- 3w 4- a ( fm — Jre + 2)}; 

(2^(1, 1. 1) = 

( ){— — fm®M + fmn.“ + ^\ft® + |m“ + 0m«— |TC® + f^m + ff«. + a( |m— fji-l)} 
+ ( 7) { iV^*+|m®n + Jm'n.®— ^m“— + ^n + a(— -j^m-^ra + S)} 

+ (•//){ ■3^ + a (—■ 3^ m — •a^^ + S)} 

+ ( ///){ + t w^ + 0w^?^+ + I m+ |7i — 1)}; 

in all which formulae it is to he recollected that we have 

(.•.)-|(:/) + f(-//)-(///) = 0, 

to which may be joined 

{Z) (4Z) = a (4X • ) + 6 (4Z/), 

where a, b are the representatives of the condition (Z), and where (4X) is to be con- 
sidered as standing successively for (4), (3, 1), (2, 2), (2, 1, 1), and (1, 1, 1, 1), the 
values of (4X-) and (4X/) being in each case given by the foregoing Table. 

62. The formulae are very convenient for the calculation of the numbers of the 
conics which satisfy five conditions of contact with two given curves; thus if, for 
example, {3Z), =(3)„ij, denotes the condition of a contact of the third order with a 
given curve (mi), then writing for symmetry (2)^ in place of (2), we have 

(^)m — (3 * /)mi 

= a (— 4mi — 4% -I- 3ai). 

53. To obtain the foregoing expressions of (5), (4, 1), (3, 2), (3, 1, 1), (2, 2, 1), 
(2, 1, 1, 1), and (1, 1, 1, 1, 1), I assume that the given curve breaks up into two 
curves (m, n, a) and (m', n', of), or, as we may for shortness express it, into two curves 
m and m'. 
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We have then 

(5)7w+7nf “ (^)7w "h 

viz. the conics which have contact of the 5th order with the aggregate curve m + m' 
are made up of the conics which have this contact with the curve m and the conics 
which have this contact with the curve m'. Writing this under the form 

““ (^)w' “ 

and observing that (5)^ is a function n, a), and that consequently this is a 

functional equation (m 4- m', a + a') — ^ {m, n, a) — ^ (m'^ 7i', cl') = 0, the solution is 

<f> {rriy n, a) = am -f fin + ca, 

where a, fi, c are arbitrary constants ; but as the solution should be symmetrical in 
regard to m, n, we have a = 6, or the solution is <f> (m, n, a) = a (m +n)-\r col, 

54. Similarly we have 

(4, (,^3 1)7^- (4, = (4)771 (I)?}!' d" (4)771' (l)7n.j 

viz. the conics which have with the aggregate curve m + m' the contacts (4, 1) are 
made up of the conics which have the two contacts 4 and 1 with the one curve or 
with the other curve, or the contact 4 with the one curve and the contact 1 with 
the other curve. The expression on the right-hand side is a known function of (m, n, a\ 
n, ocf ) ; hence the form of the functional equation is 

<^(m-fm', n + n\ a 4- a') — <^ (m, n, — n\ n, a, m', n\ ot'); 

and any particular solution of this equation being obtained, the general solution is 
found by adding to it the term am + bn + ca. Assuming that the particular solution is 
symmetrical in regard to (m, n), then the term to be added is as before a (m+n)-{- ca. 
And similarly for (3, 2), (3, 1, 1), &c, ; that is, in every case we have a solution con- 
taining two arbitrary constants a, c, which remain to be determined. 

55. Now in every case except (0)771 the number of intersections of the conic with 

the curve is > 6 (viz. for (4, l)m and (3, 2)771 the number is 7, for (3, 1, 1) and 

(2, 2, 1), it is 8, and for the remaining two cases it is 9 and 10 respectively); hence 
if the given curve m be a cubic, the number of conics satisfying the prescribed 
conditions is = 0 ; and since a cubic may be the general cubic or a nodal or a 
cuspidal cubic, we have the three cases (m, n, a) =(3, 6, 18), (3, 4, 12), and (3, 3, 10). 
We have thus in each case three conditions for the determination of the constants- 
a, c; so that there is in each case a verification of the resulting formula. 

56. In the omitted case (5)771, when the curve m is a cubic, the theory of the 

conics (5),7 i is a known one, viz. the points of contact of these conics, or the “ sextactic 

points of the cubic, are the points of contact of the tangents from the points of 
inflexion ; the number of the conics (5)^ is thus = (n — 8) t, viz. in the three case& 
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respectively it is =27, 3, and 0. Hence for determining the constants we have the 
three equations 

9a + 18c = 27, 

7a + 12c= 3, 

Bet + 10c = 0, 

which are satisfied by a = — 15, c=9, and the resulting formula is 

(5) = — 15m — 1571 -f 9a. 

In the particular case of a curve without nodes or cusps, this is (5) = 12?^ — 15m, 
= m(12m— 27), which agrees with the result obtained in my memoii' “On the Sextactic 
Points of a Plane Curve,” Phil. Trains, vol. CLV. (1865), pp. 545 — 578, [341]. 

57. The subsidiary results required for the remaining cases (4, 1), &c. are at once 
obtained from the foregoing formulae for (4iZ) (1), (BZ) (2), &c. ; for example, we have 

(4),^ (1),^^ = (— 10m — 871 4- 6a) 

+ m' (— 8m — 107^ + 6a), 

with like expressions for (3, l)m(l)w'> 

(3)m(2)m' = ia' (- 8m -872,+ 6a), 

(3)w (1 , 1 )w' = ) (“ - 372. + 3a) 

4- (mV — fa ) (— 8771 — 872. 4- 6a) 

+ (— Sm — 472, 4- 3a) ; 

with like expressions for (2, l)m(2)m'> (2, l)m(lj ^)m'> &c. 

58. Calculation of (4, 1). We have 

(4, (4, l)»>i (4, l)«i' = (4)»i (l)w" “h (4)m' (l)m> 

= — 16mm' — 20 (m72,' 4- m'n) — 16m'4- 6 (a7^' 4- ci'n) 4* 6 (a772,' 4- o'm), 
the integral of which is 

(4, 1)^ = — 8m® — 20mn ~872,®4-a (m 4-7i) 4-a (6m 4- 671 + c). 

The particular cases (m, n, a) = (3, 6, 18), (3, 4, 12), (3, 3, 10) give respectively 

0 = 252 4- 9a 4- 18c, 

0= 64 4- 7a 4- 12c, 

0 = 36 4" 6a 4" 10c, 

satisfied by a = 104, c = — 66. 

c. VT. 28 
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59. Calculation of (3, 2). We have 


(3, 2), 




the integral is 
and, as befoi'e, 


— (3, — (3, 2)^n' — (*^)m (2)m' + (3)m' (2)>rt , 

= — 4 (ma' + ni'a) — 4 (naf + na) + 6aa' : 

(3, 2)i„ = a (t)i + n) -h a (— 4wi — 4<)i -h c) H- Sa^, 

324H-9a+18c = 0, 

96 + 7a + 12c = 0, 

60 + 6a H- lOc = 0, 


satisfied by a = 120, c = — 78. 

60. For the calculation of (3, 1, 1) we have similarly 

(3, 1, lW,«/-(3, 1, lX^-(3, 1, l),>r = (3).,,(l> l)m' + (3V(l, 'J).t 

+ (3, lX.(lk + (3, 1W(1V. 


The function on the right-hand side was of course calculated from the values of 
(3),w(l, l)w; ; but there is no use in this (and the more complicated cases which 

follow) in actually writing down the values of the function in question ; it can in each 
case be calculated backwards from the foregoing expressions of (3, 1, 1), &c., and the 
values so obtained.be verified by actual substitution. But assuming it to be known, the 
solution of the functional equation gives of course the foregoing expression for (3, 1, 1), 
except that the terms in m + n and a are therein a{m-\-n)’\-cx\ and I shall in this 
and the subsequent cases give only the three equations which determine the constants. 
In the present case these are 

— 332 “1" Qa “h 18c ~ 0, 

— 454 -h 7a -h 12c = 0, 

— 306 -h 6a + 10c = 0, 

satisfied by a = — 434, c = 291. 


61. The remaining cases are (2, 2, 1), (2, 1, 1, 1) and (1, 1, 1, 1, 1). We have 


(2, 2, l),«+w-(2, 2, (2, 2X,,(lX„; + (2, 2>;,.(1)„, 


and 


satisfied by a = — 468, c = 327. 


+ (2, lX,(2),,, + (2, 1)„,(2),,„ 

— 1674 + 9a 4- 18c = 0, 

— 648 "i" 7a 4* 12c = 0, 

— 462 4- 6a 4- 10c = 0, 


Again, 

(2, 1, 1, l),,,+„v-(2, 1, 1, l).^-(2, 1, 1, !),„,= 


(2, 1, 1)^(1),.^ 4- (2, 1, 1), 


+ (2, 1),,,(1, l>,. + (2, 1).,.(1),, 

4- (2)7,^ (1, 1, 1),/,/ -1- (1, 1, l)7>i, 
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and 

5400 + 9a + 18c = 0, 

2280 + 7a + 12c = 0, 

1680 + 6a + 10c = 0, 

satisfied by a = 1320, c = - 960 ; and finally, 

(1, 1, 1, 1, !)„+„' -(1, 1, 1, 1, l)m- (1, 1, 1, 1, IV = (1, 1, 1, 1),„(1V + (1, 1. 1, IX^'CIV 

+ (1, 1, IV a. IV + (1. 1. IV (1. IV ^ 

and 

- 30618 + 90a + 180c = 0, 

- 14094 + 70a + 120c = 0, 

- 10692 + 60a + 120c = 0, 

satisfied by 10a = 6318, 10c = 4860, that is, a = — c = 486. 

62. The contacts of a conic with a given curve which have been thus far considered 

are contacts at unascertained points of the curve; but a conic may have with the given 
curve at a given point thereof a contact of the first order, the condition will be denoted 
by (2); or a contact of the second order, the condition will be denoted by (3), and so on. 

It is to be observed that the conditions (2), (3), &c. are sibireciprocal, the contact at a 

given point of the curve is the same thing as contact with a given tangent of the curve ; 
but if we write (1) to denote the condition of passing through a given point of the 
curve, this is not the same thing as the condition of touching a given tangent of the 
curve ; and this last condition, if it were necessary to deal with it, might be denoted 
by (y. But I attend only to the condition (1). The expressions for the number of 
conics which satisfy such conditions as (1), (2), &c. are obtainable in several ways. 

63. (1°) When the total number of conditions is 4, the question may be solved 

by Zeuthen's method, viz. by determining the line-pairs and point-pairs of the system 

4Z, with the proper numerical coeflScients, and thence deducing the values of the 
characteristics (4Z •) and (4Z /). A few cases are in fact thus solved in Zeuthen s work. 

64. (2®) By the foregoing functional method. It is to be observed that there is a 
difference in the form of the functional equation, and that the general, solution is 
always given in the form, Particular Solution + Constant, so that there is only a single 
constant to be determined by special considerations. To take the simplest example, let 
it be required to find the number of the conics (SZ) (1, 1) : writing for shortness in 
place hereof (T, 1), or (in order to mark the curve (m) to which the symbol has 
reference) (1, 1)^, let the curve (m) be the aggregate of the curves (m) and (wf). 
Regarding the point 1 as a given point on the curve (m), that is, an arbitrary point 
in regard to the curve (m'), we have thus the equation 

(1^ l)wn-m' (Ij l)ju— (*I)mS 

where the right-hand side is known; and .so in general the form of the functional 
equation is always <^(m+m') — ^(m)= given value, that is, 

+ n + ^^', a + a') — ^(m, n, a) — given function of {m, n, a, nl, o'); 

28—2 
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whence, as stated, the general solution is Particular Solution + Constant. In the case 
in hand, taking successively (8^) = (.*.),(: /), (•//), and (///), we have in the first of 
these cases 

(1> !)}«+?«' (1? l)wi “ > 

whence (I, l),,^ = «, + 2m + const. = (I, l)(.\);__and the value of the constant being in 
any way ascertained to be = — 2, we have (1, !)(.*.) = 72. ^-2?/^ — 2 ; and the like for the 
other three cases. 

65. (3°) The expressions for the number of conics which satisfy such conditions 

as (I), (2), &c. are deducible with more or less facility from the coires ponding 
expressions wherein (1), (2), &c. are replaced by (•), (:), &c. ; thus from C)(:: l) = '/ 2 . + 2m 
we deduce 

(.*. T, 1) = (::/)- 2 (.-. 2) = 71 + 2)}i - 2, 

viz. if one of the four arbitrary points of (::/) becomes a point on the curve, then the 
condition (; : /) is satisfied specially by the conic (.*. 2) which passes through the 
remaining three points and touches the curve at the point in question; 2 of the conics 
{::/) coincide with the conic in question. We have thus a reduction 2 (.-.2), =2, and 
the number of the conics (.‘.1, 1) is =n + 2m~-2. Similarly, we have the system 

( 1 , 1 ) = 71 4 * 2 ??^ ~ 2 , 

( : I, T, 1 ) = 71 + 2m — 4, 

( • 1, T, I, 1) = n -f 2m — 6, 

(I, T, I, 1, 1):- 71+ 277^ -8. 

Again, two or even three of the given points oix the curve may come together without 
any reduction being thereby caused, that is, we have 

( : 2, 1 ) = 7^ + 27?^ — 4, 

(. 2, I, 1 ) = (*3, 1 )=n + 2m-6, 

( 2, I, I, 1)=( 3, T, l) = 7i + 277i-8; 

but if the four points on the curve coincide in pairs, or, what is the same thing, if 
in (2, i, I, 1) the points I and I come to coincide, then there is a special reduction, 
and we have 

(2, 2, l) = 7i + 2wi — 8[ — (771— 2)] = 7a + 7i — G, 

viz. here {m — 2) of the conics come to coincide with the two points considered as a 
point-pair or infinitely thin conic. If the points 2 and 2 come to coincide, that is, if 
the four given points on the curve all coincide, there is no further reduction, but we 
have 

(4, l) = 77l+?l— 6, 


1 I write indifferently (1)(::), (1::) or and so in other cases. 
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66. The expressions involving a single (1) may in every case be reduced by the 
foregoing method to depend upon other expressions; thus we have 

{SZ)(l,l) =(.l) -2(2) 

(2Z)(T, 2) =(.2) -3(3) 

„ (1,1,1) =(-1,1) -2(2,1) , 

( ^ )(T, 1, 2) =(*1, 2) -2(2, 2) -3(1, 3), 

„ (I, 1, 1, 1) = (-1, 1, l)-2(2, 1, 1), 

. (1,3) =(.3) -4(4) 

(1,4) =(.4) -5(5) 

&c., 

where, comparing for example the equations for (Z){1, 1, 2) and (2.^)(T, I, 1), it will 
be observed that in the first case the contacts 1, 2 of the symbol (I, 1, 2) successively 
coalesce with the point I, giving respectively 2 (2, 2) and 3 (1, 3), the exterior factor 
being in each case the baiTed number, whereas the second case, where the contacts 1, 1 
of the symbol (1, 1, 1) are of the same order, we do not consider each of these symbols 
separately (thus obtaining 2(2, 1)-1-2(1, 2), ==4(2, 1)), but the identical symbol is taken 
only once, giving 2 (2, 1). Thus we have also 

(I, 1, 1, 1, 1) = (-1, 1, 1, l)-2(2, 1, 1, 1). 

67. The value of a symbol involving (2), say the symbol (SZ) (2), is connected 
with that of \{^Z'I)\ but as an instance of the correction which is sometimes required 
I notice the equation 

(2, 1, 1, l) = i(l, 1, l./)-{i(m-2)(7?^-3) + i(n-2)(7i-3) + 3(3, 1, l) + 2(4, 1)}, 
which I have verified by other considerations. 

68. We obtain the series of results: 

( 1 ) 

( )-l, 

(■••/) = 2, 

( ://) = 4 , 

(•///) = 4 , 

(////) = 2 ; 

( 1 . 1 ) 

(.*.)= 72- -f 2 w2- — 2, 

( ; / ) — 271 + 47/1 — 4, 

( . // ) = 472- -1“ 47W- — 4, 

( /// ) = 47 ^ + 2771 - 2 ; 
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(1, 2) 

( : )= a-S, 

(•/) = 2a-6, 

(// ) = 2a-3; 

(i. 1, 1) 

( : ) = 2m? + 2m« + — Qm — + 8 — fa, 

( • / ) = 2m^ + 4imn + — 6m — ow + 12 — 3a, 

( // ) = + 4mH + 2»i® — 3??i — 6»i + 8 — 3a ; 

(T, 3) 

( • ) = — 4m — 3« — 4 + 3a, 

( / ) = — 8m — 8n — 4 + 6a ; 

a 1, 2) 

( • )= 6m + 9n + 30 + a(2m+ — 16), 

( / ) = 21??i + 18?i + 30 + a (2m + 2n — 26) ; 

(T, 1,1,1) 

( • ) = fm® + 2m^+ + — 4m^— — f §71— 36+a(— 3771— 1«+16), 

( / ) = Jm’+ 2m’^ + 2m7i® + ^7i’— 27 ?i“— 8mn — 371®— ^7?!.— §71— 36+a(— 3m— 371+23): 

(2) 

( ••• ) = 1> 

(■•/) = 2, 

(•//) = 2, 

(///) = i; 

(2, 1) 

( : ) = 2m + 71 — 4, 

( • / ) = 2m + 271 — 6, 

(//)= m + 27i-4; 

(2, 2) 

( • ) = a-6, 

( / ) = «-«; 

(2. 1, 1) 

( . )= m® + 2m77+f-77® — 7m— f77+18 — fa, 

( / ) = im® + 2m7i+ 71® — |m — 777 + 18 — fa; 

( 3 ) 


( : ) = 1 . 
(•/) = 2 , 
( // )=i; 
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( 3 , 1 ) 

( • ) = n -h 2 m — 6 , 

(/) = 2 w+ m — 6 ; 

(4) 

(•) = 1 , 

(/) = 1 ; 

which are the several cases for the conics which satisfy not more than four conditions, 
and 

69. For the conics satisfying 5 conditions, we have 

(5) = 1, 

(4, 1) = m + — 6 , 

(3,2) --9 + a, 

(3, 1, 1) = -J-m^ 4- 2mn 4- 4 - 27 — fa, 

(2, 3) = — 4m — 4?i — 6 4-3a, 

(2, 2, 1) = 6 m 4 - 6 ^ 1 4 - 54 4“ a (m 4- > 1 — 15), 

(2, 1, 1, 1) =^7?i®4-m3?i4-mn^4-^n^ — |m“ — 8?}m — 

+ a(-fm-|n4-^), 

(1, 4) ~ — 10m — 8?i — 0 4- 6a, 

(1, 1, 3) = — Sm^ — 12mn — 4- 60m 4- 57/1 4- 36 4- a {Qm 4- Zn — 45), 

(1, 2, 2) = 27971 4- 24?i 4- 27 — 23a 4- 

(T, 1, 1, 2) =^77^2 4*3077^n4-^f'/^"“*^m-■2|i7^-189 

4- a (m^ 4- 2m7?. 4- — 4- ^^) — f a^ 

(1, 1, 1, 1, 1) = ^77^*4-|7?^2n.4-mW4“|•m7l®4-^^'*— f — 5m®w — 477m2 — -In® 

— — omn — 4- 4- 4-150 

4 - a (— fm® - Zmn — f 4 - 4- — ^) 4 - fa®. 

70. The given point on the curve to which the symbols I, 2, &c. refer may be 
a singular point, and in particular it is proper to consider the case where the point 
is a cusp. I use in this case an appropriate notation ; a conic which simply passes 
through a cusp, in fact meets the curve at the cusp in two points; and I denote 
the condition of passing through the cusp by ItcI ; similarly, a conic which touches 
the curve at the cusp, in fact there meets it in three points, and I denote the 
condition by 2/cl ; hcl, 2/cl are thus special forms of I, 2, and the annexed 1 indicates 
the additional point of intersection arising ipso facto from the point I or 2 being a 
cusp. Similarly, we should have the symbols 3/cl, 4 a: 1, 5/cl ; but it is to be observed 
that at a cusp of the curve there is no proper conic having a higher contact than 
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2/^1 ; thus if the symbol contains 3/cl, or a fortiori^ if it contain 4/cl or 5/cl, the 
number of the conics is in every case =0; it is thus only the cases 1/cl and 2/cl 
which need to be considered. 

71. The several modes of investigation which apply to the case of contact at a 
given ordinary point of the curve are applicable to the case of contact at a cusp: 
we may if we please employ the functional method; we have here a functional equation 
of the foregoing form, </> (m + m') — <l>m = given value (that is, (m + ml, n -f- n\ a + a') 

— <j> (m, n, ol) = given function of (m, n, a, m\ n', a!)), and the general solution is as 
before = Pai’ticular Solution 4- Constant ; so that there is in each case a single arbitrary 
constant to be determined by special considerations. The determination of the constant 
is in some instances conveniently effected by means of the case of the cuspidal cubic: 
see Annexes Nos. 4 and 5. 

The formation of the functional equation itself is similar to that in the corre- 
sponding case where the given point on the curve is an ordinary point. For example, 
we have 

(2Z)(1, I, 1W~(1, T, !)„,= (1, i),«.aW = 7//(I l.)m+m'(T, l/)„ 

+ (T)«? (1, l)w' + i — n') (I 

+ I ) (I //X>„ 

and we may herein simply change I intc 1k1. Writing successively 2Z= {:), (• /) and 
(//), we find 

(1/cl, 1, ' )m-n' ( 7^+27ri--3)+m'(2?i-h2m~6)-h(^9^'--i/^0l4‘(mV-- Ja')2-|-(i?/i'®---|7/?')4?, 

( //)m=^'(4^+4^-6)+m'(4n-h2m-3)^-(^?^'‘*^-i?^')4+(mV-fa')44-(im'2-|7//')4, 

which only differ from the corresponding expressions with I in that they contain 
7z-l-2m — 3, 271 + 4m — 6, 4n + 4??i— 6, 4m + 2?2. — 3 

in place of 

n + 2m — 2, 2w + 49?i — 4, 4?i + 47?^ — 4, 4m + 2% — 2 

respectively, and they lead to the expressions for (1/cl, 1, 1 :), &c., the arbitrary constant 
being in each case properly determined. 

72. We have 
(iTcl) 

( :: ) = 1, 

(••■/) = 2 , 

{ = //) = 4 , 

(•///) = 4 . 

(////) = 2 ; 
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(1/^1, 1) 

(.-.)= + — 8, 

( : / ) = 2?i + 4m — 6, 

( • // ) = 471 + 4m — 6, 

(///) = 47 ^ + 27 ? 2 — 3 ; 

(1^1, 2) 

( : )= a-4, 

( •/) = 2a-8, 

( // ) = 2a-4; 

(iTi, 1, 1) 

( : ) = 27?^,2^-2m?^^-^7^^ — 87?^ — 13 — fa, 

( • / ) = 27?i2 + 4?jm + 7^2 — 8m — 77^ + 18 — 3a, 

( // ) = 777^ + 477171 H- 272,2 _ 4^ _ 3^^ + 12 — 3a ; 

(La, 3) 

( • ) = — 477^ — 372, — 5 + 3a, 

( / ) = — 8m — 87i — 6 + 6a ; 

(1^1, L 2) 

( • ) = 497 i + 87Z -h 44 + a (2771 + 7i — 17), 

( / ) = 20771 + 1672- + 42 + a (2771 + 27i — 27) ; 

(1^1,1, 1,1) 

( • ) =|m^+277^^+ 77171- + 5771^— 977171 — 271®+ ■^m+-^7i — 57 + a(--“3771—|?l4-^), 

( / ) =f77^®+277^®?l+277171®+^^—f77^®— 1077171—471®— y^+-3^—54 + a(— 3771 — 3?1+-^); 

(2^i) 

( ••■) = !, 

{■■/■)=% 

(•//) = 2 , 

(///) = 1 ; 

(^, 1) 

( : ) = 2m + 72.-5, 

( • / ) = 2m 2?i — 6, 

( // )= m+2n — 4; 

(2^, 2) 

(• . ) = a-7, 

( / ) = «- 6 ; 


0. VI. 


29 
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1 , 1 ) 

( . ) = m® + 2m?^ — 7m — 4- 21 — fa, 

( / ) =:fm® + 2m7i+ — fm— 7n + 18 — fa. 

73. The remainder of this table, being the part where the symbols (•) and (/) 
do not occur, I present under a somewhat different form as follows : 


(5k1) 

= 0, 


1) 

= 0, 


(3^1, 2) 

= 0, 


(3^, 1, 1) 

= 0, 


(2, 3) 

3) 

= 0, 

(2, 2. 1) 

2, 1) 

= n — Z, 

(2, 1. 1, 1) 

-(2«X 1, 1. 1) 

= i(n-3) (n - 4), 

(1. 4,) 

-(Ld, 4) 

= 1, 

(I. 1, 3) 

-(Ld. 1, 3) 

= (2d, 3) + (»-3), 

(i, 2, 2) 

-(Ld, 2, 2) 

— 3 (w* 3) 4" /c ” Ij 

(1. 1, 1. 2) 

-(id, 1, 1, 2) 

= (2/d, 1, 2) + ^ (ra — 3) (w — 4) + S + 2?i •*- 3 to • 


( 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ) = ( 2 ^ 1 , 1 , 1 , 1 ). 

These results relating to a cusp, are useful for the investigations contained in the 
Second Memoir. 

It will he noticed that' the symbols which contain 2a:1 are not, like those which 
contain 2, symmetrical in regard to (m, tj) : the interchange of (m, n) would of course 
imply the change of a cusp into an inflexion, and would therefore give rise to a new 
symbol such as 2d ; but I have not thought it necessary to consider the formulae 
which contain this new symbol. 


Imestigations in extension of those of De JoNQUifcRES in relation to the contaots of a 
Curve of the order r with a given curve. Article Nos. 74 to 93. 

74. De Jonquieres has given a formula for the number of curves of the 
order r which have with a given curve of the mth order t contacts of the orders 

a, h, c, &c. respectively, which besides pass through p points distributed at pleasure 
on the curve (this includes the case of contacts of any orders at given points of 
the curve U'^), and which moreover satisfy any other fr (r -1- 3) — (a + & + c + &c.) —p 
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conditions; viz, the number of the curves is =//, (a+ 1) (6 + 1) (c 4- 1)... into 

( \t7)i — (a 4- 6 + c . .) —p Y 

+ [ron — (a -\-b c . —p — 1Y~^ (a +b 4-c . 

4- [rm “ (a 4- 6 4- c . .) —p — 2]^“® (ab 4- ac 4- 6c . .) [i)]- 

i- [rm — (a 4- 6 4- c . — ^]° ((x6c ... ) [-D]^ 

where the curve is a curve without cicsps, and having therefore a deficiency 

Z) = |- (ri — 1) (m ~ 2) — S ; the numbers a, 6, c, . . are assumed to be all of them unequal, 
but if we have a of them each =a, >8 of them each =6, &c., then the foregoing 
expression is to be divided by [a]“ [/3]^... ; and denotes the number of the curves G^ 
which satisfy the system of conditions obtained from the given system by replacing 
the conditions of the t contacts of the orders a, 6, c, &c. respectively by the condition 
of passing through a 4- 6 + c . . . arbitrary points. In order that the formula may give 
the number of the proper' curves G^' which satisfy the presciibed conditions, it is 
sufficient that the Jr (r 4- 3) — (a 4- 6 4- c . .) —p conditions shall include the conditions of 
passing through at least a certain number T of arbitrary points : this restriction 
applies to all the formulae of the present section. 

75. I will for convenience consider this formula under a somewhat less general 
form, viz. I will put p = 0, and moreover assume that the Jr (r 4- 3) — (a 4- 6 4- c . .) 
conditions are the conditions of passing through this number of arbitrary points; 
whence p = 1. 

. We .have thus a curve having with the given curve TI'^ t contacts of the 
orders a, b, c . . respectively, and besides passing through Jr (r 4- 3) — (a 4- 6 + c . .) arbitrary 

points; and the number of such curves is by the formula = (a 4- 1) (6 4- l)(c4- 1),... into 

[rm — (a 4- 6 4- c . .) Y 

4- [r'm — (a 4“ 6 4- c . .) — 1]*“^ (u 4- 6 4- c . .) \PY 
i 4- \_rm — (a 4- 6 4- c . .) — 2]^”^ {ah 4- n&c 4- 6c . .) [i)]- 


[ + [rm — (a 4- 6 4- c. .) — {ahc ... ) [BY, 

where, as before, in the case of any equalities between the numbers a-, 6, c, ..., the 
expression is to be divided by [a]® [ffY — 


76. I have succeeded in extending the formula to the case of a curve with 
cusps: instead of writing down th^ general formula, I will take successively the cases 
of a single contact a, two contacts a, 6, three contacts a, 6, c, &c. ; and then denoting 
the numbers of the curves G^ by (a), (a, 6), (a, 6, c), &c. in these cases respectively. 


I say that we have 

(a) = 


(a 4-1) 



— a 


. k; 
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(a, &) = (a + 1) (b + 1) 


' [rm — a — 6]® 

+ [rvz — a — b—lj(a + b) [D]^ 
.+ ab [D]’’ ) 


[ a (6 + 1) f[rm — a — b — iy 1 

1+ bDj 

+ b (a + 1) f[rm -a-b- If 








+ ab 

(a, b, c) = (a+ 1) (b + l)(o + 1) 




f [rm — ct — & — c Y 
+ [rm ■— a — & — c — 1]^ (ex- + h + c) [i)] 
+ [rm — a — & — c — 2]^ (ab + ac + be) [D]^ 
V, H- cobc [J?]® , 


-[2c(a+l) (6 + 1) 

+ [the (a + 1) 

— abo 


{. 


^ \ni — a — 6 — c — 1]^ 

+ \rm — a — 6 — c — 2p (a + 6) [i)]‘ 

. + ob [i)]® 

\rni — a — & — c — 2]^ 

+ aD 


][«? 


j_]W= 

• M®* 


77. The foregoing examples are suflScient to exhibit the law ] but as I shall have 
to consider the cases of four and five contacts, I will also write down the formula 
for (a, b, 0 , d), putting therein for shortness 

a + b + e + d = a, ab + . . + cd= abc-. + bcd^j, abcd = S, 
a + & + c=a', ab + OK + bo = 0', <ibc = y', a + 6 = a", ab = 0", a = a'"; 


and also the formula for (a, b, c, d, e), putting therein in like manner 


(a, A 7, S. e), (o', y, S'). («", r. y"), (a'"') 


for the combinations of (a, b, c, d, e), (a, b, o, d), (a, b, 6), (a, b) and (a) respectively. 
We have 


(a, h, e, d) = 


(a + l)(6+l)(c+l) (d + 1) 


' \rm — ac 
+ \rm — a — 1]* a [D]^ 
. + [rm — a — 2]® ^ [2)]“ 
+ [rm — a — 3]^ 7 [2)]® 


1 + 
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[Sd (a + 1) (6 + 1) (c + 1) 


[rm — a — 1]® 

+ [r??! — a — 2]® o' [Z)]^ 


][«? 


+ \_rm — a — 3]^ [D]^ 


1 + 


7 [Df) 


+ [ted. (a + 1 ) (6 + 1 ) 


— [26cd (a + 1) 


+ abed 


1 


[rm — a — 2]^ 

+ \rm — a — 3]^ a" [i?]* 


( + 


[DY 


][«? 


J [rm — a — 3]^ I ] [xf 

1 + CL'"[DYi 




(a, 6 , c, cZ, e) — (a + 1 ) (6 + 1 ) (c + 1 ) (cZ + 1 ) (g + 1 ) 


[ 7 ’m — a 

+ [rw^ — a — 1]^ a [Df 
+ [rm — a — 2]® [Z>]^ 

+ [rm — a — 3]® 7 [J?]® 
+ [rm -- a — 4]^ 3 [D]^ 

.+ ^ [-D?> 


- [2e (a + 1) (6 + 1) (c + 1 ) (cZ + 1) 


+ [XcZ^ (cb + 1) (6 1) (c + 1) 


~ [tede {a + 1) (6 + 1) 


+ l^bcde {a + 1) 


f [rm — a — Ip 


][«? 


4* [rm — a — 2]® a' [D]^ 

" + [?mi — a — 3]® )8' [D]® ^ 
+ [rri — a — 4]^ 7' [i)]® 
.+ S' [i)]s 


^ [rri — a — 2 ]® 

+ [rm-a- 3 pa" [Dp 
4. - a - 4 p [Dp 

.+ t" 


]W“ 


" [r7>^ — a — 3]® 

^ + [^m — a 4]^ a'" [D]^ - 


][*? 


j [rm — a — 4]^ ] ] [«]* 

1+ a""[Dji 

W'- 


— abode . 
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78. In all these formulae there is, as before, a numerical divisor in the case of 

any equalities among the numbers a, 6, c, &c. And D denotes, as before, the deficiencj", 
viz. its value now is 2) = J (w — 1) (w— 2)— S — /c ; or observing that the class n is 
= we have - m + 1 or say jD = 1 - m -j- 4 * ^a:, =l4A if 

^ = — 772, -f- ^ic* 

79. It is to be observed with reference to ,the applicability of these formulae 

within certain limits only, that the formulae are the only formulae which are generally 
true; thus taking the simplest case, that of a single contact a, the only algebraical 
expression for the number of the curves O' which have with a given curve !7^ a con- 
tact of the order a, and besides pass through the requisite number — a of 

arbitrary points, is that given by the formula, viz. 

(a) = (a + 1) {rm — a 4- aD) — ate. 

Considering the curve and the order r of the curve as given, if a has 

successively the values 1, 2, . . . up to a limiting value of a, the formula gives the 
number of the proper curves which have with the given curve 27”^ a contact of the 
required order a: beyond this limiting value the formula no longer gives the number 
of the proper curves O which satisfy the required condition, and it thus ceases to be 
applicable ; but there is no algebraic function of a which would give the number of 
the proper curves C^' as well beyond as up to the foregoing limiting value of a. 

80. The formulae are applicable provided only the conditions include the conditions 
of passing through a sufficient number of arbitrary points ; viz. when the number of 
arbitrary points is sufficiently great, it is not possible to satisfy the conditions specially 
by means of improper curves G^, being or comprising a pair of coincident curves. Thus 
to take a simple example, suppose it is required to find the number of the conics 
which touch a given curve t times and besides pass through 5 — ^ given points: if the 
number of the given points be 4 or 3 there is no coincident line-pair through the 
given points, and therefore no coincident line-pair satisfying the given conditions ; if 
the number of the given points is =2, then the line joining these points gives a 
coincident line-pair having at each of its m intersections with the given curve a special 
contact therewith, that is, having in (m — 1) {m — 2) ways three special contacts 
with the given curve ; if the number of the given points is 1 or 0, then in the first 
case any line whatever through the given point, and in the second case any line 
whatever, regarded as a coincident line-pair, has m special contacts with the given 
curve ; and so in general there is a certain value for the number of given points, for 
which value the conditions of contact may be satisfied by a determinate number of 
improper curves O, and for values inferior to it the conditions may be satisfied by 
infinite series of improper curves O, It is by such considerations as these that 
De Jonquibres has determined the minimum value T of the number of arbitrary points 
to which the conditions should relate in order that the formulae may be applicable: 
I refer for his investigation and results to paragraphs XVII and XVIII of his memoir. 
I remark that in the case where the number of improper solutions is finite, the 
formula can be corrected so as to give the number of proper solutions by simply 
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subtracting the nunaber of the improper solutions: but this is not so when the improper 
solutions are infinite in number ; the mode of obtaining the approximate formula is 
here to be sought in the considerations contained in the first part of the present 
Memoir; see in particular ante, Nos. 8 , 9 and 10. 


81. The expressions for (a), (a, h\ &c. may be considered as functions of rm, 1 +A, 
and K, and they vanish upon writing therein rm=0, A=0, « = 0; they are consequently 
of the form (rm, A, fcy + (rm, A, fcy + &c., and I represent by [a], \a, 6 ], &c. the several 
terms {rm, A, kJ-, which are the portions of (a), {a, h), Ssc. respectively, linear in rm, A, 
and K, The terms in question are obtained with great facility ; thus, to fix the ideas, 
considering the expressions for (a, 6 , c, d), 

V, To obtain the term in rm, we may at once write D = 1, k — 0, the expression 
is thus reduced to 


(a+ 1 ) (b + 1 ) (c -f l)(c? + 1 ) {[rm — a]^ + [rm— a — Ip a}, 
and the factor in { } being = rm [rm ~ a — Ip, the coefficient of ro 7 i is 

(a-hl)(6 + l) (c+l)(d+l)[-a-ip, 

which is 

= — (a "f* 1) (6 + 1) (c + 1) (d + 1) . + 1) (a + 2 ) (a + 3). 


2 °, To obtain the term in A, writing rm =0, a: = 0, and observing that 
[i)p=A + l, [2)p = (A + l)A, [i)p=(A + l)A(A-l), [i)p = (A + 1) A (A - 1) (A - 2), 
&c. give the terms A, A, — A, + 2A, — 6 A, &c. respectively, the term in A is 


(a + 1 ) (6 + 1 ) (c + 1 ) (d q- 1 ) f 




n 


A 


+ [-a-2p^. 1 

+ [— a — 3p 7 . — 1 

S. 2, 


— (ct + 1) (6 + 1) (c + 1) (d + 1) ^ — a (a + 1) (a + 2) (a + 3) ] A. 

+ ^ (flt + 2) (flt + 3) 

+ 7 (a + 3) 

1+28 

3°. For the term in k , writing = i) = l, and observing that [ k ]\ [ k ]\ [/cp, [/cp 
give respectively the terms k , — k , 2a:, — 6a:, this is 

= [--2d (c6+l)(6 + l)(c + l){[-a~ip+[-a~2pa' }. 1-| 

+ 2cd (a+l)(6-l) {[_a-2p-f [-a-3pa"}.-l 

-S6cd(a-1) {[-a-"3P+ a'"}. 2 

. + abed . — 6 . 
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that is, 


where the terms in { } are 

..(a + l-o'Xa + SXa+S), (a+2-a")(a + S) and -.(a + 3-O. 
-.(d + l)(a+2)(a + 3), (c + (i + 2)(a + 3) and -(6-l-c + d + 3) 
respectively; whence the whole expression is 

- ( td (a + l)(b + l){c+l)(d-hl).(a+2)(a + S)] k, 

- Xcd (c+d+2)(a+l)(h + l). (a+3) 

+ 2%l)cd (h + c + c? + 3) 4" 1) 

6 ahod 

the expression multiplying (a + 2) (a + 3) is 

(a + l)(6 + l)(c + l)(cZ+l)S(i, =(a + l)(& + l)(c+l)(cZ-|-l)a; 
and we have moreover 


(a + l)(6 + l)(c+l)(d + l) = (l+a + /SH-7+S); 

the other lines are of course expressible in terms of (a, A 7 , 3), but as the law of 
their formation would then be hidden, I abstain from completing the reduction. 


82. The series of formulae is 


[a] = + 1) rm 

-f (a -fl) aA 
— afc, 


[a, 6] = -(a + l)(6 + l)(a + l) . . rm 
-(a + l)(6 + l)| a(a + l)jA 

+ [ (a + 1 ) (& + 1)1 K, 

ai i 

where a = a + 6, ^ = ab; and coeff. of k expressed in terms of a, ^ is = a (1 + a + ;S) — yS. 


[a, h, c] = (a + 1) (6 + 1) (c + 1) (a + 1) (a + 2) . . rm 

+ (a + 1) (6 + 1) (o + 1) j" a (a + 1) (a + 2) ) A 
I - /S(a + 2) 

I - 7 ; 

+ /' — 2 c (a + 1) (6 + 1) (c + 1) (a+ 2) '\ k, 

+ 26c (6 + c + 2) (a+ 1) 

— 2a6c 


where a = a + fe + c, ^ = ah + 00 + 1)0, r^ = al}c\ and the coefScient of « expressed in terms 
of a, ly is = — a* — a“^ — a=ry — 3a® — a /8 — 2a + 2/3 + 7 . 
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hj Cf c?] (ct 1) (6 + 1) (g + 1) -1- 1) (oc + 1) + 2) (fl£ + 3) ■ . 7*7tit 


-(a+1) (6 + l)(c+l)(d+l) 


a(a- 

- y8 

- y 
-28 


■l)(a+2)(a + 3)] 
(a + 2)(a + 3) 
(a + 3) 


'+ 2 £Z(a+l)(6 + l)(c + l)(d+l)(a + 2)(a + 3)') 

— X cd (c + c? + 2) (tt + 1) (6 4“ 1} (ct + 3) 

+ 22 6cd(6 + c +d+3)(a + l) 

^ — 6 abed 

where a = a + 6 + c + c2, ..S = abed. 

[<x, by c, dy 6] = (ct- + 1) (6 + 1) (c + 1) (cZ + 1) (g + 1) (flt + 1) (a + 2) (a + 3) (ct + 4) 

+ (a + l)(6 + l)(c + l)(cZ + l)(e+l) f a(a + l)(a + 2)(ct + 3)(a + 4)] 

— yS (a + 2)(a + 3) (a+ 4) 

— 7 (a + 3) (a + 4) 

-2S (a + 4) 

^ — 06 

+ r- 2e (a + l)(5+l)(c + l)(cZ + l)(^ + l)(a + 2)(a + 3)(ct + 4)^ 
+ 2cZe (cZ + e + 2) ((X + 1) (6 + 1) (c + 1) (a + 3) (a + 4) 

— 22ccZe (c + (Z + e + 3) (a + 1) (6 + 1) (a + 4) 

+ Q'^bcdc (b + c + cZ+6 + 4) (c& +1) 

^ — 24a6ccZe 

where a=a + 6 + c + cZ + e, /3 = &c., ... e = abode. 


rm 

A 




83. The complete functions (a), (cc, 6), .(a, 6, c), &c. may be expressed by means of 
the linear terms [a], \ay 6], [a, 6, c], &c. as follows, viz. we have 

(a) = [a], 

(a, 6) = [a] [6] 

+ [®> ^]> 

(a, 6, c) = [a] [8] [o] 

+. [a] [6, c] + [6] [a, c] + [c] [a, 6] 

+ [a, h, c], 

ia,h,c,d)= [a][6][c][d] 

+ 2[a][6][c, d\ 

+ 2 [a, 8][c, d\ 

+ 2 [a] [6, c, cq 
4- [a, h, 0 , d\. 


C. VI. 


30 
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and so on ; this is easily verified for (», h\ and without much difiSculty for {cl, b, c), 
but in the succeeding cases the actual verification would be very laborious. 

84. The theoretical foundation is as follows. Writing for greater distinctness ^ 
in place of (a), we have {a)^ to denote the number of the curves which have 
with a given curve a contact of the order a, and which besides pass through 
— points. Let the curve be the aggi’egate of two curves of the orders 
m, m' respectively, or say let the curve be the two curves m, m\ then we have 

a functional equation, the solution of which is 

where [a]m is a linear function of n, tc, or, what is the same thing, of m, A, fc. 
I assume for the moment that when the coefiScients are determined would be 

found to have the value =[a]. 

Similarly, if (a, denote the number of the curves G*’ which have with the 
given curve contacts of the orders a and b respectively, and which besides pass 
through Jr* (r 4- 3) — a — 6 points, then if the given curve break up into the curves 
m, m', then we have 

(ci, (^j ^)m' ~ {(^)w "h 

where {(a)OT(^)wj'} is the number of the curves (7'* which have with on a contact of the 
order a and with m' a contact of the order b, and which pass through the Jr (r + 3) — a — 
points; and the like for (6),n}. Then, not universally, but for values of a and b 

which are not too great, the order of the aggregate condition is equal to the product 
of the orders of the component conditions (ante, No. 12), that is, we have 

“ (o^m • ~ 

{(< 1 ) 711 ' (b)m } = (o^m! • (b)m “ [^3777. j 

and thence the functional equation 

(a, b^m+inf (C('i b^m (^y b^,n/ = [<l3’«' "I~ [ujm' [^3»7i* 

But la]niy &/C. being linear functions of on, A, k, we have 

~ [^^]7n+7«,' ” [6]m d" 

and thence a particular solution of the equation is at once seen to be [a\n\b'\m\ the 
general solution is therefore 

(a, b^TfYi = \a\>m, 4* \a, 

where [a, b\n is an arbitrary linear function of m, A, k. Hence, assuming for the 
present that if determined its value would be found to be = [a, 6], we have the 
required formula (a, h) = [a] [6] 4- [a, 6]. 
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The investigation of the expression for («., 6, depends in like manner on the 
assumption that ,we have 

{(^)w (J^3 ~ [c]7yi' 4* [b, cJth,], 

and so in the succeeding cases ; and we thus, within the limits in which these 
assumptions are correct, obtain the series of formulae for (a, &), (a, b, c).... 

85. It is to be observed in the investigation of (a, b) that if a = 6, the two 
terms [a]rn [b^m^ and [a]^- [b^n become equal, and the equal value must be taken not 
twice but only once, that is, the functional equation is 

(a, aX«-(a, = 

and the solution, writing ^ [a, a\n for the arbitrary linear function, is 

(c?, cC)qyi. == ^ \cL’f 

in which solution it would appear, by the determination of the arbitrary function, that 
[a, a] has the value obtained from [a, 6] by writing therein h = a. Writing the 

equation in the form 

(a, a) = f [a] [a] + i [a, a], 

and comparing with the equation for (a, b\ we see that [a, 6] is not to be considered 
as acquiring any divisor when b is put =a, but that the divisor is introduced as a 
divisor of the whole right-hand side of the equation in virtue of the remark as to 
the divisor of the functions (a, 6), (a, 6, c)... in the case of any equalities between 
the numbers (a, b, c...). This is generally the case, and the foregoing expressions for 

[a, 6], [a, 6, c], &c. are thus to be regarded as true without modification even in the 

case of any equalities among the numbers a, b, c.... 

86. To complete according to the foregoing method the determination of the 

expressions for (a), (a, 6),.., we have to determine the linear functions [a], [a, b], &c., 

which are each of them of the form fm+gA’]-hK, where (/, g, h) are functions of r 

and of a, i>, &c.; and I observe that the determination can be effected if we know 

the values of (a), (a, 6), &g. in the cases of a unicursal curve without cusps and 

with a single cusp respectively. Thus assume that in these two cases respectively 
we have 

(a) = (a + 1) (rm — a), 

(a) = (a -f 1) (rm — a) — a. 

Writing first A = — 1 , = and secondly A = — 1 , we have 

(a + 1) (rm — a) =/m — g, 

(a + 1) ('nn — a) — a=^fm — g + h, 

whence 

/=(a4l)n 5r=:(a4-l)a, 
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giving the foregoing value 

[a] = (a + 1) nn + (a + 1) aA - an. 

Similarly, for two contacts assume that we have in the two cases respectively 
(a, h) = {a + 1) Q> + 1) [rm -a- hf, 

(a, 6) = (a + 1) (& + 1) [rm - a - b]^ - {a (6 + 1) + 6 (a - 1)} [rm -a-b- 1]^ 

Starting here from the formula [a, &] = (a, 7>) - [a] [6] H- .grA + A*, and writing 
successively A = — 1, k = 0, and A = — 1, « = 1, we have 

(a + 1) (6 + 1) [rm -a -by - {(a + 1) (na - a)} {{b + 1) (rm - b)} =fm - g, 

(a + 1) (6 + 1) [rm — a — by — {a (6 + 1) + 6 (a + 1)] [p’m — a — 6 — 1]^ 

— {(a + 1) (rm — a) — a} [(b + 1) (rm — 6) — 6} =fm —g H- h ; 

the first of which, putting therein a + b = a, ai> = /S, is at once reduced to 

(a + l)(6 + l) {rm(-a-l) + a(a + l)-/3} =fm-g, 

whence /= - (a + 1) (6 + 1) (a + 1) gr = - (a + 1) (b + 1) (a (a + 1) - ^). And taking the 
difference of the two equations, we have 

— {a (6 + 1) + 6 (a + 1)} (rm — a — b — 1) 

+ a (6 + 1) (rm — 6) + 6 (a + 1) (rm — a) — ab = h, 

that is A = (a + l)(6 + l)(a + 6) — whence [a, 6] has the value above assigned to it. 

87. The actual calculation of [a, b, c] would be laborious, and that of the 
subsequent terms still more so ; but it is clear that the principle applies, and that 
the foregoing values, assuming them to be correct, would be obtained if only we know, 
for a unicursal curve without cusps, that 

(a, b, c,..) = (a + l)(b + l)(G + l)...[rm — (a + b + o,..)y 

(t the number of contacts a, b, c , ...), and for a unicursal curve with a single cusp, 
that 

(a, b, c, . .) = (a + 1) (b + 1) (c + 1). ..[rm — (a + b + o...) ]* 

— 2a(6 + l)(o + l)...[rm — (a + 6 + o...) — 1]‘“S 

viz. that the diminution of (a, h, c, ...) occasioned by the single cusp is 

= [rm-(a + b + c, ...) — l]‘“^2{a(6 + l)(o + l) ...}. 
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88. Consider a unicursal curve and a curve having therewith t contacts 

of the orders a, h, c, . . . respectively. The coordinates (a?, y, z) of any point of the 
unicursal curve are given as functions of the order m of a variable parameter 6 ; 
and substituting these values in the equation of the curve we have an equation 
of the degree rm in 6, but containing the coefficients of G^ linearly; this equation 

gives of course the values of 6 which correspond to the 7'm intersections of the two 
curves. Hence in order that the curve G^ may have the prescribed contacts with 

the equation of the degree rm in 6 must have t systems of equal roots, viz. a 
system of a equal roots, another system of b equal roots, &c. : this implies between 
the coefficients of the equation an (a4- & + c ...) fold relation, which may be shown to 
be of the order (a + 1) (6 + 1) (c + 1) . - . [rm — (a-\-b + c . . ; and since the coefficients 
in question are linear in regard to the coefficients in the equation of the curve G^\ 
the order of the relation between the last-mentioned coefficients has the same value ; 
that is, the number of the curves G^ which have the prescribed contacts with the 
unicursal curve and besides pass through the requisite number of given points, is 
= (a-l-l) (6-f- l)(c4‘l) ... [rm-(a + b + c ...)p. 

89. The reduction in the case of a cusp appears to be caused as follows : — 

Consider on the curve a points indefinitely near to the cusp, and let the condition 
of the curve G^' having the contact of the a-th order be replaced by the condition 
of passing through the a points; that is, consider the curves G*’ which have with the 
curve 27" (^ — 1) contacts of the orders 6, c, ... respectively, which pass through the a 
points on the curve 27^" in the neighbourhood of the cusp, and which also pass 
through the requisite number of arbitrary points. The number of these curves is 
= (6-i-l)(c-l-l )... [rm — a — (6 + c + , .)]^“^ (the term rm — a instead of rm, on account 
of the given a points on the curve: compare herewith De Jonqui^res' formula con- 
taining rm — p). Each of these curves, in that it passes through a points in the 
neighbourhood of the cusp, will ipso facto pass through a + 1 points (viz. a curve 
which simply passes through the cusp of a cuspidal curve meets the cuspidal curve 
there in two points, a curve which touches the cuspidal tangent meets the curve in 
three points, &c.), and be consequently, in an improper sense, a curve having a contact 
of the a-th order with the given curve I assume that it counts as such curve 

a times, and this being so, we have, on account of the curves in question, a reduction 
= a(&H-l)(c + l ).. .[rm — (a + 6 + c . . We have in like manner for the curves 
passing through b points in the neighbourhood of the cusp a reduction =&(a + 1) (c + 1)... 
\rm — {a-\~b + c...)Y'~'^, &c., and hence when the given unicursal curve 27^" has a cusp, 
the total reduction on account of the cusp in the number of the curves G^ which have 
with the given curve the t contacts of the orders a, b, c, . , . and besides pass through 
the requisite number of given points, is 

= {a (6 -h 1) (c+ 1) ... + 6 (a-h 1) (c-f-l)+ &c.} [rw~(a + &4- c ...)]*”S 

which is the auxiliary theorem in question; some of the steps require however to be 
more completely made out. 

90. I have calculated the following numerical results, wherein, as before, 
A = D — 1= — m + ^ + I find also their values in the case where the curve (?* 
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is a conic (that is r = 2) first in terais of m, n, k, and finally in terms of wi, a 
(a = 3n + A:, as above). The results are 


for r=2, that is, curve O’’ a conic. 


[1]= 

27'm + 

2A- 

K 


2m 

n 


= 

2m + 

n 


[2] = 

3m + 

6A- 

2k 

= 


374 + 

K 

= 



a 

[3]= 

4?7?2 + 

12A- 

3k 

= - 

47H + 

67? + 

3k 

= 

- 47/4 - 

3?/ + 

3a 

[4] = 

5i'm + 

20A- 

4a: 

= - 

lOwi + 

1077 + 

6k 

= 

10/74 - 

874 + 

6a 

[5] = 

6rm + 

30A- 

5k 

= - 

18771 + 

1574 + 

10k 

1 

18/74 - 

15/4 + 

10a 

[1, 1] = 

12?7yi - 

2UA + 

7k 

1 = - 

4?71- 

1074 - 

3k 

1 

- 4/74 - 

n- 

3a 

[1, 2]= 

- 24rw - 

60A + 

16k 

= 

12771 - 

30?/- 

14k 

= 

127/4 + 

12/4- 

14a 

[1, 3] = 

- 40n7Z - 

136A + 

29k 

= 

66771- 

6874 - 

39k 

= 

56?74 + 

49/4 - 

39a 

[1, 4] = 

- 60rm - 

260A + 

46k 

1 = 

140771 - 

130'74- 

84k 

= 

140771 + 

122?/- 

84a 

[2, 2] = 

- - 

144A-f 

32k 

= 

54?71 - 

7274 - 

40k 

= 

54/74 + 

48/4- 

40a 

[2, 3] = 

- 72rm - 

288A + 

54k 

= 

144771 - 

144?/ - 

90k 

= 

144771 + 

126/4 - 

90a 

[1. 1, 1]= 

160m + 

352A- 

98k 

= 

32771 + 

176/4+ 

78k 


- 32?71 - 

58?4 + 

78a 

[1, 1. 2]= 

3609'm+ 

1066A- 

240k 

= - 

33677^ + 

528?/ + 

288k 


— 336774 — 

33674 + 

288a 

[1, 1, 3]= 

672m+ 

2528A- 

478k 

= - 

118477i + 

126471 + 

786k 

= 

- 1184771 - 

1094/4 + 

786a 

[I, 2, 2]= 

75Qrm + 

2700A + 

530k 

= - 

1188771 + 

1350/4 + 

820k 

= 

- 1188774 - 

1110/4 + 

820a 

[1> 1, 1,1] = 

~ 3360m- 

8928A + 

M 

O 
1— 1 
(M 

= 

2208774 - 

4464?4 - 

2368k 

= 

2208774 + 

2610/4- 

2358a 

[1, 1, 1, 2] = 

- 8064m- 

26784A4- 

6376k I 

= 

10656771- 

1339274 - 

80ir,K 

= 

10656/74 + 

10656/4- 

8016a 

[1, 1, 1. 1, 1]= 

96768m + 296448A- 61464k ! 

= - 

102912774 + 148224n + 86760k I 


- 10912774-; 

U2060k + 86760o 


(It may be noticed as a curious circumstance that in the Isist column in the 
expressions of [2], [1, 2], [1, 1, 2] and [1, 1, 1, 2] respectively, the coefficients of m 
and n are in each case equal) 

91. In the case of the conic, (1), (2), &c. are the expressions denoted in the 
former part of this Memoir by (1 : :), (2 &c., the number of points being in each 

case such as to make in all five conditions; calculating these functions by means of 
the formulae (a)=[a], &c., the comparison of the resulting values with the values 
previously obtained will show d posteriori the limits within which the formulae are 
applicable; where they cease to be applicable I find the difference, and annex it as 
a correction to the formula value: I have in some cases given what seems to be the 
proper theoretical form of this difference. We have 

(1 : :) = 2m + n ; 

(2 - • ct; 

(S :) = — — 3w + 3a ; 

(4 •) = — 10m — 871+ 6a ; 

(5) = - 18m - 1577. + 10a - [- 3m + a] (= - [c ]) ; 
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2 ( 1 , 1 


( 1 , 2 :) 


( 1 . 3 .) 


( 1 , 4 ) 


2 ( 2 , 2 .) 

(2, 3) 


6 ( 1 , 1 , 1 :) 


2 (2, 1, 1 ■) 


2 (3, 1, 1) 


2 (2, 2, 1) 


= (2m + 

— 4m — — 3a ; 

= (2m + n)oL 

■f \2m + 12n — 14a ; 

= (2m + 7 i) (— 4m — 3n + 3a) 

+ 567n 4- 49?^ — 39a ; 

= (2m + ?0 (“ 10m — 8n + 6a) 

+ 140m + 12271 — 84a 

— [(m — 3) (— 12m — 621 + 6a)] (= — [(m — 3) (4^ -f 2«)]) ; 

= a^ 

+ o477^ H- 4871 — 40a ; 

= a (“ 4771 — 37^ + 3a) 

+ 144m + 12671 — 90a 

— [24771 + 671 4 - (71 — 12) a] (= — [6t 4- (w^ — 3) a:]) ; 

= (2?71 4- 7l)^ 

4- 3 (2771 + 71 ) (— 4m — 71 — 3a) 

— 32771-58714- 78a 

— [4771 (m — 1) (?7i — 2)] ; 

= (2??i 4- ny a 

+ 2 (2771 4" 7i) (12m -f 1271 — 14a) 4- ct (— 4m — 71 — 3a) 

— 336771 — 33671 4- 288a 

— [2a (771 — 2) (m — 3)] (= — [671 (771 — 2) (771 — 3) + 2/c (7?i — 2) (m — 3)]) ; 


= (2771 4- ny (— 4m — 37i 4- 3a) 

4- 2 (2m 4- 71) (56m 4- 49?i — 39a) 

+ (— 4m — 71 — 3a) (— 4m— 3?i 4- 3a) 

- 1184771 - 109471 + 786a 

• r- 13771® — 8 ??i 27 i 4 - 4 m 7 i 2 4-131m=^ + 927?i?i-8?i® — 316m-2267i' 
L 4 - a (9771® — 87m — 371 4“ 204) 


= (2m 4- 7 i) a® 

4 2a (12m 4 1271 — 14a) 

4 (2m 4 7 i) (54m -f 48ri — 40a) 
- 1188m - 111071 - 820a 




" 8(271 4 10m- 38)1 ) 

4 a: (3m® -19771 4 30) 

4 1 ( 6 m® — 41m 4 69) 

.4 T(8m — 32) 
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'60771® + 427/Z77. — 252777 — 17477. 

(=- 

T 

4- a (-40m + 166) 


4- 6 (777 — 4) ()i — 3) K 

.4- a® (m — 4) 


4-18(m — 4) T 



_ 4 - (777 — 3) (4it 4 - 2k) . 


24 (1, 1, 1, 1 •)== (2m + 

+ 6 (2m -H ny (— 4^m — — 3a) 

+ 3 (— — n — Scc)'^ 

+ 4 (2in + n) (— B2Qn — oSoi + 78a) 

+ 2208m H- 2610n — 2358a 
— ” 14/?i (7?i — 1) (m — 2) (m — 3)“ 

+ 1 07? (m + 2) (m — 2) (m — 3) 

36a (m — 2) (m — 3) 

(= — [(//}^ — 3) (14m‘^ + IGm?? — 147?i — 7 6??. — 36y^)]) ; 


6 (2, 1, 1, 1) = (2m + n)^a 

+ 3 (2m + ny (12'm + 12}i — 14a) 

+ 3 (2m + n) a (— 4m — n — 3a) 

+ 3 (2m + 7?) (— 3367?^ — 3367i -{- 288a) 

+ a (— 32771 — 5877- + 78a) 

+ 3 (— 4m — n — 3a) (12m + 1277- — 14a) 

+ 106567?i + 1065671 — 8016a 

108771^ -h 108771^ — 1116m® — 111677^71 + 2736m + 27367i‘ 
4- a (777^® + 677i®7l — 147777.® — 307717^ + 104077^ + 2471 — 2256) 
L+ a® (— 9m + 36), 


where the correction is 

= — (m — 4) ^ 


— — (m — 4) 


108m® + 108777.71 — 68477^ — 6847z 

+ a {7m® — 11977^ 4- 564 4- 677. (m — 1)) 

- 9a® 

f 2S(2bi-36) 

+ 2t (18m -126) 

+ K (7m^+ 6mm — 65m — 13m + 166) — 9 — k) 

[+ i(+16»i-96) 
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120(1,1,1,1,1)= (2m + ny 

+ 10 (2m + ny (— 4}m — n — 3a) 

+ 10 (2m + ny (- 32m - 58n + 78a) 

+ 10 (- 4m - n ~ 3a) (- 32m - 58?i + 78a) 

+ 5 (2771 + n) (2208m + 2610?? — 2358a) 

+ 15 (2?7z + Ti) (— 4m — n — 8a)® 

- 102912m- 112056?^ + 86760a 

— ^ 31m® + 70m'‘?i+ 40mWj ; 

“ 31 Om^ — 460m®?i — 1 20m®W;® 

— 23 5m^ — 1030m®?^ — 400m 7^® 

-f 10690m® + 16060m?^ +960 
+ ^— 210m® — 180m®w^ 

+ 2970m® + 900m'«. 

- 15630m - 720??, 

[+ 28440 ; 

+ a® (135m — 540), ^ 

PV’here the correction is 

^ 31m^ - 186m® - 979m® + 6774m ] , 

+ ?i,(70m®— 180m® — 1750m + 9060) 

+ 40?^® (m + 3) (m — 2) 

+ a /- 210m® + 2130m - 7110\ 

\-180?^(m-l) / 

,+ a®,135, 

? 7 hich is 

= - - 4) ^ 31 (2S + 3a:)® + 110 (28 + 3/c) (2t + 3^ 

+ (^m® + 1142m + 3174 )( a:- c) 

+ (- 14m -638n- 1524 )(2S + 3 a:) 

+ (— 390m + 110?^ + 4272 ) (2t + Si ) 

^ + (— 210m® — 180m?^ + 2130m + 990?i — 7110) k + 135a:® ^ 

)ut I have not sought to further reduce this expression, not knowing the proper form 
n which to present it. 

92. The question which ought now to be considered is to determine the corrections 
)r supplements which should be applied to the foregoing expressions (a), (a, 8), &c., or 
,0 their equivalents [a], [a] [5] + [a, 6], &c. in order to obtain formulas for the cases 
c. VI, 31 



242 ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. [406 

beyond the limits within which the present formulae are applicable ; but this I am not 
in a position to enter upon. If the extended formulae were obtained, it would of 
course be an interesting verification or application of them to deduce from them the 
complete series of expressions (1::), (2.*.)...(1, 1, 1, 1, 1) for the number of the conics 
which satisfy given conditions of contact with a given curve, and besides pass through 
the requisite number of given points. It will be recollected that throughout these last 
investigations, I have put De Jonqui^res^ = that is, I have not considered the case 
of the curves 0^ which (among the conditions satisfied by them) have with the curve 

contacts of given orders at given points of the curve ; it is probable that the 
general formulae containing the number p admit of extensions and transformations 
analogous to the formulae in which p is put =0, but this is a question which I have 
not considered. 

93. The set of equations (a) = [a], (a, b) = [a] [6] + [a, &], &c., considered irrespectively 
of the meaning of the symbols contained therein, gives rise to an analytical question 
which is considered in Annex No. 7. 

The question of the conics satisfpng given conditions of contact is considered from 
a different point of view in my Second Memoir above referred to. 


Annex No. 1 (referred to in the notice of De Jonqui^ires’ memoir of 1861). — On the 
form of the equation of the curves of a series of given index. 

To obtain the general form of the equation of the curves C7’*' of a series of the 
index N, it is to be observed that the equation of any such curve is always included in 
an equation of the order n in the coordinates, containing linearly and homogeneously 
certain parameters a, &, c, . . ; this is universally the case, as we may, if w^e please, take 
the parameters (a, 6, c, . .) to be the coefficients of the general equation of the order n ; 
but it is convenient to make use of any linear relations between these coefficients so 
as to reduce as far as possible the number of the parameters. Assume that the 
number of the parameters is = o) + 1, then in order that the curve should form a 
series (that is, satisfy (n + 3) — 1 conditions), we must have a (co — 1) fold relation 
between the parameters, or, what is the same thing, taking the parameters to be the 
coordinates of a point in ©-dimensional space, say the parametric point, the point in 
question must be situate on a (© - 1) fold locus. Moreover, the condition that the curve 
shall pass through a given point establishes between the parameters a linear relation 
(viz. that expressed by the original equation of the curve regarding the coordinates 
therein as belonging to the given point, and therefore as constants); that is, when the 
curve passes through a given point, the corresponding positions of the parametric point 
are given as the intersections of the (©— l)fold locus by an omal onefold locus; the 
number of the curves is therefore equal to the number of these intersections, that is, to 
the order of the (© — 1) fold locus ; or the index of the series being assumed to be == 
the order of the (© — I) fold locus must be also = N, That is, the general form of the 
equation of the curves which form a series of the index N, is that of an equation 
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of the order n containing linearly and homogeneously the a? + 1 coordinates of a certain 
(ft) — 1) fold locus of the order JV. It is only in a particular case, viz. that in which 
the (&>—!) fold locus is unicursal, that the coordinates of a point of this locus can 
be expressed as rational and integral functions, of the order of a variable para- 
meter 6 ; and consequently only in this same case that the equation of the curves 
(7^^ of the series of the index N can be expressed by an equation y, zY = 

or y, ly^ = 0, rational and integral of the degree AT in regard to a variable 

parameter 0. 

If in the general case we regard the coordinates of the parametric point as 
irrational functions of a variable parameter 0, then rationalising in regard to 0, we 
obtain an equation rational of the order JV in 0, but the order in the coordinates 
instead of being = n, is equal to a multiple of n, say qn. Such an equation represents 
not a single curve but q distinct curves and it is to be observed that if we 
determine the parameter by substituting therein for the coordinates their values at a 
given point, then to each of the JV values of the parameter there corresponds a system 
of q curves, only one of which passes through the given point, the other q — 1 curves 
are curves not passing through the given point, and having no proper connexion with 
the curves which satisfy this condition. 


Returning to the proper representation of the series by means of an equation con- 
taining the coordinates of the parametric point, say an equation y, 1)" = 0, 

involving the two coordinates (^, y\ it is to be noticed that forming the derived equation 
and eliminating the coordinates of the parametric point, we obtain an equation rational 
in the coordinates (^r, jr), and also rational of the degree N in the differential coefiScient 

^ ; in fact since the number of curves through any given point y^ is = JV', the 
differential equation must give this number of directions of passage from the point 
{xq, to a consecutive point, that is, it must give this number of values of and 
must consequently be of the order N in this quantity. 


Conversely, if a given differential equation rational m x, y, and of the degree 
N in the last-mentioned quantity admit of an algebraical general integral, the 


curves represented by this integral equation may be taken to be irreducible curves, 
and this being so they will be curves of a certain order n forming a series of the 
index N ; whence the general integral (assumed to be algebraical) is given by an equation 
of the above-mentioned form, viz. an equation rational of a certain order n in the 
coordinates, and containing linearly and homogeneously the o> + l coordinates of a 
variable parametric point situate on an (cd — 1) fold locus. The integral equation 
expressed in the more usual form of an equation rational of the order N in regard to* 
the parameter or constant of integration, will be in regard to the coordinates of an 
order equal to a multiple of n, say =qn^ and for any given value of the parameter 
will represent not a single curve <7^, but a system of q such curves: the first- 
mentioned form is, it is clear, the one to be preferred. 


31—2 
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Annex No. 2 (referred to, No. VI)— On the line-pairs which pass through three given 

points and touch a given conic. 

Taking the given points to be the angles of the triangle formed by the lines 
(ir = 0, 2 / = 0, = 0), we have to find (/, g, h) such that the conic (0, 0, 0, /, g, h'^oo, y, zf == 0, 
or, what is the same fyz + gzQ 0 -\‘hxy = (), shall reduce itself to a line-pair, and shall 

touch a given conic (1, 1, 1, A, /-t, v\x, y, zy = 0. The condition for a line-pair is that 
one of the quantities /, g, h shall vanish, viz. it is fgh = 0 ; the condition for the contact 
of the two conics is found in the usual manner by equating to zero the discriminant of 
the function 1 — (X + OgY — (z' + Ohy -f 2 (X -f- df){fz -t- dg) (v 4- dh) = (u, 6, c, d^d, 1)® 

suppose ; the values of a, b, c, d being 

a= 2fgh, 

6 = -|-(/ 2 -|-y 2 + A 2 _ <2xgh - 2/i/fc/- 2vfg\ 
c = f {{y,v - X)/+ {vX-fi) y + - v) A), 

Hence considering (/, y, h) as the coordinates of the parametric point, we have the 
discriminant-locus (Z “ 0, and the contact-locus 

o?d^ 4- 4ac® -4 Vb^d — 36®c® — Qabcd = 0, 

and at the intersection of the two loci, a = 0, 6® (4j&d! - Sc®) = 0, equations breaking up 
into the system (a==0, 6=0) twice, and the system a = 0, 46d“3c® = 0; the former of 
these is 

f^ + g^ + h^-2,Xgh-2fMhf-2vfg==0, 

which expresses that the intersection of the two lines of the line-pair intersect on the 
given conic; in fact the system is satisfied by /=0, y® 4- A® — 2XyA = 0, giving a line-pair 
x{hy~\-gz) = 0, the two lines whereof intersect on the conic (1, 1, 1, X, p, v\x, y, 
and similarly, if y = 0, then A® -h/® — 2phf— 0, or if A = 0, then — 2>/y == 0. As 

noticed above this system occurs twice. 

The second system is 

fgh = 0, (/® 4 4- A® — 2Xgh — 2phf~~ 2vfg) (1 — X® — ^® — z/* 4 2Xpv) 

4 {(^pv — X)/4 (z^X — /tt) y 4 {pX — v) hy = 0, 
or, as the second equation may also be written, 

/® (1 - )a®) (1 - z;®) 4 5^^ (1 - z/®) (1 - X®) 4 A® (1 - X®) (1 - /.®) 

4 2yA(l — X®)(/zz^ — X) 4 ^hf(l —p^) (vX —p) + 2fg (1 — z^®) (X/z — z') = 0, 

which expresses that a line of the line-pair touches the conic; in fact the system is 
satisfied by /=0, 5 r®(l — z^®)4A®(l — )u-®)4 2yA(/zv — X) = 0, viz. we have here the line-pair 
x(hy ■^gz) = 0, in which the line hy-^gz^^O touches the conic (1, 1, 1, X, p, v^x, y, - 2 ^)® = 0 
and the like if 5 ^ = 0, or if A = 0. This system it has been seen occurs only once. 
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Annex No. 3 (referred to^ No. 22). — On the conics which pass through two given points 

and touch a given conic. 

Consider the conics which pass through two given points and touch a given conic. 
We may take Z=^ as the equation of the line through the two given points, and 
then taking the pole of this line in regard to the given conic and joining it with the 
two given points respectively, the equations of the joining lines may be taken to be 
Z = 0 and F=0 respectively. This being so, we have for the given points (X=0, F=0) 
and (F = 0, Z=0) respectively, and for the given conic 

aX^ +67^ + 2/^X7+ = 0 ; 

and since the required conic is to pass through the two given points its equation will 
be of the form 

wX^ + 2xYZ + ^yZX^- 2zX 7=0, 

where (^, y, 0 , w) are variable parameters which must satisfy a single condition in order 
that the last-mentioned conic may touch the given conic. The condition is at once 
seen to be that obtained by making the equation 

(a + \w) be 

— (a-^ y</w) {h + 

- 

— c\^z^ 

4- 2X.^£ry Qb 4- X.0) = 0, 

considered as a cubic equation in \ have a pair of equal roots; or if we write 

A = 3c {ah — h-), 

B = {ah — A®) — 2chz, 

C = — -hy^ — cz^+2h {xy — zw), 

D = Sz {2xy ^wz), 
then the required condition is 

-F 4Aa3 4 - 458 X) - QABGD - = 0. 

Hence the conic 

wX^ + 2x7Z^ 2yZX 4- 2.^X7= 0 

satisfies the prescribed conditions, if only the parameters {x, y, z, w) satisfy the last- 
mentioned equation, that is, if {x, y, Zj w) are the coordinates of a point on the sextic 
surface represented by this equation. 

The surface has upon it a cuspidal curve the equations whereof are 

A, 5, G =0; 

jB, G, D 
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this may be considered as the intersection of the quadiic surface — and the 

cubic surface J5(7=0; and the cuspidal curve is consequently a sextic. 

The surface has also a nodal curve made up of two conics ; to prove this I write for 

shortness k = h — *^ctb, ki — h + '^ab] the values of A, 5, (7, D then are 

A. ~ ^okkiy 
jB = — kk:^W — 2ch2!, 

G = — — by^ — cz^ + 2A (a;y — zw), 

jD = Sz (2xy — zw ) ; 

and it is in the first place to be shown that the surface contains the conic 


X : y : z : w=^6^b : ^ Va ; I : — ^ | , 

where 0 is a variable parameter. Substituting these values, we have 

A. “ ““ 

B = — c (3A + V a6), 

C' = 2jfc&i0*-|(3A-v'^), 

and hence 

AD-BC^-2h 
AC =- 
BB-O =- + 

values whicB. satisfy identically the equation of the surface ■written under the form 

{AB - BGf - {AG -B^) {BB - 0^) = 0 . 

Moreover, proceeding to form the derived equation, and to substitute therein the fore- 
going values of (x, y, z, w), we have 

dA : dB : dG : 3X1 = 0 : : 2& : 3, 

and then the derived equation is 

{AB- BG){^A-2kB- i^G) 

-2{AG-B‘ )( 8B-4!kC +k‘B) 

-2{BB-(? ){2kA-^B ) = 0, 
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or finally 


-k{ 

-t- {2kA-2k^B\ 

-k{A-ZBk + ZW - k^D) = 0 , 


which is satisfied by the foregoing values of A, B, G, D ) hence the conic is a nodal 
curve on the sextic; and by merely changing the sign of one of the radicals Va, ^/b (and 
therefore interchanging k, &i) we obtain another conic which is also a nodal curve on 
the surface, that is, we have as nodal curves the two conics 

X : y : z : w = 6 Nb d Na : \ and 

X \ y \ z \ w^d : — 1 : 

ICi 


It is to be remarked that each of the nodal conics meets the cuspidal curve in two 

points, viz. writing for shortness ® = i ^ ” F 
tions of the first conic we have 


, for the intersec- 


X : y : z : w : 


and =-@V'a : -® Vft : 1 : 

rCi 


and for the intersections with the second conic 


X : y : z : w = ®i^/a : — ®iV6 ■ I ^ ^ and = — @iVa : ®iVi> : 1 : 

The condition of passing through any arbitrary point establishes a linear relation 
between the parameters (x, y, z, w). Hence, if the conic in addition to the prescribed 
conditions passes through two other given points, the point (a?, y, z, w) is given as the 
intersection of a line with the sextic surface ; the number of intersections is = 6. If 
(a?, y, z, w) is situate on the cuspidal curve, then the conic instead of simply touching 
the given conic will have with it a contact of the second order, and if we besides 
suppose that the conic passes through a given point, then the point (a?, y, z, w) is given 
as the intersection of the cuspidal curve with a plane ; the number is = 6. Similarly, if 
the conic has two contacts with the given conic, and besides passes through a given point, 
then the point (a?, y, z, w) is given as the intersection of the nodal curve by a plane; 
the number is =4. Finally (observing that in the case in question of the contacts 
of a conic with a conic we cannot have three simple contacts, or a simple contact and 
one of the second order), a point of intersection of the nodal and cuspidal curves 
answers to a contact of the third order ; and the number is = 4. That is, the theory 
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of the sextic surface leads to the following values (agreeing with those obtained from 
the formulae by writing therein m = ri = 2 , a = 6 ), viz. 

(1 : :) = 6, = 2m + 

(1, 1 .’.) = 4, = + %mi + — 2m — — |a, 

( 2 .*.) = 6 , = a, 

(3 :) =4, = — 4^m — Sti + Sa. 

I remark that the section by an arbitrary plane is a sextic curve having 6 cusps and 
4 nodes ; it is therefore a iinimrsal sextic ; this suggests the theorem that the sextic 
surface is also uniaarsal, viz. that the coordinates are expressible rationally in terms of 
two parameters ; I have found that this is in fact the case. In doing this there is 
no loss of generality in supposing that a = J = c = 1 ; and assuming that this is so, 
and putting also - l+h = ky and therefore 2 /i==i-h^;i, we have 

B = — kk-^io — (A + k-i) z, 

G =^ — a:^ — y^ — z^’-{-(k + ki) {^y s:w), 

jD ~ Zz {^ccy — zw). 

The equation of the sextic surface being, as before, 

+ 4J.(7®+ 4^B^D - ZB^G^^QABGD = 0 , 

I say that this equation is satisfied on writing therein 

co + y== jsJ - (1 - k^a) sin <f>, 

^ — (1 -f * a) cos ( 56 , 

^ == 1 , 

^ = (2“ - J) cos= ^ + ( 2 a - sm= <!>, 

where (a, are arbitrary. In fact these values give 

iA == *— kki cos® (f> — kki sin® 

B ^ — k (2aJci + 1) cos® (2aA? h- 1) sin® 

G ^ — k{ (xki + 2 ) cos® <l> — kiOL ( ak+ 2) sin® 

= — kar cos® <^ — kiQ? sin® 

whence, eo being arbitrary, we have 
i(A, B, 0, D\a>, 1)3 

= “ [^ cos® {kjco + 1 ) + Jbi sin® <f> {kto 4 - 1 )] (cd + a)®, 
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viz. the equation {A, B, C, B'^oa, 1)® = 0, considered as a cubic equation in a>, has the 
twofold root 0 ) = — o, that is, we have the above relation between (A, B, G, JD). Whence 
2 ^ 2 ^2 

also writing sin , cos<f> = , the equation of the surface is satisfied by 

the values 

oo-^y:x — y\ z\ w— /\J ~ ^ (1 — h-^d) 2X (1 + V) 

-. ^^(l+hx) (1-V) 

: (1+V)= 

:(2«-J)(l-V)«+(2«-i)4V, 
or the coordinates are expressed rationally in terms of a, X,. 


Annex No. 4 (referred to, Nos. 22 and 71). — On the Gonics which touch a cuspidal ouhic. 

In the cuspidal cubic, if be the equation of the tangent at the cusp, 3 / = 0 

that of the line joining the cusp with the inflexion, and z=^0 that of the tangent at 
the cusp, then the equation of the curve is the coordinates of a point on the 

cubic are given hy x \ y : z^l \ 6 : 6^, where ^ is a variable parameter; and we have^ 
at the cusp ^ = oo , at the inflexion ^ = 0. In the cubic, m = n = 8, a (= 3?^ + yc) ~ 10. , 

Considering now the conic 

(a, 6, c, /, g, hjx, y, ^)" = 0, 

this meets the cubic in the 6 points the parameters of which are determined by the 
equation 

(a, h, c, y, g, 0, = 0, 

or, what is the same thing, 

(c, 0, 2/, 2g, 6, 2A, l)‘^-0. 

The discriminant of this sextic function contains the factor c, hence equating the 
residual factor to zero, we obtain the equation of the contact-locus in the form 

(o, f, g, h, h, ay = 0 . 

It follows that the number of the conics (1 : ;) is = 9, which agrees with the general 
value (1 : :) = 2m + n. If the conic pass through the cusp we have c = 0, and the equation 
in ^ is reduced to a quartic; it is convenient to' alter the letters in such wise that 
the quartic equation may be obtained in the standard form (a, 6, c, d, e'^6, 1)^ = 0; 
viz. this will be the case if the equation of the conic is taken to be 

(e, 6c, 0, ia, 26, 2d'$_x, y, zy = 0. 
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and we then obtain the equation of the contact-locus in the form 

(ae — 46(i + — 27 (ace + 2bcd — a(P ~ hH — c^Y = 0, 

which is a onefold locus of the order 6, It follows that we have 

(lycl, 1 .*.) = 6, agreeing with (1/cl, 1 .•.) = ?i H- 2m — 3. 

The condition in order that the conic may touch a given line is given by an 
equation of the form 

ah, 2ce — 3c2^ ae — Sbd, ad - 12bcy = 0, 
which is a onefold locus of the order 2 ; it at once follows that we have 

(1a:1, 1 :/) = 12, agreeing with (i/cl, 1 :/) = 2w + 4m-' 6. 

It is a matter of some difficulty to show that we have 

(1/cl, 1 ’ //) = 18, agreeing with (1/cl, 1 • //) =4?i + 4m — 6 ; 

but I proceed to effect this, first remarking that I do not attempt to prove the 
remaining case 

(1/cl, 1///) = 16, agreeing with (1/cl, l///)=4^z-f2m — 3. 

Investigation of the value (Ifcl, 1 • //) ~ 18 : 

We have the sextic locus 

{ae - 46d! + Sc^)^ - 27 {ace 4- 2bcd - ad^ — b^e - = 0, 

and combined therewith two quadric loci, 

(*][a^ ab, b% 2cc--3c^^ ae — Sbd, ad— 126cy = 0, 

(*'][a®, ab, 6®, 2cc — 3d^ ae — Sbd, ad — 12hcY = 0, 

which intersect in a threefold locus of the order 24; it is to be shown that this 
contains as part of itself the quadric threefold locus (a=0, 6 = 0, 2ce-3d® = 0) taken 

three times, leaving a residual locus of the order 24 — 6, = 18. 

We may imagine the coordinates a, 6, c, d, e expressed as linear functions of any 
four coordinates, and so reduce the problem from a problem in 4-dimensional space to 
one in ordinary 3-dimensional space. We have thus a sextic surface, and two quadric 
surfaces , the sextic is a developable surface or torse, having for one of its generating 
lines the line a=0, 6 = 0, and for the tangent plane along this line the plane a = 0; 
the two quadnc surfaces meet in a quartic curve passing through the two points 
(a = 0, 6 = 0, 3c6-2d2=0), which are points on the torse; it is to be shown that each 
of these points counts three times among the intersections of the torse with the quartic 
curve, the number of the remaining intersections being therefore 24—6, =18; and in order 
thereto it is to be shown that each of the points in question (a = 0, 6 = 0, See — 2d^ = 0) 
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is situate on the nodal line of the torse, and that the quartic curve touches there the 
sheet which is not touched by the tangent plane a = 0 ; for this being so the quartic 
curve touching one sheet and simply meeting the other sheet meets the torse in three 
consecutive points, or the two points of intersection count each of them three times. 


The torse has the cuspidal line 


8 = ae— 4bd + 3c® = 0, T= ace + 2bcd — ckP — 5®c — c® = 0, 


and the nodal line 

6(ac-6®), 8 (ad -be), ae + 2bd-8c^, 8(be-cd), &(ce-d^) 
a , b , c , d , e 

and the equations of the nodal line are satisfied by the values (a = 0, 6 = 0, 3ce — 2d® = 0> 
of the coordinates of the points in question. To find the tangent planes at these 
points, starting fi:om the equation /SP — 27T® = 0 of the torse, taking (A., S, G, D, £!)> 
as current coordinates, and writing 

0 = Ada + d* "b + .®9e> 

then the equation of the tangent plane is in the first instance given in the form 
S^S-18TdT = 0, which writing therein (a = 0, 6 = 0, 3ce-2d® = 0) assumes, as it should 
do, the form 0 = 0; the left-hand side is in fact found to be 9c® (3ce — 2d®) J . 
Proceeding to the second derived equation, this is S^®Sh- 26f(06)®— 182?®2’— 18(0T)®=O, 
or substituting the values of the several terms, the equation is 

9(^(AE- 4<BD+8C^) 

-h 3c®( e.4 — 4dB + 6cO)® 

-I- 18c® {e(AC-B‘) + 2d (BG - AD) -H c (AE -I- 2BD - SO®)} 

- 9 {(ce-d®)^-l-2cdS-3c®a}® = 0; 

the terms in BG, BD, 0® vanish identically, that in J5® is (48 — 36 =) 12c®d® — 18c®c,. 
= -6c®(3ce-2d®)jB®, which also vanishes; hence there remain only the terms divisible 
by A, giving first the tangent plane J.=0, and secondly the other tangent plane, 

A (- 6c®e® -I- 18cd®e - 9d‘) 

H-5(- 60c®dc -I- 36cd») 

+ C( 108c®6-54c®d®) 

+ D(- 36d>d) 

+ E.27c‘ =0. 

Taking the equations of the quadric surfaces to be 

(\ , /I , V, p. O', T 8ce — 2d®, ae — 8bd, ccd'“126c) 0, 

(V, p.', v', p, o', t'5 « » » ” 

32 — 2 
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the equations of the tangent planes are 

p (BoS+SeC- 4^dD) -ho’ (eA- SdB) + t (cZ^ - 12c5) = 0, 

p( „ ) + <r'( . ) + t '( „ ) = 0 , 

in all which equations we have See -- 2c?^ = 0 ; and if to satisfy this equation we write 
; d : e = 2 : 3j8 : 3y3®, then the equations of the tangent planes become 

^ (Ap -85)4-8 (30y8^ - 455 + 25) - 0, 
p (3(75* -455 4- 25) -h (0*5 4- r) (^5 - 8-B) = 0, 

p( » ) + (<r'5-T)( „ ) = 0, 

or the three tangent planes intersect in the line -45 — 85 = 0, 305“ "" ~ 

which completes the proof. 

Reverting to the sextic locus, 

(ae 4- 46(i — 3c^)^ — 27 (aoe 4- 26cd — a<P — ¥e — (^Y — 0, 

considered as a locus in 4-dimensional space depending on the five coordinates 
(a, 6, 0 ; d, e)j this has upon it the twofold locus 

ae — 4ibd 4- 3o® == 0, aoe 4- 26cc? — adr — ¥e — c® = 0, 
say the cuspidal locus, of the order 6, and the twofold locus 

6(ac — B{ad — bc), ae+26d — Sc®, B(Jbe — cd), 6(ce — d®) =0, 

a i i i c , d j e 

say the nodal locus, of the order 4 : there is also a threefold locus, 

а, b, c, d =0, 

б, G, d, e 

say the supei'cuspidal locus, of the order 4, We thence at once infer 
(1/cl, 2 :) = 6, agreeing with (1/cl, 2 :) = a — 4, 

(liA, 1, 1 :) = 4, „ „ (fa, 1, l:)=:2m"4-2mri4-K-Sm-f7i4-13-fa, 

(la, 3 :) = 4, „ „ (1/cl, 3 :) ~ — 4m — 3w — 5 4' 3a ; 

but I have not investigated the application to the symbols with •/ or //. 

If the conic, instead of simply passing through the cusp, touches the cuspidal 
tangent, then in the equation (a, 6, 0,/, g, h'^oc, y, of the conic we have /=0, 

or, what is the same thing, in the equation (e, 6c, 0, -J-a, 26, 2d\x, y, ^)® = 0 of the 
conic we have a = 0. The equation in 6 is thus reduced to 460® 4- 6c0® 4- 4d0 c — 0. 
For the independent discussion of this case it is convenient to alter the coeflScients 
.so that the equation in 6 may be in the standard form (a, 6, c, d\d, 1)® = 0, viz. we 
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assume the equation of the conic to he {d, 36, 0, 0, \a, f cjx*, y, sy = 0. The equation 
of the contact-locus then is 

+ 4ac® •+■ — Qahod — 36®c^ = 0, 

viz. this is a developable surface, or torse, of the order 4, and we at once infer 

(2a: 1, 1 :) = 4, agreeing with (2^:1, 1 :) = %n + 71 — 5. 

I will show also that we have 

(2y^l, 1 - /) = 6, agi'eeing with (2>cl, 1 • /) — 27?^ -f- 2?2 — 6, 

and 

(^, l//)-5, „ „ (2Z, 1 //)- m + 2?z-4. 

The condition that the conic may touch an arbitrary line aw +/3y + <YS=0, is in fact 

(0, f(46d-3c^), fac, -faS, /S, 

which, considering therein (a, b, c, d) as coordinates, is the equation of a quadric surface 
passing through the conic a = 0, ibd — Zc^==^0\ the quartic torse also passes through 
this conic; hence the quadric surface and the torse intersect in this conic, which is 
of the order 2, and in a residual curve of the order 6 ; and the number of the 
conics (2^1, 1 • /) is equal to the order of this residual curve, that is, it is = 6. 

If the conic touch a second arbitrary line a'x + + yz = 0, then we have in like 

manner the quadric surface 

(0, |(46cZ-3o2), |ao, -|a6, 0J[a', /S', yy=0\ 

that is, we have the quartic torse and two quadric surfaces, each passing through the 
conic <x = 0, 46d — 3c2 = 0, and it is to be shown that the number of intersections not 
on this conic is = 5. The two quadric surfaces intersect in the conic and in a second 
conic ; this second conic meets the torse in 8 points, but 2 of these coincide with the 
point a = 0, 6 = 0, c = 0, which is one of the intersections of the two conics (the point 
a = 0, 6 = 0, c = 0 is in fact a point on the cuspidal edge of the torse, and, the conic 
passing through it, reckons for 2 intersections), and 1 of the 8 points coincides with 
the other of the intersections of the two conics; there remain therefore 8-2-1, =5 

intersections, or we have (2/cl, 1 II)— 5. 


Annex No. 5 (referred to, Nos. 22 and 71). On the Gonics which have contact of the third 
order with a given cu&pidal cuhiCf and two contacts (double coiitaof) with a given conic. 

Let the equation of the cuspidal cubic be — y^==^0 {x=^0 tangent at cusp, 
z—0 tangent at inflexion, line joining cusp and inflexion; equation satisfied by 

OG : y : z= 1:6:0^); 

and let the equation of the given conic be 

U = (a, 6 , c,f g, h'$x, y, ^)® = 0 ; 
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then writing 


@ = (a, h, c, f, g, A$l, d, e^Y 
= c6» + %fe^ + + 2/i^ + c, 


the equation of a conic having with the given cubic at a given point (1, 0, 0*) 
contact of the second order, and having double contact with the given conic, is 


viz. in the rational form this is 

36(9^ CT- 


mined by 


Vtr, 

!o, y, 

0 =0. 

V@. 

1, 0, 

0» 

(V@y 

. 1, 

30* 

(V®)" 

• 

60 


X, y. 

z * = 0, 

v®. 

1 , 0 , 

0* 

(V@y 

. 1, 

30* 

(V®)" 

• 

60 

. e, 0 *) 

a contact of the third 

1 V®. 

1, 0, 

0* =0, 

1 

1® 

. 1, 

30* 

(V®)" 

. 

60 

(V®)"' 

. 

6 


viz. this is 

® (V@y" - (Ve)" = 0 ; 

or developing and multiplying by this is 

e {@2®"' _ 1®®'®"+ |@'s} _ (@a®" _ |®@'s) = 0, 
or, what is the same thing, 

®2 {6®'" - @") + ®@' (- 10®" + i®') + ®'2 . 1 ^®' = 0 ; 
and substituting for ® its value, this is 

(c(9' + 2/(9^ + 2^(9* +W + m + aY (460(9* + 12/(9* - h) 

+ (c(9« + 2/(9* + 2gr0SH- 6^ + 2A^ + o) ( 3o^+ 4/(9» + 3^0* + 6^ + A) 

(- 42c^ - 32/(9* - 15g^ - 26(9 + A) 

+ 30 (3c0' + 4/(9* + 3^0* + 60 + A)s = O. 
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The coefficients of the powers 16, 15, 14, 13 of 6 all vanish, so that this is in 
fact an equation of the twelfth order iy^=0; and putting, as usual, 

(6c-/^ ca-g% ah-h?, gh-af, hf-hg,fg-ch)=^(A, B, 0, F, G, H), 

the equation is found to be 


- 4icA 
+ SOcH 


- 36c51 
+ 16/dJ 

\-e» 

+ 4X)gA J 
+ 206.4' 

- 60/B 

- 90g£r. 


+ 72hA] 
+ 9gB 

- 22hH. 
+ 40a4. 

- 1306H 
+ lOgO 
+ 40/F j 


O’ 




+ SShB ' 
+ 2bQ 
— lOSaffj 




+ 45a5 


- 20/0 ^ e* 


+ lOAG^; 
+ 5hF^ 

+ 20a(?J 

- 46^1 

- 12aF] 

- mo 


0* 

e 


— aO —0, 


where the form of the coefficients may be modified by means of the identical equations 


(4L, H, Gla, h, g)^K, 

(H,B,F-$^ „ ) = 0. 

{G,F,G^ „ )=0, 

(A, H, GIK 6,/) = 0, 
{H, B, FJ_ „ ) = K, 

{G,F,GJ_ „ ) = 0, 

(A, H, Gig,/ c) = 0, 
{H,B,F1 „ ) = 0, 

(G,F,G1 „ ) = K. 


There is consequently a conic answering to each value of 9 given by this equation, or 
we have in all 12 conics. 


In the case where the given conic breaks up into a pair of lines, or say, 
(a, 6, c, /, g, him, y, zf = 2 (Xa; + + vz) (/'so + /y + vz), 

then, writing for shortness 


fjLv^ — /xV, vX^ — vX, Xfjf — X*fi = X, F, Z, 

we have 

{A, 5, C, X, (?, H) = {X\ Y\ FF, ZX, XY). 
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Substituting these values, but retaining (a, 6, c, /, g, h) as standing for their values 
a = 2W', &e., the equation in 6 is found to contain the cubic factor 2X0" - 3F0® + 
where it is to be observed that this factor equated to zero determines the values of 
d which correspond to the points of contact with the cuspidal cubic of the tangents 
from the point (X, F, Z), which is the intersection of the lines fiy -{'VZ — 0, and 

+ fj!y + = 0 ; and omitting the cubic factor, the residual equation is found to be 


■ 2 eZ 

- 12 cF 

- 8 /Z 

- 20 ^X 

- 106 X 

-iOhZ 

- 20 aX 

+ l 5 aY 

+ 6 hZ 

4 - aZ 



-12/r 

+ SgY 

- 8 bT 

+ mr 

+ 4 bZ 






+ icZ 


+ igZ 





where the form of the coefficients may be modified by means of the identical equations 

aX H- hY 

hX^lY 

gX + J^Y + cZ = 0. 

The equation is of the 9th order, and there are consequently 9 conies. 


Annex No, 6 (referred to, No. 48). — Containing, with the variation referred to in the 
text, Zeuthen's forms for the characteristics of the conics which satisfy four conditions, 

( 1 ) 

(::)== ?i -f 2^m, 

( /) = 2?^ -H 4m, 

( ://) = 47i + 4m, 

( ' ///) = 4?i + 2m, 

{/ll/) = 2n+ m; 

a, 1) 

(.■, ) = 2ot( m+ 11 — 3)+ T, 

( : / ) = 2iw ( m + 2w — 5) + 2t, 

( ■ll) = 2n (2ira+ to — 5)4-23, 

{ III ) = ^ ( m+ TO - 3) 4- 3 ; 

(1. 1. 1) 

( : ) = i[2iTO»4- 6iTO=TO-TO®-30m>‘-18mTO4-13TO=4-84iTO-42TO4-(6«i4-3m-26)T], 

( ■ / ) =i[(«i4-TO)(— (m4-TO)^— 7 (iTO4-TO)4-48)4-4mTO(3m4-3TO— 13)4-2(3m4-3ii— 20)(34 -t)], 
( II ) = i[-wi»4-6iHTO2 4-2TO»4-13m=-18?K«-30TO=-427n4-84»4-(3iTO4-6TO-26)3]; 
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(1, 1, 1, 1) 

( • ) = i { 2 (m — 3) (m — 4) (n^ — m — n) + (n — 3)(n — 4) (wi® — m — n) 

+ 4 (m? — 11m + 28) t + 2 (w® — llw + 28) S 

+ (4(w-4)(m-4)-l)(28 + T) + 2S® + 7®}, 

( / ) = i — 3) (m — 4) (w® — m — m) + 2 — 3) (w — 4) (m® — m — n) 

+ 2 (m® — 11m + 28) t + 4 («® — IItc + 28) 8 

+ (4 (m— 4) (m - 4) - 1) (S + 2t) + 8® + 2t®| ; 

(2) 

(.’.)= 3m + 1, 

(:/) = 2(.Sm + 0, 

(.//) = 2(3m+.), 

( ///) = 3771 + t , 

(2. 1) 

( : ) = 3 (2m}7 + w® + 4m - lOw) + (2m + n — 14) k, 

( • /) = 2 (3m + i)(m + n— 12) + 24 (m + n), 

( // ) = 3 (m® + 2mM — 10m + 4w) + (m + 2w — 14) i ; 

(2. 1, 1) 

( • )= (2m + n — 7)(6 t + (?i— 3)a:) 

4“ ((m — 7i) (7?i + — 5) 4- t) (3m 4-4 — 36) 

4- 12 (m — n) (m 4- w — 3), 

( / )= (m4- 27^ — 7) (6S4-(m — 3)4) 

4- ((n — m) (m + n — 5)+S) (3m4-4— 36) 

4- 12 (7^ — m) (m 4- 7Z — 3) ; 

2,2) 

( . ) = ^ (3m H- a)® — 3 (3m 4- 4 ) — 9t — 8S, 

( / ) = -I- (3m 4“ 4)^ — 3 (3m + 4 ) — 8t — 9S ; 

(3) 

( : )= 6?i — 4m4‘3/tf= 5m — 3?i4-34, 

( • / ) = lOw — 8m 4- 6 a; = 10m — Sn 4- 64, 

(//)= 571— 3m 4- 3 a: = 6m — 4?i4-34; 

(1. 3) 

( • ) = 2 (— 4m® 4- 3m7^ 4- 372® 4- 28m — 3272) 4- 3 (2m 4- n— 13) k, 

( / )=z= 2( 3m® 4- 3m7i — 4m® — 32m 4- 28?i) 4- 3 ( m 4- 272 — 13)4; 

(4) 

( • ) — 1072 — 10m4-6A;= 8m— 8724-64, 

( / )= 872— 8m4- 6 a: = 10m — IO724-64. 

C. VI. 
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Annex No. 7 (refen-ed to, No. 93). 

In connexion with. De Joncjuieres’ formula, I have been led to consider the following 
question. 

Given a set of equations: 
a = a (viz. b —b, c = c, &c.), 

ab = db /viz. ac = ac, &c., and the like in all the subsequent equations 

+ ( ll)a.6\ +(11) a. c, 

abc = abo 

+ ( 12) (a. 6c +b.ac+c.ab) 

+ ( 111) a.b.c, 

abed = ahed 

+ ( 13)(a.6c(Z +&C.) 

+ ( 22) (ab . od + &c.) 

+ ( 112)(a. 6.cd + &c.) 

+ (1111) a.b .c.d, 

and so on indefinitely (where the (•) is used to denote multiplication, and ah, abo, &c,, 
and also ab, abc, &c. are so many separate and distinct symbols not expressible in 
terms of a, b, c &c., a, b, c &c.), then we have conversely a set of equations 

« = a (viz. 6 = b, c = c &c.), 

db = ab /viz. ac= ac &c., and the like in all the subsequent equations 

+ [ ll]a.b\ +[ll]a.c, 

■abo = abc 

+ [ 12] (a. be +b.ac + c.ab) 

+ [ 111] a.b.c, 

ahed = abed 

+ [ 13] (a . bed + &c.) 

+ [ 22] (ab . cd + &c.) 

+ [ 112] (a . b . cd + &c.) 

+ [1111] a.b. c.d. 
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and so on ; and it is required to find the relation between the coefficients ( ) and 
[ ]; we find, for example, 


[11] = - 


(11). 

[12] = - 


(12), 

[111] = 

3 

(11) (12) 

— 


(111), 

[ 13 ] = - 


( 13 ), 

[22] = - 


(22), 

[112] = 

2 

( 13 ) ( 12 ) 

+ 


(22) (11) 

- 


(112), 

[1111] = - 

12 

( 13 ) ( 12 ) (11) 

+ 

4 

( 13 ) (111) 

— 

3 

(22) (11) (11) 

+ 

6 

(112) (11) 

— 


(1111); 


and it is to be noticed that, conversely, the coefficients ( ) are given in terms of the 
coefficients [ ] by the like equations with the very same numerical coefficients; in 
fact from the last set of equations, this is at once seen to be the case as far as 
(112); and for the next term (1111) we have 


(1111) = +12 [ 13 ] [12] [11] 

- 4 [ 13 ] {3 [ 12 ] [ 11 ] -[ 111 ]} 

+ 3 [ 22 ] [ 11 ] [ 11 ] 

- 6 [ 11 ] I' 2 [ 13 ] [ 12 ]' 

j +[22] [11] . 

- [ 1111 ] [ - [ 112 ] , 


= (12- 12- 12=)- 12 [ 13 ] [ 12 ] [ 11 ] 

+ 4 ■ [ 13 ] [ 111 ] 

+ ( 3 - 6 = )- 3 [ 22 ] [ 11 ] [ 11 ] 

+ 6 [ 112 ] [ 11 ] 

- [ 1111 ] 


having the same coefficients — 12, +4, —3, +6, — i as in the formula for [1111] 
in terms of the coefficients ( ); it is easy to infer that the property holds good 
generally. 

To explain the law for the expre^on of the coefficients of either set in terms of 

33—2 
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the other set, I consider, for example, the case where the sum of the numbers in the 
( ), or [ ] is = 5 ; and I form a kind of tree as follows : 


5 



111 12 11 11 11 11 11 


11 

the foraaation of which is obvious ; and I derive from it in the manner about to be 
explained the expressions for the coefficients [14], [23] &c. in terms of the corresponding 
coefficients in ( ) ; viz. we have 

[14] = - (14), 

[23] = - (23), 

[113]= 2 (14) (13) 

+ (23) (11) 

(113), 

[122]= (14) (22) 

+ 2 (23) (12) 

( 112 ), 

[1112] = - 6 (14) (13) (12) 

- 3 (14) (22) (11) 

+ 3 (14) (112) 

- 6 (23) (12) (11) 

+ 3 (113) (12) 

+ I (23) (111) 

+ 3 ( 122 ) ( 11 ) 

- I (1112). 
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[1 1 1 1 1] = + 6o (14) (13) (1 2) (1 1) 

- 20 (14) (13) (111) 

+ IS (14) (22) (11) (11) 

-30 (14)(112)(11) 

+ S (14) (1111) 

+ 30 (23) (12) (11) (11) 

- lO (23) (111) (11) 

- 30 (113) (12) (11) 

+ lo (113) (111) 

- IS (122) (11) (11) 

+ lo (1112) (11) 

- I (11111), 

To form the symbolic parts, we follow each branch of the tree to each point of 
its course : thus from the branch 113 we have 

(113) belonging to [113], 

(113) (111) „ [11111], 

(113) (12) „ [1112], 

(113) (12) (11) „ [11111]; 

viz. (113) belongs to [113]; (113) (111), read 11 (3 replaced by) 111, belongs to [11111]; 
(113) (12), read 11 (3 replaced by) 12, belongs to 1112; (113) (12) (11), read 11 (3 
replaced by) 1 (2 replaced by) 11, belongs to [11111]. 

And observe that where (as, for example, with the symbol 122) there are branches 
derived from two or more figures, we pursue each such branch separately, and also 
all or any of them simultaneously to every point in the course of such branch or 
branches ; thus for the branch 122 we have 


(122) belonging to [122], 

( 122 ) ( 11 )] 

>- (same twice) „ [1112], 

(122)(11)J 

( 122 ) ( 11 ) ( 11 ) ., [ 11111 ]. 

Similarly for the branch 23 we have 

(23) belonging to [23], 

(23) (111) „ [1112], 

(23) (12) „ [122], 

(23) (12) (11) (same as infr&) „ [1112], 

(23) (11) (111) „ [11111], 

(23) (11) (12) (same as mprd) „ [1112], 

( 23 ) ( 11 ) ( 12 ) ( 11 ) „ [ 11111 ]. 
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We thus obtain the s 3 anbolic parts of the several expressions for [14], [23] [IHH] 

respectively : the sign of each term is 4- or — according as the number of factors in 
( ) is even or odd; thus in the expression for [11111], the term (14) (13) (12) (11) 
has four factors, and is therefore +, the term (113) (12) (11) has three factoi's, and is 
therefore — . 

The numerical coefficients are obtained as follows. There is a common factor 
derived from the expression in [ ] on the left-hand side of the equation ; viz. for 
[11111], which contains five equal s 3 nnbols, this factor is 1.2. 3. 4. 5, =120; for [1112], 
which contains three equal symbols, it is 1.2.3, = 6 ; and so on (for a symbol 
such as [11222] containing two equal symbols, and three equal symbols, the factor 
would be 1.2. 1.2. 3, =12, and so in other similar cases). In any term on the right- 
hand side of the equation, we must for a factor such as (11), which contains two 
equal symbols, multiply by for a factor such as (111), which contains three equal 
symbols, multiply by and so on. And in the case where a term (as, for example, 
the term (122) (11) or (23) (12) (11), vide suprd) occurs more than once, the term is to 
be taken account of each time that it occurs; or, what is the same thing, since the 
coefficient obtained as above is the same for each occurrence, the coefficient obtained 
as above is to be multiplied by the number of the occurrences of the term. For 
example, taking in order the several terms of the expression for [1112], the common 
factor is = 6, and the several coefficients are 

6, 6.i, 6.i, 6^x2, 64, 64, 6.i4x2, 6.^; 

and similarly in the expression for [11111] the common factor is 120, and the coefficients 
taken in order are 

120. i 120.^, 110.i4.i&c., 

without there being in this case any coefficient with a factor arising from the plural 
occurrence of the term. 

The foregoing result was established by induction, and I have not attempted a 
general proof. 

I observe by way of a convenient numerical verification, that in each equation the 
sum of the coefficients (taken with their proper signs) is (— )”'"”^ 1 • 2 . . (?2 — 1) ; if n be 
the number of parts in the [ ] (91 = 5 for [11111], =4 for [1112] &c.), and moreover, 
that the sum of these sums each multiplied by the proper polynomial coefficient and 
the whole increased by unity is = 0 ; viz. for 

[14], [23], [113], [122], [1112], [11111], 
the sums of the coefficients are 

-1,-1, -1-2, -1-2, — 6, -i- 24 respectively, 

and we have 

l + 5(-l)4-10(-l)-hlO(2)-hl5(2)-^10(-6) + l(24), =75-75, =0. 

If we have any five distinct things (a, 6, c, d, e), then the polynomial coefficients 
5, 10, 10, 15, 10, 1 denote respectively the number of ways in which these can be 
partitioned in the forms 14, 23, 113, 122, 1112, 11111 respectively, and the last-mentioned 
theorem is thus a theorem in the Partition of Numbers. 
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SECOND MEMOIE ON THE CUEVES WHICH SATISFY GIVEN 
CONDITIONS; THE PEINCIPLE OF COEEESPONDENCE. 

[From the Philosophical Transactio7is of the Royal Society of LondoUy vol. OLViii. (for 
the year 1868), pp. 145 — 172. Received April 18, — ^Read May 2, 1867.] 

In the present Memoir I reproduce with additional developments the theory 
established in my paper “ On the Correspondence of two points on a Curve ” {London 
Math Society, No. VII., April 1866), [385] ; and I endeavour to apply it to the deter- 
mination of the number of the conics which satisfy given conditions; viz. these are 
conditions of contact with a given curve, or they may include arbitrary conditions Z, 2Z, 
&c. If, for a moment, we consider the more general question where the Principle is to 
be applied to finding the number of the curves of the order r, which satisfy given 
conditions of contact with a given curve, there are here two kinds of special solutions; 
viz., we may have proper curves touching (specially) the given curve at a cusp or 
cusps thereof, and we may have improper curves, that is, curves which brerjk up into 
two or more curves of inferior orders. In the case where the curves O' are lines, 
there is only the first kind of special solution, where the sought for lines touch at 
a cusp or cusps. But in the case to which the Memoir chiefly relates, where the 
curves G'^ are conics, we have the two kinds of special' solutions, viz., proper conics 
touching at a cusp or cusps, and conics which are line-pairs or point-pairs. In the 
application of the Principle to determining the number of the conics which satisfy any 
given conditions, I introduce into the equation a term called the ‘‘ Supplement 
(denoted by the abbreviation ‘'Supp.”), to include the special solutions of both kinds. 
The expression of the Supplement should in every case be furnished by the theory; 
and this being known, we should then have an equation leading to the number of 
the conics which properly satisfy the prescribed conditions; but in thus finding the 
expression of the Supplements, there are difficulties which I am unable to overcome ; 
and I have contented myself with the reverse course, viz., knowing in each case the 
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number of the proper solutions, I use these results to determine d postenoi'i in each 
case the expression of the Supplement ; the expression so obtained can in some cases 
be accounted for readily enough, and the knowledge of the whole series of them will 
be a convenient basis for ulterior investigations. 

The Principle of Correspondence for points in a line was established by Chasles in 
the paper in the Gomptes RendnSi June — July 1864, referred to in my First Memoir; it 
is extended to unicursal curves in a paper of the same series, March 1866, *‘Sur les 
courbes planes ou ^ double courbure dont les points peuvent se determiner individuelle- 
xnent — Application du Principe de Correspondance dans la thdorie de ces courbes, but 
not to the case of a curve of given deficiency J) considered in my paper of April 1866 
above referred to. The fundamental theorem in regard to unicursal curves, viz. that in 
a curve of the order m with l)(m — 2) double points (nodes or cusps) the 

coordinates y, 2 ^) are proportional to rational and integral functions of a variable 
parameter 0 ^ — as a case of a much more general theorem of Riemann’s— dates fi?om the 
year 1857, but was iii’st explicitly stated by Clebsch in the paper “ Ueber diejenigen 
ebenen Curven deren Coordinaten rationale Functionen eines Parameters sind,” Grellej 
t. LXiv. (1864), pp. 43 — 63. See also my paper '‘On the Transformation of Plane 
Curves,” London Mathematical Society, No. III., Oct. 1865, [384], 

The paragraphs of the present Memoir are numbered consecutively with those of 
the First Memoir. 


Article Nos. 94 to 104. — On the Com^espondence of two points on a Curve. 

94. In a unicursal curve the coordinates (a?, y, z) of any point thereof are pro- 
portional to rational and integral functions of a variable parameter 0, Hence if two 
points of the curve correspond in such wise that to a given position of the first point 
there correspond a' positions of the second point, and to a given position of the second 
point a positions of the first point, the number of points which correspond each to 
itself is = a + a'. For let the two points be determined by their parameters 0, & 

respectively, then to a given value of 0 there correspond a' values of ff, and to a 

given value of & there correspond a values of 0 ; hence the relation between { 0 , ^') 
is of the form { 0 , 1)*(0', 1)‘‘'=0; and writing therein 0 '— 0 , then for the points which 
correspond each to itself, we have an equation {6, !)«+«' =0, of the order a+a\ that 
is, the number of these points is = a -t- ol\ 

Hence for a unicursal curve we have a theorem similar to that of M. Chasles"^ 
for a line, viz. the theorem may be thus stated: 

If two points of a unicursal curve have an (a, a') correspondence, the number of 
united points is = a -i- ol\ But a unicursal curve is nothing else than a curve with a 
deficiency i) = 0, and we thence infer : 

Theorem. If two points of a curve with deficiency D have an (a, a') corre- 
spondence, the number of united points is = a -h ot' -|- ^kD ; in which theorem 2A? is a 

coefiicient to be determined. 
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95. Suppose that the corresponding points are P, P' and imagine that when P 
is given the corresponding points P' are the intersections of the given curve by a curve 
© (the equation of the curve @ will of course contain the coordinates of P as 
parameters, for otherwise the position of P' would not depend upon that of P). I 
find that if the curve @ has with the given curve k intersections at the point P, 
then in the system of points (P, P') the number of united points is 

a = 

whence in particular if the curve © does not pass through the point P, then the 
number of united points is = a + a', as in the case of a unicursal curve. (I have in 
the paper of April 1866 above referred to, proved this theorem in the particular case 
where the k intersections at the point P take place in consequence of the curve © 

having a &-tuple point at P, but have not gone into the more difficult investigation 
for the case where the k intersections arise wholly or in part from a contact of the 
curve ©, or any branch or branches thereof, with the given curve at P.) 

96. It is to be observed that the general notion of a united point is as follows : 

taking the point P at random on the given curve, the curve © has at this point k 
intersections with the given curve ; the remaining intersections are the corresponding 
points P'; if for a given position of P one or more of the points P' come to 

coincide with P, that is, if for the given position of P the curve © has at this 

point more than k intersections with the given curve, then the point in question is 

a united point. 

It might at first sight appear that if for a given position of P a number 2, 3,,. 
or j of the points P' should come to coincide with P, then that the point in question 
should reckon, for 2, 3, . . . or j (as the case may be) united points : but this is not 
so. This is perhaps most easily seen in the case of a unicursal curve ; taking the 
equation of correspondence to be (0, 1)® {ff, 1)®' = 0, then we have a + a' united points 
corresponding to the values of 6 which satisfy the equation {6, I)® {0, 1)®' = 0 ; if this 
equation has a j-tuple root 6 = the point P which answers to this value \ of the para- 
meter is reckoned as j united points. But starting from the equation {6, 1)® {6\ 1)®' = 0, 

if on writing in this equation the resulting equation (A., 1)® ($', 1)®' = 0 has a 

root 6' = it follows that the equation {0, 1)® (0, 1)®' = 0 has a root 0 = \, and that 
the point which belongs to the value 0 — \ is a united point ; if on writing in the 
equation 0 — \ the resulting equation (X, 1)® {0\ 1)®' = 0 has a y-tuple root 0' = X, it 
does not follow that the equation (0, iy{0, 1)®'=0 has a y-tuple root 0 = \ nor con- 
sequently that the point answering to ^ = X in anywise reckons as j united points. 

97. This may be further illustrated by regarding the parameters 0, 0' as the 
coordinates of a point in a plane; the equation (0, 1)“(0', 1)‘‘' = 0 is that of a curve 
of the order a a', having an a- tuple point at infinity on the axis 0 = 0, and an 
a'-tuple point at infinity on the axis 0'=O; the united points are given as the inter- 
sections of the curve with the line 0=0' ; a y-fold intersection, whether arising from 
a multiple point of the curve or from a contact of the line 0 = 0' with the curve, 

c. VI. 34 
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gives a point which reckons as j united points. But if 9=\ gives the J-fold root 
this shows that the line d = X has with the curve j intersections at the point 
^ = X • not that the line 6 = 6' has with the curve j intersections at the point in 

question. 

98. Reverting to the notion of a united point as a point P which is such that one 

or more of the corresponding points P' come to coincide with P ; in the case where 
P is at a node of the given curve, it is necessary to explain that the point P must 
he considered as belonging to one or the other of the two branches through the node, 
and that the point P is not to be considered as a united point unless we have on 
the same branch of the curve one or more of the corresponding points P' coming to 
coincide with the point P. If, to fix the ideas, k = l, that is, if the curve @ simply 
pass through the point P, then if P be at a node the curve @ passes through the 
node and has therefore at this point two intersections with the given curve ; but the 
second intersection belongs to the other branch, and the node is not a united point ; 
in order to make it so, it is necessary that the curve @ should at the node touch 
the branch to which the point P is considered to belong. The thing appears very 
•clearly in the case of a unicursal curve; we have here two values 6 = X, d = X' 
answering to the node according as it is considered as belonging to one or the other 
branch of the curve; and in the equation of correspondence (6, 1Y(6\ = writing 

6 = X, we have an equation (X, iy(6\ 1)®' = 0 satisfied by 6' = X' but not by 6' = X, and 
the equation (6, If (6, 1)»'=0 is thus not satisfied by the value 6 = X, The conclusion 
is that a node qud, node is not a united point. 

99. But it is otherwise as regards a cusp. When the point P is at a cusp, the 
■curve @ (which has in general with the given curve k intersections at P) has here 
more than k intersections, and (as in this case there is no distinction of branch) the 
cusp reckons as a united point. In the case of a unicui’sal curve, there is at the cusp 
a single value 6=X of the parameter, and the equation (6, If (6, iy = 0 is satisfied 
by the value 6 = X. But for the very reason that the cusp qud, cusp reckons as a 
united point, the cusp is a united point only in an improper or special sense, and it 
is to be rejected from the number of true united points. We may include the cusps, 
along with any other special solutions which may present themselves, under a head Supple- 
ment,” and instead of writing as above a — a — a' = 2A;P, write a — a — a' + Supp. = 2 A 7 P, 

Before going further I apply the theorem to some examples in which the curve 
@ is a system of lines. 

100. Investigation of the class of a curve of the order m with B nodes and k 
cusps. Take as corresponding points on the given curve two points such that the line 
joining them passes through a fixed point 0 ; the united points will be the points 
of contact of the tangents through 0 ; that is, the number of the united points will 
be equal to the class of the curve. The curve @ is here the line OP which has with 
the given curve a single intersection at P ; that is, we have k = l. The points P' 
corresponding to a given position of P are the remaining m— 1 intersections of OP 
with the curve, that is, we have a' = m— 1 ; and in like manner a=m — 1. Each of the 



407] 


CUEVES WHICH SATISFY GIVEN CONDITIONS. 


267 


cusps is (specially) a united point, and counts once, whence the Supplement is 
Hence, writing n for the class, we have ?i + 2 (m — 1) + /« = 2Z), or writing for 2Z) its 
value = — 3m + 2 — 2S — 2«:, we have m — 23 — 3/tf, which is right. 

101. Investigation of the number of inflexions. Taking the point P' to be a 
tangential of P (that is, an intersection of the curve by the tangent at P), the united 
p(unts are the inflexions ; and the number of the united points is equal to the number 
of the inflexions. The curve @ is the tangent at P having with the given curve two 
intersections at this point; that is, ^7=2; P' is any one of the m — 2 tangentials of 
P, that is, a' = m “ 2 ; and P is the point of contact of any one of the n — 2 tangents 
from P' to the curve, that is, a = — 2. Each cusp is (specially) a united point, and 
counts once, whence the Supplement is = k. Hence, writing i for the number of 
inflexions, we have 

i — (m — 2) — (?i - 2) + /c = ; 

or substituting for 2P its value expressed in the form n — %n + 2 +■ yt, we have 

A = 3n — 3??i + K, 

which is right. 

102. For the purpose of the next example it is necessary to present the funda- 

mental equation under a more general form. The curve @ may intersect the given 
curve in a system of points P', each p times, a system of points Q', each q times, 
&c. in such manner that the points (P, P'), the points (P, Q'\ &c. are pairs of points 
corresponding to each other according to distinct laws; and we shall then have the 
numbers (a, a, a!), (b, )8, /3'), &;c., corresponding to these pairs respectively, viz. (P, P') are 
points having an (a, a') correspondence, and the number of united points is = a ; 

(P, Q') are points having a (^, yS') correspondence, and the number of united points 
is =b, and so on. The theorem then is 

(a — a — a') -}- j (b — yS — yS') + + Supp, = 2fcP, 

being in fact the most general form of the theorem for the correspondence of two 

points on a curve, and that which will be used in all the investigations which follow. 

103. Investigation of the number of double tangents. Take P' an intersection of 

the curve with a tangent from P to the curve (or, what is the same thing, P, P' 
cotangentials of any point of the curve): the united points are here the points of 
contact of the several double tangents of the curve ; or if r be the number of double 

tangents, then the number of united points is = 2t. The curve @ is the system of 

the — 2 tangents from P to the curve; each tangent has with the curve a single 
intersection at P, that is, = ri — 2 ; each tangent besides meets the curve in the point 
of contact Q' twice, and in (m— 3) points P'; hence if (a, a, of) refer to the points 
(P, O'), and (2 t, yS, l3') to the points (P, P'), we have 

2 {a - a — a'} 4- {2t — yS — j3'] + Supp. = 2 (n — 2) P. 

From the foregoing example the value of a — a — o' is— 4P — k. In the case where 

34—2 
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the point P is at a cusp, then the n — 2 tangents become the n—S tangents from 
the cusp, and the tangent at the cusp ; hence the curve 0 meets the given curve in 
2(?i— 3) + 3, = 272-3 points, that is, (^n — 2) + (n - 1) points; this does not prove (aiite. 

No. 96), but the fact is, that the cusp counts in the Supplement (n — 1) times, and the 

expression of the Supplement is = (n — 1) fc. It is clear that we have /3 = /3' = (21 — 2)(m — 3), 
so that the equation is 

8i)-2«: + 2T-2(72-2)(m-3) + (7i,-l)/c = (7i- 2) 2P, 

that is 

2 t = 2 (n — 2) (t?! — 3) + (n — 6) 2P + (— n + 3) k ; 

or substituting for 2D its value = 72 . — 2m +2 + k and reducing, this is 


2t = n - + 87?! — 1071 — 3 /c, 

which is right. 

104, As another example, suppose that the point P on a given curve of the order 
m and the point Q on a given curve of the order in have an (a, a') correspondence, 
and let it be required to find the class of the curve enveloped by the line PQ. Take 
an arbitrary point 0, join OQ, and let this meet the curve m in P'; then (P, P') 
are points on the curve m having a (m'a, mo^) correspondence ; in fact to a given 
position of P there correspond a' positions of Q, and to each of these m positions of 
P' ; that is, to each position of P there correspond moi positions of P' ; and similarly 
to each position of P' there correspond 7?2.'a positions of P. The curve 0 is the system 
of the lines drawn from each of the a' positions of Q to the point 0, hence the 
curve 0 does not pass through P, and we have i = 0. Therefore the number of the 
united points (P, P'), that is, the number of the lines PQ which pass through the 
point 0, is =7na' + m'a, or this is the class of the curve enveloped by PQ. 

It is to be noticed that if the two curves are curves in space (plane, or of double 
curvature), then the like reasoning shows that the number of the lines PQ which meet 
a given line 0 is =ma' that is, the order of the scroll generated by the line 

PQ is =ma'+7n'a. 


Article Nos. 105 to 111 . — Application to the Conics luhich satisfy given conditions, one at 

least arlntrary. 

105. Passing next to the equations which relate to a conic, we seek for (4iZ)(l), 
the number of the conics which satisfy any four conditions 4}Z and besides touch a 
given curve, (3.^)(2) and (SZ){1, 1), the number of the conics which satisfy three 
conditions, and besides have with the given curve a contact of the second order, or 
(as the case may be) two contacts of the first order; and so on with the conditions 
2Z, Z, and then finally (5), (4, 1), ..,(1, 1, 1, 1, 1), the numbers of the conics which 
have with the given curve a contact of the fifth order, or a contact of the fourth 
and also of the first order..,, or five contacts of the first order. 
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106. As regards the case {4iZ) (1), taking P an arbitrary point of the given curve 
m, and for the curve (t) the system of the conics (4Z)(1) which pass through the 
given point P and besides satisfy the four conditions, then the curve ® has with 
the given cu^e (4Z) (1) intersections at P, and the points P' are the remaining 
{2m — V) (^Z) (1) intersections: in the case of a united point (P, P'), some one of the 
system of conics becomes a conic (4.^)(1); and the number of the united points is 
consequently equal to that of the conics {4iZ) (1) ; we have thus the equation 

[{^Z) (1) - 2 (2m - 1) (4^) (I)} + Supp. (4^ (I) = {^Z) (I) . 2D. 

107. It is in the present case easy to find a 'priori the expression for the 

Supplement. 1°. The system of conics {4iZ) contains 2 (4.^-) — (4^/) point- pairs (^); each 

of these, regarded as a line, meets the given curve in on points, and each of these 
points is (specially) a united point (P, P'); this gives in the Supplement the term 
m [2 (4.Z'-) — (4.Z'/)}. 2°. The number of the conics {4<Z) which can be drawn through 

a cusp of the given curve is ={4^Z and the cusp is in respect of each of these 
conics a united point ; we have thus the term k {4<Z • ), and the Supplement is thus 
= m{2{4iZ — {4}Z l)} + fc{4!Z *). We have moreover (4.^) (I) = (4.Z' ♦), 2P = 2m + 2 + a : ; 
and substituting these values, we find 

(4.Z)(1)= (4m -2) (4^.) 

+ (w — 2m + 2 + /c) {4:Z •) 

= n{4iZ •)’\-m{4iZ l\ 

which is right. 

108. It is clear that if, instead of finding as above the expression of the 

Supplement, the value of (4.^(1), =?i(4^-) +m(4^/), had been taken as known, then 
the equation would have led to 

Supp. {4iZ) (I) = m {2 {4iZ •) — (4^ *) ; 

and this, as in fact already remarked, is the course of treatment employed in the 
remaining cases. It is to be observed also that the equation may for shortness be 
written in the form _ 

i4>Z) {(l)-2(2m-lKl)} ^ 

+ Supp. (I) = (T)2i); 

viz. the (4!Z) is to be understood as accompanying and forming part of each symbol; 
and the like in other cases. 

109. We have the series of equations 

(42) {(l)-(I)(2m-l)-(I)(2m-l)} 

4 Supp. (1) = ( 1 ) 2.0 ; 


1 The expression a point-pair is regarded as equivalent to and standing for that of a coincident line-pair: 
see First Memoir, No. 30. 
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(3^ {(2)-(2)(2m-2)-(l, 1)} 

4 Supp. (2) 

(3^ 2{(2)-(I, l)-(2)(2m-2)} 

+ {2 (1, 1) - (I, 1) (2m _ 3) - (T, 1 ) (2vi - 3)} 

+ Supp. (I, 1) 

(2Z) {(3) -(3) (2m- 3) -(T, 2)] 

+ Supp. (3) 

(2£) 2 {(3) - a 1) -(%!)} 

+ {(2, l)-(2, l)(2m-4)-(T, 1, 1)2} 

+ Supp. (2, 1) 

(2£) 3 {(3) -(T, 2) -(3) (2m -3)} 

+ {(1, 2)-(T. 2)(2m-4)-(T. 2)(2ni-4)} 

+ Supp. (T, 2) 

(2Z) 2 {(2, 1) - (T, 1, 1) 2 - (2, 1) (2m - 4)} 

+ {3(1, 1, 1)-(I, 1, l)(2m-5)-(I, 1, l)(2m-5)} 
+ Supp. (1, 1, 1) 

(Z) {(4) -(4) (2m -4) -(I, 3)} 

+ Supp. (4) 

(Z) 2{(4)-(3, l)-(2, 2)} 

+ {(3, 1) - (3, 1) (2m - 5) - (I, 1, 2)} 

+ Supp. (3, 1) 

(Z) 3{(4)-(2, 2)-(3, i)}. 

+ {2 (2, 2) - (2, 2) (2m - 5) - (T, 1, 2)} 

4 Supp. (2, 2) 

(Z) 2 {(3, l)-(2, 1, 1)2 -(2, 1, 1)2} 

+ {(2, 1, l)-(2, 1, l)(2m-6)-(T- 1, 1, 1)3} 

+ Supp. (2, 1, 1) 

(Z) 4 {(4) -(I, 3) -(4) (2m -4)} 

+ {(1, 3) - (T, 3) (2m - 5) - (T, 3) (2m - 5)} 

+ Supp. (I, 3) 


= 2(2) 27); 

= (I. l)2i); 

= 3 (3) 2D ; 

= 2(2, 1)27); 

= (I, 2)27); 

= (1. 1, 1)27); 
= 4(4) 27); 

= 3(3, 1)27); 

= 2(2, 2)27); 

= 2(2, 1, 1)27); 

= (1. 3)27); 
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3{(3, 1)-(T, 1, 2)-(3, l)(2m-5)} 

+ 2(2(2, 2) -(I, 1, 2) -(2, 2) (2m -5)} 

+ (2(1, 1, 2) -(I, 1, 2) (2m -6) -(I, 1, 2) (2m -6)} 

+ Supp. (T, 1. 2) =(T, 1, 2)2i); 

(Z) 2 {(2. 1, 1) - (I, 1, 1, 1) 3 - (2, 1, 1) (2m - 6)} 

+ (4 (1, 1, ^1, 1) - (I, 1, 1, 1) (2m - 7) - (T, 1, 1, 1) (2m - 7)} 

+ Supp. (I, 1, 1, 1) =(T, 1 , 1 , 1)2D. 

110. I content myself with giving the expressions of only the following supplements. 

Supp. (4>Z) (I) = m [2 (.) - (/)] + V (.). 

Supp. (3.^)(2) =iw[2(;)-(./)]+i«(./). 

Supp. (3^) (1, 1) = ( 2mm — 3m® — m + no) ( : ) 

+ (2mi® — Asmn — 2m + 2m + (m — J) a) ( • /) 

+ (— m® + m )(//)• 

Supp. (2^(3) =_im[2(.-.)-(:/)] 

+ in [2 (.-.)-(:/) + 2 (2 (:/)-(•//))] 

+ i«(:/). 

Supp. ( Z)(i) = + 6 (2a: -I- 2a), 

where a, 6 are the representatives of the condition Z, 

It may be added that we have in general 

Supp. {Z) (4X) = a Supp. (4X •) 4- 6 Supp. (4X /), 
where (4X) stands for any one of the symbols (4), (3, 1)....(1, 1, 1, 1). 

111. The expression of Supp. {4iZ) (T) has been explained supra, No. 108. That 
of Supp. (dZ) (2) may also be explained. 1°. The point-pairs of the system of conics 
(3-Z), regarding each point-pair as a line, are a set of lines enveloping a curve; the 
class of this curve is equal to the number of the lines which pass through an 
arbitrary point, that is, as at first sight would appear, to the number of point-pairs in 
the system (BZ •), or to 2(SZ — (3Z • /): it is, however, necessary to admit that the 
number of distinct lines, and therefore the class of the curve, is one-half of this, or 
=:^12(SZ:) — (BZ • /)]; which being so, the number of the point-pairs (SZ) which, regarded 
as lines, touch the given curve (of the order m and class n) is =-|^[2 (3X:) — (3X*/)]. 
The point of contact of any one of these lines with the given curve is (specially) a 
united point, and we have thus the term ^n[2(SZ:)’-(SZ • /)] of the Supplement. 
2°. The number of the conics (BZ) which touch the given curve at a given cusp 
thereof, or, say, the conics {SZ) (2a;1), is = -J- {SZ • /), and the cusp is in respect of each 
of these conics a united point; we have thus the remaining term \k{SZ-1) of the 
Supplement. 
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Al'ticle Nos. 112 to 135. — Application to the Conics which 

contact with a given Guinie. 

112. We have twelve equations, which I first present 
original forms; viz. these are — 

First equation: 

{(5) -(5) (2m -5) -(I. 4)} 

+ Supp. (5) 

Second equation; 

2{(6)-(4, l)-(2, 3){ 

+ {(4, l)-(4, l)(2m-6)-(T, 1, 3)) 

+ Supp. (4, 1) 

Third equation: 

3 {(5) -2 (3, 2) -2 (3, 2)} 

4- {(3, 2) - (3, 2) (2m - 6) - 2 (T, 2, 2)} 

+ Supp. (3, 2) 

Fourth equation: 

2 {(4, l)-2(3, 1, l)-(2, 2, 1)} 

+ {(3, 1, l)-(3, 1, l)(2m-7)-(I, 1, 1, 2)} 

+ Supp. (3, 1, 1) 

Fifth equation : 

4{(5)-(2, 3)-(4, 1)} 

+ {(3, 2) - (2, 3) (2m - 6) - (I, 1, 3)} 

+ Supp. (2, 3) 

Sixth equation: 

3 {(4, l)-2(2. 2, l)-2, (3, 1, 1)} 

+ 2 {(3, 2) -(2, 2, l)-(2, 2, 1)} 

+ {2(2, 2, l)-(2, 2, 1) (2m -7) -2(1, 1, 1, 2)} 

+ Supp. (2, 2, 1) 

Seventh equation: 

2 {(3, 1, l)-3(2, 1, 1, l)-3(2, 1, 1, 1)} 

+ {(2, 1, 1, l)-(2, 1, 1. 1) (2m -8) -4 (I, 1. 1, 1, 1)} 

+ Supp. (2, 1, 1, 1) 


satisfy five conditions of 

in what I call their 


= 5 (5) 2B. 


= 4(4, l)2i>. 


= 3 (3, 2) 2D. 


= 3(3, 1, 1)2D. 


= 2(2, 3) 2D. 


= 2 (2, 2, 1) 2D. 


= 2(2, 1, 1, 1)2D. 
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Eighth equation: 

5 {(5) -(I, 4) -(5) (2m -5)} 

+ {(4, 1) - (T, 4) (2m - 5) - (T, 4) {2m - 5)} 

+ Supp. (I, 4) =(I, 4)2i). 

Ninth equation: 

4 {(4, 1)-(T, 1, 3) -(4, l)(2m-6)] 

+ 2 {(3, 2) - (I, 1, 3) - (2, 3) (2m - 6)} 

+ {2(3, 1, 1)-(I, 1, 3) (2m -7) -(I, 1, 3) (2m -7)] 

+ Supp. (T, 1, 3) =(T, 1, 3)2jD. 

Tenth equation: 

3 {(3, 2) -2 (I, 2, 2) -(3. 2) (2m -6)} 

+ {(2, 2, 1)-(I, 2, 2)(2m-7)-(l, 2, 2) (2m -7)] 

+ Supp. (T, 2, 2) =(I, 2, 2) 2D. 

Eleventh equation: 

3 {(3, 1, 1)-(I, 1, 1, 2) -(3, 1, l)(2m-7)} 

+ 2 {2 (2, 2, 1)-2(I, 1, 1, 2) -(2, 2. l)(2m-7)} 

+ {3(2, 1, 1, 1)-(I, 1, 1, 2)(2m-8)-(T, 1, 1, 2) (2m 
+ Supp. (I, 1, 1, 2) 

Twelfth equation : 

2 {(2, 1, 1, 1)-4(T, 1. 1, 1, l)-(2, 1, 1. l)(2m-8)} 

+ {.5(1, 1, 1, 1, 1)-(T, 1, 1, 1, l)(2m-9)-(I, 1, 1, 1, l)(2m-9)} 

+ Supp. (T, 1, 1, 1, 1) =(1, 1, 1, 1, 1) 2D. 

113. I alter the forms of these equations by substituting for 2D its value 
= n — 2m + 2 + *, and by writing for the expressions with (1) their values, 

(I, 4) = (-4) -5 (5), &c., 

and except in the terms {Supp. (6) — k (5)}, &c., by writing for k its value — 3w + a. 
The resulting equations, if the Supplements were known, would serve to determine 
the values of (5), (4, 1), &c. ; but I assume instead that the last-mentioned expressions 
are known (First Memoir, No. 50), and use the equations to determine the Supple- 
ments, or, what comes to the same thing, the values of the terms in { } which 
contain these Supplements. We have thus the twelve reduced equations, with resulting 
values of the supplements. 

C. VI. 


- 8 )} 

= (1. 1, 1, 2) 2D. 


35 
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= 0 = 


114. First equation: 

( 5 ) 

+ {Supp. (5)-* (5)} 

+ (5) (8m + 7n — 4a) 

_(.4) 

(that is, we have 

Supp. (5) — /c(5) = — 3m + a, 

and so in the subsequent cases, the equation gives the value of the term in { 
which contains the Supplement). 

115. Second equation: 


— 157?^ — 15?i + 9a 

— 3m + a 
8m + 7n — 4.oL 

+ 10m + 8n — 6a. 




2(5) 

+ ( 4 , 1 ) 


+ {Supp. (4, 1) - /e (4, 1)} 
+ (5, 1) (6m + 5n — 3a) 
-(•1, 3) 


— 30m — 3072; + a ( 18) 

— 8m^ — 20??^w — Sn^ 4* 104m + 104?^ + a ( 6m + &n — 66) 

— 6m2 — 3m7i + 18m + Oti + a ( 3m — 9) 

+ 6m2 + limn H- — 36m — ZOn + a (— 3m — 3?i + 18) 

+ 8m^ + 12m7^ + — 56m — 53n + a (— 6m — 3?i + 39). 


} 


I stop for a moment to notice a very convenient verification of the term in { } ; 

putting therein a = 37^, the term is 

— — 3m7^ + 18m + 9n + (9mw — ^7n) ; 

and if in this we write m = = 1, m^ = mn = — 2, and when any higher terms enter 

^8 — ^2^^ — ^^2 --^8 --4,^ &c., the value is —12 — 6 + 18 + 9 

+ 18 — 27, =0, viz, we should always obtain a sum =0. The reason is that the term 
in question should always admit of being expressed in the form p8 + gyc + vt + sl \ 
the reduction to this form might be effected by the substitutions m = J (m + ti) + ^ (/c — t), 
M; = ^(m + 7i) — •J-(/f — t), m2 = 2. J(m + 72;) + 28 + 3 a;, 7i® = 2.-J-(m + 72;) + 2T + 36, giving a result 
= j 4 (m + n) + terms in (8, k, t, i), where J. is a numerical coefficient calculable as 
above by simply writing m = ?i = l, w? — mn^n^ = 2, &c., and which is =0 when the 
term is of the proper form p8 + g^/c + rr + 54. The complete reduction to the form in 
question is material in the sequel, but I advert to the point here only for the sake 
of the numerical verification. 


116. Third equation: 

= 0 = 


3(5) 

+ (3, 2) ^ 

+ {Supp. (3, 2) - K (3, 2)} 
+ (3, 2) (4m + 3?^ — 2a) 
- 2 (. 2 , 2 ) 


— 45m — 45w + a ( + 27) 

+ 120m + 12071 + a (— 4m — 47i — 78) + 3a® 

+ 15m +a( 71-7) 

— 36m— 27n+a( 4m + 3?2; + 18) — 2a® 

— 54m — 4871 + a ( + 40) — a®. 


Verification is 15 + 3 (1 . 2 — 7) = 0. 
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117. Fourth equation: 


= 0 = 


2 (4, 1) 


— 16m®— 40m77 — 

16??® 

(1) 

+ (3, 1, 1) 

— fm®— 10m®77- 

10??777® — f 77® + ^f^m® + 116m77 + If^77® 

(2) 

+ {Supp. (3, 1, 1 )-a:(3, 1, 1)} 

— f m® + fm®77 + 

2m77® + .^m®+ ■y^m77 — 

7n^ 

(3) 

+ (3, 1, 1) (4m + 377 — 2a) 

2m® + -^m®?7 + 

8m77® + f77®— 26m®— ^m?7 — 


(4) 

- (• 2, 1, 1) 


— 24m® — 367/777 — 

12n^ 

(5) 


( 1 ) + 2087?^ 4* 20871 4" a ( 4 12m 4- 12n — 132) 

( 2 ) — 434m — 43471 4- a ( |m^ + &mn 4- 4- 291) — fa® 

(3) ~ 50m— 237^4-a( f-m® — f7^ + 33) 

(4) 4- 108m 4- 8171 + a (— m® — 4m72— 7^®+ 7m + -3^71— 54) + 3a® 

(6) + 168m + 1687i + a (— m® - 2mn — fn® + 257^^ + — 138) + fa®. 

Yerification is (- -^ + i + 2) 4 + (^+^-7) 2- 50-23 + 3 (^ . 4 - (J^+^) 2 + 33) = 0. 


118. Fifth equation: 

= 0 = 

4(5) 

+ ( 3 , 2 ) 

+ {Supp. (2, 3)-/c (2, 3)} 

+ (2, 3) (2m + 7 ^ — a) 

-(.1, 3) 


— 60771— 60?^+a( 36) 

+ 120772. + 120?^ + a (- 4m — 4n — 78) + 3a® 

77.® + 8m — 77 + a ( “3) 

— 8m® — 12m7i — 47^® — 12m — 67^ + a ( 10m + 777 + 6 ) — 3a® 

+ 8m® + 12m77 + 377® — 56m — 5377 + a (— 6m — 377 + 39). 


Verification is 2 + 8 — 1 + 3 (— 3) = 0. 


119. Sixth equation: 


3(4, 1) 


— 24m® — 

60m77 — 2477® + 312m + 312/7 

(1) 

+ 2 (3, 2) 



+ 240m + 240/7 

(2) 

+ 2 (2. 2, 1) 


+ 48m® + 108m77 + 4877® — 936m — 936/7 

(3) 

+ {Supp. (2, 2, 1) — « 

(2, 2, 1)} 

+ 12m® + 

6m77— 6*77®— 60m— 677 

(4) 

+ (2, 2, 1)(2to + tc- 

-a) 

+ 12m® + 

1 8m77 + 6/7® + 1 08m + 5 4/7 

(5) 

-2(.2, 1, 1) 


— 48m® — 

72m77 - 2477® + 336m + 336n 

(6) 


35—2 
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( 1 ) 

+«( 

+ 18m + 18 ^ 2 , — 198) 



( 2 ) 

+«( 

— 8 m ~ Sn — 156) + ( 


+ 6 ) 

( 3 ) 

+“( 

— 16 m — 1671 + 654) + ( 

m + n 

-24) 

( 4 ) 


mn — 8 m— 2n+ 30) 



( 5 ) 

+«( 

2m®+3mw. + 7i^ — 367?^ — 2l7z— 54) + a 2 (“ 

■ m — 'll 

+ 15) 

( 6 ) 

+ a(- 

2m^ — 4 m 7 i — 7 i- + 50m + 2dn — 276) + ( 


+ 3). 

Verification 

is (12 + 6 

1 - 6 ) 2 - 60 - 6 + 3 (4-(8 + 2) 2 + 30) = 

= 0 . 



120. Seventh equation : 

= 0 = 


2(3, 1,1) (1) 

+ (2, 1, 1, 1) (2) 

+ {Supp. (2, 1, 1, 1) - « (2, 1, 1, 1)} + mV (s) 

+ (2, 1, 1, l)(2m + w — a) + + + + 0) 

— (• 1, 1, 1, 1) — — ^rrihi — 4mW — — ^nf‘ (s) 


( 1 ) — 3»i® — 20m“M-20mn®*-3w’+109»i“ + 232?Mi + 109?2*— 868m — 868n 


(a) 6m’H-30m^ + 30mn'“ + 6ra’— l74m“ — 348wm — l74?i®+1320m (a) 

(3) — fm%- 20m®- 5mre+ 80m + 26 to (s) 

(4) — 5m“— ^m®n — ISmra®- ^w*+ •^m®+ 37mw+ ^n‘— 150m— 75?i ( 4 ) 

(5) +2m*H-12m®ra+ 8mre®+ n*+i§im®+ 84 m/i + 2 |afta_ 382m — 403 m (6) 


<i) +a( 3m®+12mji+ 3 m®- 69m- 69 m + .582) + a®( - 9) 

(2) +a( ^' + m®n + mM®+^M»-Ji/Sm®-26mM-J^M®+s^m + S|aa_960) + a2(_|^_|^^28) 

(8) +a( — m®- |4 ?imH- Jm®+ 19m+ |m— 54) 

<4) +a(-^m®-m®M-mM®-|M*-^®+ |•w^M+ m®+ snn+ 7.5) + a®( Sm + fM-^) 

(61 +«( 6m®+12mM+ 3 m®- 86m- 56m + .357) + o®( - |). 

Verification is 


(i+l)8+(-f-5-f)4 + (- 20-5 + ^)2 + 80 + 26 + 3 ((-1-1 + J)4 + (19 + f)2-54) = 0. 




(1) + 416m + 416% + a ( + 24m + 24% — 264) 

( 2 ) 4- 240m + 240% + a( — 8m — 8% — 156) + 6a® 

(3) — 868m — 868% + a ( 3m^ + 12%^% + 3%^ — 69m — 69% + 582) — 9a® 

(4) — 6m + 30% + ( “ 4m — 10% — 6) + 3a® 

(5) + 112m + 106% + a ( — 6m%— 3%® 4- 12m4-45%— 78) 

(6) 4- 106m 4- 112% 4- a (— 3m® — 6m% 4- 45m + 12% — 78) 

(7) — 36% 4- a ( 4- 6% )- 


Verification is (-- 2 4 - 12 4 - 2 ) 2 — 6 4 - 30 4 - 3 ((— 4 — 10 ) 2 — 6) 4 - 3 , 9 , 2 = 0 . 
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123. Tenth equation: 


= 0 = 


3 rs, 2) 


+ 360m 4" SGO'/i 

( 1 ) 

+ (2, 2, 1) 


24m^ + 64m?z + 24;^2 — 468m — 468?z- 

( 2 ) 

+ jSupp. (1, 2, 2)-^(l, 2, 2) 1 

U(m-2)(2(-2, 2)-(/2, 2))j 

+ 6m 4- SS71 

( 3 ) 

4* (— u + 2) (* 2, 2) 


— 27 mn — 24n^ 4- 54m 4- 48?2 

( 4 ) 

+ (-.m + 2)(/2, 2) 


— 24m^— 27m>i 4- 48??i+ t54?^ 

( 5 ) 

+ 3^(3, 2) 


- 27?^ 

( 6 ) 

( 1 ) 

+ a (— 12m — 

12?i - 234) + a^{ +9) 


( 2 ) 

+ a (— 8m — 

8n + 327) 4- o? 4- — 12) 


( 3 ) 

-ha( 

3?i- 13) + a^( + 1) 


( 4 ) 

+ a( +20n- 40) + aS( -^n+ 1) • 


( 5 ) 

+ a ( 20771 

— 40) + a=(^ + 1) 


< 6 ) 

+ «( + 

377 ). 



Verification is +33 + 3 (-3. 2 — 13) + 9.2 = 0. 


124. Eleventh equation : 


3(3, 1, 1) 

+ 4(2, 2, 1) 

+ 3(2, 1, 1, 1) 

+ J'Supp. (T, 1, 1, 2)-k(I, 1, 1, 2) \ 

t-(m-9(2(.l, 1, 2) -(/I, 1, 2))J 
+ (-« + !)(. 1 , 1 , 2 ) 

+ (-m + f)(/l, 1, 2) 

+ n(3(3, 1, l) + 2(2, 2^1)) 


0 = 


— |77l® — 30777*77 — 3077777* — |?7® 

(1> 


(3) 

+ 18m* + 90777*77 + 9077777* + 1877® 

(3) 

— f m® - |777®77 — 677772* — 377® 

( 4 > 

— 24m®77 — 36m77® — 1277® 

( 5 ) 

— 12m® — 36777*77 — 2477777* 

(6> 

+ fm*77+ 6m77*+ |77® 

a> 
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(1) + + 34>Smn + ^ln^ - lS02m - 1302?^ + a ( d) 

( 2 ) 4- 96m^ + 21&mn + 96?^^ — 1872m — 1872r2, -f a ( ( 2 ) 

(3) — 522m^ — 1044m?^ — 522^^ + 3960m + 3960?i + a ( |m^ + 3m^ + Zmv? H- (s) 

G) + ^m^- ISn^- 2m- 19171 + a ( ( 4 ) 

( 5 ) + 56m^ + 2^2mn + 196n® — 392m — 392?i + a ( — — 2 m 7 ^® — (s) 

( 6 ) + 196m® + 252m7i + 5 671 ® — 392m — 39271 + a (— Jm® — 2m®w — rm? ( 6 ) 

G) ““ -3^71® + 18972. + a( (7) 

(1) |m®-^-18m7^+ |72®— ^m— -^ 71 + 873) + a® ( — 


(2) — 32m — 3272. + 1308) + a® ( 2m + 27i — 48) 

(8) — ^m®— 78m7^ — -^72.®+ 358m + 35871 — 2880) + a® (— |m — |7i + 84) 

(4) — |7727i — 271® + + -^72. + 55) + a® ( m + n — 

(5) + |m® + ^mn + — -^p-m — ^^^ 72 . + 322) + < 2 ® ( |m — -1) 

(6) + -^m® + + |•7^® — — ^ 72 . + 322) + a® ( + f 7i — p 

(7) 2m7l + 271® ^7^ ). 

Verification is 4 (-f -f- 6 - 3) + 2(-2^t-. ^ + 18)- 2 - 191 

+ 3 ((_!_ 2 ) 4 . + (^ + a|a )2 + 55 ) +9 ((1 + 1 ) 4 2 ) = 0 . 

126. Twelfth equation : 

= 0 = 

2(2, 1, 1, 1) 

+ 5(1, 1, 1, 1, 1) 

+ r Supp. (1, 1, 1, 1, 1) - * (T, 1, 1, 1, 1) \ 

t- (m - 1 ) (2 (• 1 , 1 . 1 , 1 ) - (/ 1 , 1 . 1 . l))i 

+ (-,i + f)(.l, 1, 1, 1) 

+ (-m + f)(/l, 1, 1, 1) 

+ 2 «( 2 . 1 , 1 , 1 ) 


( 1 ) 

•^m® + -^m^n + f m®72.® + |mW + + •^7^® ( 2 ) 

( 3 ) 

— -j^m^— fm®72.®— 771V— Jm72.^ — ^72® d) 
— ^m® — — m®72.® — §m®7i® — ^m7^* (3) 

(«) 
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(1) H- 12m^+ 60m2?^+ 60mn^+ 12?^« (i) 

(2) — — lOmV — “ ~ t ■“ 

(3) — ^4 _ — 37?1??3 ^4 ^ 4. 4. ^y.7?^?^2 4- 971^ (3) 

(4) 4- — |m^ + ffm”?z+ (4) 

(5) 4- + ^mn^ + + ^-m^n + ff m/z" - |?z» 0) 

(6) 2mV+ 2mn^4- IGmzz^— 5?z® (o) 

(1) — 348m2 — 69Qmn — 348n® + 2640m 4- 2640?z 4- a ( 4- 2m-7Z 4- 27?i?i® 4- 

(2) 4- £^1^77^2 _|_ 1.^77272 4- __ glSOm — 3159??. 4" « (* |m® — -• (2) 

(3) — 14m?i— .^m4“ ^-?z4 “Gt( ^®4- m®?? 4“ mn^4-^?z® 00 

(4) - ^m^ — .^^?zn — 4- ^m 4- 4* a ( fm-?i 4- 3m7?.^ 4- (4) 

(5) _ 4- -§^m 4- 4- a ( fm® 4- 37?i“?i 4- |m?z‘‘^ (5) 

(6) 4 - ^mn 4 - ^?z® — 150??' 4- a ( 


(1) - a5m2^ b2mn- 1571® 4- ■4^m4- . 21 ^?? - 1920) 4- a® 37?z- 3714-56) 

( 2 ) 4 - i|i 77 i® 4 - llSmTi 4" 4- 2430) 4- 4- — 75) 

(5) — f7?i®— m7^4- fTi®— f7?z— ^^71- 34)4-a2(- |m — f7?-4-13) 

(4) — 4m® — ^mn — 4- -^m 4- — 238) 4- a® ( — f?? 4- 3) 

(J>) — — ^mn — 4?i® 4* -^l^m 4- — 238) 4- a® (— + 3) 

(6) 3m7i — 371® 4- 2971 ). 

Verification is 

(-i-|-^"3-i)84-(4 + %«-4-%^Hh9)4 4-(-^-14-^)2 4-(-^4-^F) 

+ 3({i + H-l+i)8 + (-f-l+|)4 + (-f-^)2-34) + 9((-f-f)4+13.2) = 0. 

126. It will be observed that in the eighth and following equations, viz. those 
wherein the expression of the Supplement contains the symbol (I), I have included 
along with the Supplement within the { }, the terms — (77^“|) {2 (• 4)-(/ 4)}, &c., viz. 
these are — (m — |) into number of point-pairs (4), &c. : this is for convenience only; 
it simplifies the calculation, both from the symmetrical form under which the remaining 
terms present themselves in the several equations, and because the expressions of the 

terms in question, (these terms being mere multiples of a number of point-pairs) are 

by Zeuthen’s theory known in terms of the Capitals. It is to be noticed that for any 
equation, to fiind the system to which the Capitals belong, we diminish by unity the 
barred number and then remove the bar; thus for the seventh equation, where we 
have Supp. (2, 1, 1, 1), the Capitals belong to the system (1, 1, 1, 1). 
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127. Referring to Nos. 41 to 47 of the First Memoir, for convenience I collect the 


capitals which belong to a single 

curve, giving the values in terms of m, ti, a as follows. 


(1, 1, 1, 1) 




(1) 

= -I- S (S — 1) = 

— + 2m^n 

- Jm”- 

2 m ?2 + 8?z® + Jm — 2?i 




+ o(— 

+ fm- 6ri + f) +|a®; 

(2) 

B = S(?^ — 4)(m — 4) = 

— 2m® — + 4m?z® + 10m® — 

14m7i — 16?i® — 8m + 64yi 




4-a( -|m7i+ 6m+ 6?i-24); 

(4) 

G =T. J(m — 4)(m~5) = 

IrrM + 2m® - 

— |m7^® — 18m® + 

|m?2 + 5w® + 407?i — 5?i 




+ a(-fm® 

+ ^m ■ -15); 

(3) 

D = — 3)(m — 4) = 

-|m® 

+ ^m® 

— 18??2. 




+ a( 

- 4- 6). 


(2, 1, 1) 




(3) 

= S — 4) = 


- 2m®- 

^?^+ 4^^® + 2m — 1671 




+ a( 

— + 6) ; 

(8) 

JP = 2S (m — 3) = 

m® 

— 4m® + 

8m?i + 3m — 247z 




+«( 

— 3m + 9) ; 

(6) 

= 2t (m — 4) = 


m^i® + 8m® — 

mil — 4n® — 32m+ 4?2 




+ a( 

- 3m + 12) ; 

(2) 

— — 4) ; 




(1) 

H 

- |m®?i 

+ 

|m?i-12w® 




+ a( 


(2) 

I = ^ - 3) - 4) = 


— 3m7i® + 

9mn + 12?^® — 367i 




+ a ( m?z - 3m — 4?i + 12) ; 

(5) 

J = 


-Sm® 

+ 9m -f a (m — 3). 


(2, 2) 




(9) 


+ 4m - + a ( 

-I); 


(3) 

X = /c (n — 3) = — 

3n® +9n + a( 

re — 3); 


(1) 


fn® + |n + a (- 

3n— ^) + ^a=; 


(2) 

N=i 

— 3m +a( 

1); 


(1) 

0 =K = 

— 3w + a ( 

1). 



0. VI. 


36 
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(3, 1) 

(2) P =2S 

(2) Q = 2t 

(5) J [= I (m — 3) supra ] ; 

(4) R = S) 

(4) 

(4) J\^[=4 suprd]] 

(2) 0 [—K supra], 

128. I make the following calculations, serving to express in terms of Zeuthen's 
Capitals, the terms in { } contained in the twelve equations respectively. 

i\7 = — 3m -f- a 

— 3m + a (first equation). 

2 P = — 6m® 4* 18m + a (2m — 6) 

+ P = -3mn + 9n 4a( m--3) 

— 6m®— Smn + 18m + 9n + a (3??i— 9) (second equation). 

6K = 3n® + 24m — 3n + a ( — 9) 

4 P = — 372»® 4 971 4 ot (?i — 3) 

+ 3J\r= - 9m 4a( 3) 

+ 20= — 67i4a( 2) 

15m 4 a(7i — 7) (third equation). 





27?^® — 

4 

4/1® 4 2 '/? 2 . — 

\Qn 4 a ( 

“ 

•|n4 

6 ) 

4 


m® — 

4771.® 4 

8m7i 

4 Sm — 

24n 4 a ( — 

^7)1 

4 

9 ) 

4 : 

2 & = 

2m9^® 4 

16m®- 

2m?^ — 

Sti® — 64m + 

8n 4 a ( — 

6m 

4 ! 

24) 

4 - 

D = - 

■ |m® 4 

^® 


— 18m 

4 a (■J^^® - 

^m 

4 

6) 

4 

3J = 

- 

9m® 


4 27m 

4a( 

3m 

- 

9) 

4 

J' = 



- 

3/1® 4 

9n 4a ( 


n “ 

3) 


— 

4 4 277^?^® 4 

^7?^® 4 ^mn - 

- 771® — 50m — 

23n. + a — 

J^m - 

■i« + 

33) 


= m® — m 4 8i2r 4 ot ( — 3 ) ; 

= n® 4 8m — n 4 a ( — 3 ) ; 

= — Smn 4 9 % 4 a (m — 3 ). 


(foui’th equation) 
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Q = 72,2 ^ ^ _ 3a 

+ Sm — 71 — 3a (fifth equation). 

SG = 3mn^ + 24m^ — 3mn — 12n- — 967?z + 12?2, + a ( — 97?^ + 3G) 

+ I = — Zmn^ 4- dmn + 1272- — 3077 + a (mn — — 47^ -1- 12) 

4-4/= — 12m^ 4- 36m 4*a( 47?i —12) 

+ 2/ = — 072- 4- ISn + a ( 2?^ — 6) 

12m^ 4- 6mn — — 60m— 67^ + a (mn — Sm — 2?2 + 30) 

(sixth equation). 



B 

= ^771®71 

- 

2771® - 

- f771®71 4 - 

477172® 


4 - 10771® — 1477171 

- l&n,^ - 

Sm 4-6471 

(1) 

4 - 

4(7 


771®71® 4 - 

8771®- 

- 771®71 — 

977171® 


— 72771® 4- 977172 

+ 20n.® + 

160771 - 

- 20n 

( 2 ) 

4 - 

4D 

= 

- 

0771® 




4 42/72® 

- 

72771 


( 3 ) 

4 - 

jy 

= 





“ |72,® 


+ 3^71^ 

- 

- ISn 

(4> 



\mhi 4* 

miV 

- 

1 

1 

5‘7?271® - 

— 171® 

— 20to“ — omn 

+ ^n^ + 

80m 4- 2071 

(5> 



(1) 

+ a( 


- f 77172 

4 - 

0771 

+ 6w — 24) 







( 2 ) 

+ a(- 

- 3721® 


4- 

27771 

-60) 







( 3 ) 

+ “( 

2772® 


. - 

14 m 

+ 24) 







( 4 ) 

+ «( 





— fw + 6) 






(5) 4- a (— 771® — f 772,72 + \n- 4" 19m + fri — 54) (seventh equation). 

~li7 = 77^ -Ja 
4-|0= -47^ + fa 


771 — 4?2 4- a (eighth equation). 

(2, 3) = — 47?^ — 471— 6 4* 3a 
4 2(4,1)= 2 m 4- 271 -12 

— 2771 — 2?i — 18 + 3a (used infrcb) 

= — 2771® 4-2771— 10714 a( 6) 

= — '71® — 8?7i 4- 71 4- a ( 3) 

= 077172 — 1871 4- a (— 2771 4" 6) 

= —371® + 97i4*a( 71—3) 

7C {(2, 3) 4- 2 (4, 1)} = 0771714-071® 4-547i4-a(— 2m — 1172 — 18)4-3a® 

— 2771® 4- 1277171 4* 271® — 0771 4" 30?! 4- tt (— 4'm — IOti — 6 ) 4- 3a* 

(ninth equation). 

36—2 


-2P 

- Q 
-2R 
-f J' 
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=-9w“ +27w + a( 3 m- 9) 

+ 2ilf = 9 m“ + 3m + a (— 6m — 1) + a® 


-2N 

= 4- 6m + ( 

- 2) 



- 0 

= Sn + a( 

- 1) 




6in + 33n + a (— 

3??.“ 13) + a'-" (tenth equation). 


«(2, 2, 

1) - 

— 18m7i — 

18?^® - 162?i 

(1) 


== 


+ Qm 

(2) 

-2E 

= -- m^n 

+ 4m- + lm7i — 

8?i® — 4<m + 32?i 

(3) 

-2F 

= — 2m® 

+ Sm^—lSinn 

1 

+ 

00 

(4) 

- Q 

= — mn® 

— 8m® + lm?i + 

4n® + 32m — 4?i 

(5) 

+ iH 

= — 

+ \mn — 

472® 

(6) 


= — 5mri® 

+ 15m?^ + 20?i® — 60?^ 

(7) 


= 

+ lOin® 

— 30m 

(8) 

+ 227 

= ■ -3m» +21m‘‘ - 36m 

(9) 

- J' 

= 


3n® — 971 

(10) 


- 6mM® - 3m® + ^tom + 18m® — 2m- 191m 

(11) 


(1) 

+«( 


— Smim — 3m“+ 6m+ 51 m+ 54) + a® (mi + m — 15) 

(2) 

+ «(- 


+ f m — 2) 

(3) 

+ «( 


3m -12) 

(4) 

+ «( 


6m — 18) 

(6) 

+ «( 


3m - 12) 

(6) 

+ «( 


-iw + ^M ) + «=( _^) 

(7) 

+ «( 


|mM - .5m-^M+20) 

(8) 

+ a( 


- ^M + 10) 

(9) 

+ a( 


1m® _ 7w + 12) 

ao) 

+ «( 


M + 3) 

(11) 

+ «( 


-|mM-2M®H-^m + a|iM+55) +a®(jM + M-^) 


(eleventh equation). 
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K. 

(2,1> 

1,1)= 

— \m^n — 


- 3m?^® — 

4- 4- 24mw^ 4- — 37 mn 

- .37?i® 

( 1 ) 

- 


=- 



+ 


fm*?i 

4- ^“4- ftm 

— 

(2) 

- 


= 

— 


+ • 

4- 

- ^m^ 4 - 4 - ^71* 

( 3 ) 

- 

-io 

= 

- 


- 

|m®4- 

-^m*?z4- 3mw* 

+ 24?n®— 3m??. 

- 

( 4 ) 

- 

-2D 

= 




3 m* 




( 5 ) 

- 

- ly 







K 

- W 

( 6 ) 



- 

- — 


- Zmn^ - 4- 

4m* 4- '^'i'nrn 4- ^mn* 4- 

99^*-•^m®-1477^?? 

— 

( 7 ) 

(1) 


+ 

225n + a . 

f mH 4- 

mn^ 4- 

-fm*- 

|mw 4“ 29^* 4- ^/m 

-ifl?i-75)4-a*(- 

•|fra-fw+^) 

(2) 

- 

4m + 

f?i + a( 



rn? 

“ m- 

-i- 87i - 1) 4- a* ( 


- f) 

(3) 

+ 


^n + a( 



4- 

|m?i —10m 

- 10w4-40) 



( 4 ) 

-■ 


^7i + a( 



m* 

— 9m 

+ 20) 



(5) 

+ 

36m 

+ «( 



-m* 

4- 7m 

-12) 



( 6 ) 


+ 

18n + a( 





+ \n- 6) 



( 7 ) 

- 

+ OL ■ 

■f m^ + 

m7^^4’^^ — I 

m* — 

m7^4-|?^*— fm- 

- ^n-34)+a*(— 

fm-|K 

+ 13) 


(twelfth equation)* 


129. We have consequently, by means of the results just obtained, 


Supp. (5) 

= ?e(5) 

+ N 

(first equation). 

Supp. (4, 1) 

= k(4, 1) 

+ 2J + J2 

(second equation). 

Supp. (3, 2) 

= «(3, 2) 

+ 6Z+i + 3i7+20 

(third equation). 

Supp. (3, 1, 1) 

= *(3, 1, 1) 

+ D + E+F+2G-\-ZJ-^J' 

(fourth equation). 

Supp. (2, 3) 

= «(2, 3) 

+ Q 

(fifth equation). 

Supp. (2, 2, 1) 

= «(2. 2, 1) 

+ 3(? + / + 4J-+2J-' 

(sixth equation). 

Supp. (2, L, 1, 1) 

= *(2, 1, 1, 1) 

+ B + 4(7 + 4i)+iy 

(seventh equation). 
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Supp. (1, 4) = /t(l, 4) +(m-|)(4i7 + 20) 

-iN+^0 


(eighth equation). 


Supp. (1, 1, 3) = k(1, 1, 3) + ^ (2, 3) + ^.2(4, 1) 

+ (w — 2) (2 jP -p 2Q + 5e7 + 4JJ) 

— 2P — Q — 2R+e7' (ninth equation). 

Supp. (I, 2, 2) = /c(I, 2, 2) 

+ (tw — 2) (9K + 3i 4" -3/ 4“ 2J\r 4" 0) 

4- 3Z 4- 2Jlf — 2JV"— 0 (tenth equation). 

Supp. (I, 1, 1, 2)= jc(i, 1, 1, 2) 4- ^(2, 2, 1) 

4* (w — 1^) (SjE 4" 3P 4“ 4“ 2i) 4“ S 4“ 2Z 4- 5t/) 

^2E-2F- G-iD + iE + ^I--^^-J+2D'-J' 

(eleventh equation). 

Observe that 

^ 2P' = 0, - 2P = 0, 3 e -h / + 8/ = 3 + 8/', 

relations which may be used to modify the form of the last preceding result. 

Supp. (T, 1, 1, 1, 1) = a:(I, 1, 1, 1, 1)4-a:(2, 1, 1, 1) 

4- (m- f)(^ 4- 254-404- 35) 

— — 10 — D' (twelfth equation). 

130. We may in these equations introduce on the right-hand sides in place of a 
symbol such as p the symbol p^l: for example, in the fifth equation, writing 

(2, 3) = (^, 3) 4- [(2, 3) -(2a, 3)], 

and therefore also ^ 

3) = A:(2a, 3) 4 - a: [(2, 3) - (2a, 3)], 

the second term a: [( 2, 3) -(2/cl, 3)] can be expressed in terms of Zeuthen’ s Capitals. 
The remark applies to all the twelve equations; only as regards the first four of them, 
inasmuch as (5/cl) = 0, . . (3/cl, 1, 1) = 0, it is the whole original terms /c (5) . . /c (3, 1, 1) 
which are thus expressible by means of Zeuthen's Capitals. By the assistance of the 
formula3 (First Memoir, Nos. 69 and 73) we readily obtain 

Eeferring to 

jc($) = fc=:0 (first equation). 

/c(4, 1) =/c(m4-^— 6) 

= 5 4-/' (second equation). 
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«(3, 2) =/c(-9 + a) = «(3(?l-3) + /c-l+l) Referring to 

= 3i + 2M + 0 (thii’d equation). 

k{Z, 1, 1) + + — fa) 

= ^ + 2/ + D' + /' (fourth equation). 

viz. H = + 4?i — fa 

kT'^ . 27 = 2mn — 67u — 8?i + 24 
. 2)' = f — f + 6 

a:“^ X = n — 3 

f 4* 2??i% + + 27 — fa 

a; (2, 3) =a;(M, 8) (fifth equation). 

a:(2, 2, 1) =a:(^, 2, l) + A:(ri-3) 

= /t(^, 2, 1)4 7' (sixth equation). 

/c(2, 1, 1, l) = /c(2Z, 1, 1, l)^fc.^(n-^S)(n^4<) 

= a:(^, 1, 1, l)4i)' (seventh equation). 

a:(1, 4) =a:(1a:1, 4) 4 /c 

= x (hcl, 4)4 0 (eighth equation). 

a:(T, 1, 3) 4 k {% 8)4/c2(4, 1) 

= A:(i^, 1, 3)4a:(2S, 3) +K(n-3) 

4 K {2k1, 3) 

4 K (2m 4 291 — 6) 

= A;(La, 1, 3)4 2 a:(^, 3)4 2J24 37 (ninth equation). 

k{X 2, 2) =/c(Ia, 2, 2)4/c{3(9i-3)4«~l} 

= a: (LS, 2, 2) 4 37 4 2ilf (tenth equation). 

a:(1, 1, 1, 2)4/c(2, 2, 1) 

= /c(La, 1, 1, 2) + A:(2;a, 2, l) + ye{i(/t-3)(n-4)+S + 2n-3m-4} 

+ 2 , !) + «(«.- 3 ) 

= K (1«1, 1, 1> 2) + 2* (2*1, 1, 2) 

+ i?' + S'+ 21 + J' 


(eleventh equation). 
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«(T, 1, 1, 1, l) + «(2, 1, 1, 1) 


Beferring to 


= /c (1/cl, 1, 1, 1,1)+ K. (2/cl, 1, 1, 1) 

+ «(2n, 1. 1. l) + «.^(»i-3)0i-4) 

= «(La, 1, 1, 1, l) + 2«(^i, 1, 1, !) + />' (twelfth equation). 


131. Hence, substituting in the expressions of the several Supplements, -we have 


Supp. (5) 

= 0 

+ i7 

(first equation). 

Supp. (i, 1) 

= iJ + J' 

+ 2t/ + 

(second equation). 

Supp. (3, 2) 

= 37/ "t“ 2J17 0 

+ 6.2^ + 7/ + 377+ 20 

(third equation). 

Supp. (3, 1, 1) 

= 7r + 27+7)' + J' 

+ i? + J'+20 + 7)+3J'+J’ 

(fourth equation). 

Supp. (2, 3) 

= K (^kI, 3) 

+ Q 

(fifth equation). 

Supp. (2, 2, 1) 

= «(2n, 1, 1) + J' 

+ 30 + 7 + 4sJ + 27' 

(sixth equation). 

Supp. (2, 1, 1, 1) 

= K^l, 1, 1, l) + 7)' 

+ £ + 40 + 4I> + 7)' 

(seventh equation). 

Supp. (I, 4) 

= « (1/el, 4) + 0 

+ (m — f ) (477 + 0) 

-iTV + fO 

(eighth equation). 

Supp. (1, 1, 3) 

= A:(ia, 1, 3) + 2/e(2a, 3)+ 272 + 37 
+ (m - 2) (2P + 2Q + 5/ + 472) 

-2P- Q-2R+J' 

(ninth equation). 

Supp. (I, 2, 2) 

= «(Ia, 2, 2) + 3i + 271f 

+ (m-2)(9P' + 3P+ 717+277+ 0) 

+ 37 + 2717- 277-0 

(tenth equation). 
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Supp. (I, 1, 1, 2) = K(Ui, 1, 1, 2) + 2«:(2Z, 1, 2) 

+ E+2I+D' + J' 

+ (i7i — -g-) (SE “h BF 6 + 2D 4* 3 + 2jr + 5 tP) 

~-2E-2F^ Q^^D^^E+iI^:^J-\-2D'-J' 

(eleventh equation). 

Supp. (T, 1, 1, 1, 1)= /c(Ld, 1, 1, 1, 1) + 2a:(^, 1, 1, 1)+J7 
+ (m -f) (^ + 25 + 4(7+ 35) 

-.|.4-|5-|C-25-5'. 

(twelfth equation). 

132. Hence finally, merely collecting the terms, we have the following expressions 
of the Supplements in the twelve equations respectively. 


Supp. (5) 

= N+0 

(first equation). 

Supp. (i, 1) 

— “1“ 2jB “I” JT 

(second equation). 

Supp. (3, 2) 

= 6Z+4i + 2if + 3i<^+30 

(third equation). 

Supp. (3, 1, 1) 

= J) + E-vF+2Q + H-\-2I+ZJ->rJy + 21' 

(fourth equation). 

Supp. (2, 8) 

= k(^, 3) + G 

(fifth equation). 

Supp. (2, 2, 1) 

= /c(2^, 2, l) + 3ff + 7+4/+3J' 

(sixth equation). 

Supp. (2, 1, 1, 1) 

= *(2^1, 1, 1, l) + .8 + 4C+4i) + 2D' 

(seventh equation). 

Supp. (I, 4) 

= *:(La, 4) +{4m,-'T)N+(^2m-l)0 

(eighth equation). 

Supp. (I, 1, 3) 

= 1, 3) + 2a:(^1, 3) 

+ (2m— 6)P+(2m— 5)Q+(5 to— 10)/+(4m— 8)iJ+4J' 

(ninth equation). 

Supp. (I, 2, 2) 

= 2, 2) 

+ (9m— 18)Z’+3mii+(m+2)Jlf+(2m— 6)Jr+(m— 3)0 

(tenth equation). 

Supp. (I, 1, 1, 2) 

= «(Ld, 1, 1, 2)+2*(^, 1, 2) 

+ (2m — S)D + (3m — 9) P+ (3m — 9) P+ (6m — 15) Q 
+ ( m-l)jff+(2m-l)7+(5m-15)J'+3i)' 

(eleventh equation). 

Supp. (I, 1, 1, 1, 

1)= «(Ia, 1, 1, 1, l) + 2*(^, 1, 1, 1) 

+ (m - 4) ^ + (2m - 7) 5 + (4m - 1 2) 0 + (3m - 1 0) i), 

(twelfth equation). 


where I recall the remark, ante, No. 126, that in each equation the Capitals belong 
to the system obtained by diminishing the barred number by umty and removing the 
bar; (4) for the first equation, (3, 1) for the second, and so on. 
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133. These are, I think, the true theoretical forms of the Supplements, viz. 
(attending to the signification of the Capitals) the expressions actually exhibit how the 
Supplement arises, whether from proper conics passing through or touching at a cusp, 
or from point-pairs (coincident line-pairs) or line-pairs (including of course in these 
terms line-pair-points). Thus, for instance, Supp. (5) = iV’ -h 0. Eeferring to the ex- 
planations, First Memoir, Nos. 41 to 47, JT (= i) is the number of the line-pair-points 
described as “ inflexion tangent terminated each way at inflexion,” and 0 (= /c) the 
number of the line-pair-points described as cuspidal tangent terminated each way at 
cusp,” or in what is here the appropriate point of view, we have as a coincident 
line-pair each inflexion tangent and each cuspidal tangent. Reverting to the generation 
of the first equation, when the point P is a point in general of the given curve, 
the curve @ is the conic (5), having with the curve 5 intersections at P, and besides^, 
meeting it in the 2m — 5 points P'. When the point P is at an inflexion, the 
curve @ becomes the coincident line-pair formed by the tangent taken twice, the 
number of intersections at P is therefore =6, and the inflexion is therefore (specially) 
a united point. Similarly, when the point P is at a cusp, the curve @ becomes the 
coincident line-pair formed by the tangent taken twice, the number of intersections at 
P is therefore =6, and the cusp is thus (specially) a united point: we have thus the 
total number of special united points ^/c+ l, agreeing with the foregoing d posteriori 
result, Supp. (5) == -27 -f- 0. 

134. Or to take another example; for the fifth equation we have 

Supp. (2, 8) = /c(2/cl, 3) + Q; 

Q(=2t) is the number of the line-pair-points described as “double tangent terminated 
each way at point of contact,” or, in the point of view appropriate for the present 
purpose, we have each double tangent as a coincident line-pair in respect to the one 
of its points of contact, and also as a coincident line-pair in respect to the other of 
its points of contact. Reverting to the generation of the equation, when the point P 
is a point in general on the given curve, the curve 0 is the system of conics (2, 3) 
touching the curve at P, and having besides with it a contact of the third order; 
since for each conic the number of intersections at P is =2, the total number of 
intersections at P is =2(2, 3), and the remaining (2m — 2) (2, 3) intersections are the 
points P. Suppose that the point P is taken at the point of contact of a double 
tangent ; of the (2, 3) conics, 1 (I assume this is so) becomes the coincident line-paii 
formed by the ^double tangent taken twice, and gives therefore 4 intersections at P, 
the remaining (2, 3) — 1 conics are proper conics, giving therefore 2 (2, 3) — 2 intersections 
at P, or the total number of intersections at P is 2(2, 3) -1-2 intersections; or there 
is a gain of 2 intersections. As remarked (No. 96), this does not of necessity imply 
that the point in question is to be considered as being (specially) 2 united points ; 
I do not know how to decide d priori whether it is to be regarded as being 2 united 
points or as 1 united point, but it is in fact to be regarded as being (specially) only 
1 united point; and as the points in question are the 2t points of contact of the 
double tangents, we have thus the number 2t of special united points. Again, when 
the point P is at a cusp, all the (2, 3) conics remaia proper conics ((^, 3) = (2, 3), 
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First Memoir, No. 73), but each of these {qudb conic touching the cuspidal tangent) has 
with the given curve at the cusp not 2 but 3 intersections, so that the total number 
of intersections at P is 3(2/cl, 3), —3(2, 3), and there is a gain of (2, 3) = (2a:1, 3) 
intersections. Each cusp counts (specially) as (2«1, 3) united points, and together the 
cusps count as a; (2/cl, 3) united points; we have thus the total number a:(2a:1, 3) + 2t 
of special united points, agreeing with the expression, Supp. (2, 3) = a: (2a:1, 3) + Q. 

135. As appears from the preceding example, or generally from the remark, ante, 
No. 96, I have not at present any d priori method of determining the proper numerical 
multipliers of the Capitals contained in the expressions of the several Supplements. 

I will only further remark, that the reason is obvious why (while in the first seven 

equations the multipliers are mere numbers) in the eighth and following equations 

the multipliers are linear functions of m; in fact in these last equations the barred 
symbol is 1, that is, when P is a point in general on the given curve, each of the 
conics which make up the curve ® has with the given curve not a contact of any 
order, but an ordinary intersection at P. Imagine a position of P for which one of 
these conics becomes a coincident line-pair; this regarded as a single line has with 
the given curve (m — a) ordinary intersections (a a number, =4 at most, depending on 
the contacts which the line may have with the curve) ; for each of the m — a points, 

taken as a position of P, one of the conics which make up the curve @ becomes the 

coincident line-pair, and there are in respect of this conic two intersections at P 

instead of one intersection only. We have thus in respect of the particular coincident 

line-pair a group of (m— a) special united points, viz, these are the m — a ordinary 

intersections of the coincident line-pair regarded as a single line with the given curve, 
and we thus understand in a general way how it is that the order m of the given 
curve enters into the expressions of the multipliers of the several Capitals in the last 
five equations. The object of the present Memoir was, however, the d posteriori 
derivation of the expressions {ante, No. 132) of the twelve Supplements; and having 
accomplished this, but being unable to discuss the results with any degree of com- 
pleteness, I abstain from a further discussion of them. 
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ADDITION TO MEMOIR ON THE RESULTANT OF A SYSTEM 

OF TWO EQUATIONS. 

[From the Philosophical Transactions of the Royal Society of London, vol. CLVlll. (for the 
yeax 1868), pp. 173 — 180. Beceived August 6, — Read November 21, 1867.] 

The elimination tables in the Memoir on the Resultant of a System of two Equations, 
Phil, Trans, 1857, pp. 703 — 715, [148], relate to equations of the form (a, h 2/)^==0, 

without numerical coefficients; but it is, I think, desirable to give the corresponding 
tables for equations in the form (a, h, , . yf^ = 0 with numerical coefficients, which 
is the standard form in quantics. The transformation can of course be effected without 
difficulty, and the results are as here given. It is easy to see d priori that the sum 
of the numerical coefficients in each table ought to vanish ; these sums do in fact 
vanish, and we have thus a verification as well of the tables of the present Addition 
as of the tables of the original memoir, by means whereof the present tables were 
calculated. 
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409 . 

ON THE CONDITIONS FOE THE EXISTENCE OF THKEE EQUAL 
BOOTS, OB OF TWO PAIBS OF EQUAL BOOTS, OF A BINABY 
QUABTIC OB QUINTIC. 


[From the Philosophical Transactions of the Royal Society of London, voL CLVili. (for the 
year 1868), pp. 577 — 588. Eeceived November 26, 1867, — Eead January 9, 1868.] 

[It is remarked, Proc. R. Soc, vol. xvii. p. 314, that the above title is a misnomer: 
I had in fact in regard to the quintic considered not the twofold relations belonging 
to the root-systems 311 and 221 respectively, but the threefold relations belonging to 
the root-systems 41 and 32 respectively. The proper title would have been “ On the 
conditions for the existence of certain systems of equal roots of a binary quartic or 
quintic.'’] 

In considering the conditions for the existence of given systems of equalities 
between the roots of an equation, we obtain some very interesting examples of the 
composition of relations. A relation is either onefold, expressed by a single equation 
?7=0, or it is, say A-fold, expressed by a system of k or more equations. Of course, 
as regards onefold relations, the theory of the composition is well known: the relation 
UV = 0 is a relation compounded of the relations J7 == 0 , F = 0 ; that is, it is a 
relation satisfied if, and not satisfied unless, one or the other of the two component 
relations is satisfied. The like notion of composition applies to relations in general; 
viz., the compound relation is a relation satisfied if, and not satisfied unless, one or 
the other of the two component relations is satisfied. I purposely refrain at present 
from any further discussion of the theory of composition. I say that the conditions 
for the existence of given systems of equalities between the roots of an equation 
furnish instances of such composition; in fact, if we express that the function yf, 

and its first-derived function in regard to x, or, what is the same thing, that the 
first-derived functions in regard to x, y respectively, have a common quadric factor, 
we obtain between the coefficients a certain twofold relation, which implies either that 
the equation {*^x, yY = 0 has three equal roots, or else that it has two pairs of 
equal roots; that is, the relation in question is satisfied if, and it is not satisfied 
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unless, there is satisfied either the relation for the existence of three equal roots, or 
else the relation for the existence of two pairs of equal roots; or the relation for 
the existence of the quadric factor is compounded of the last-mentioned two relations. 
The relation for the quadric factor, for any value whatever of w, is at once seen to 
be expressible by means of an oblong matrix, giving rise to a series of determinants 
which are each to be put = 0 ; the relation for three equal roots and that for two 
pairs of equal roots, in the particular cases 71 = 4 and n = 5, are given in my ‘‘ Memoir 
on the Conditions for the existence of given Systems of Equalities between the roots of 
an Equation,” Fhil. Tram. vol. CXLVII. (1857), pp. 727 — 731, [150] ; and I propose in the 
present Memoir to exhibit, for the cases in question n^4 and 72.-6, the connexion 
between the compound relation for the quadric factor with the component relations 
for the three equal roots and for the two pairs of equal roots respectively. 

Article Nos. 1 to 8, ike Quartic, 

1. For the quartic function 

(a, 6, 0, d, y)\ 

the condition for three equal roots, or, say, for a root system 31, is that the quadrin- 
variant and the cubinvariant each of them vanish, viz. we must have 

J =5 ae — 4hd + 3c^ = 0, 

J — ace — a<F - ¥e-^2hcd — (^— 0. 

2. The condition for two pairs of equal roots, or for a root system 22, is that 
the cubicovariant vanishes identically, viz. representing this by 

(A, B, 5a, lOA 5^, F, Cr^x, y)® = 0, 

we must have 


A = 

a^d — 

S<xhc -f 

•26» 

= 0, 

B = 

o?e + 

2abd - 

• 9ac^ + Qh^c 

= 0, 

C = 

abe — 

Sacd 4- 

2m 

= 0, 

JD = 

— ad^ + 

b^e 


= 0, 

E = 

— ade+ 

Sbce — 

2hd? 

= 0, 

F = 

— ae^ — 

2bde -f 

■ 9c“e — Bed’* 

=0, 

0 = 

-6c2 + 

Scde — 

2d? 

= 0. 


3. But the condition for the common quadric factor is 

а, 36, Sc, d =0, 

б, Sc, Sd, e 

а, 36, 3c, d 

б, 3c, 3d, e 

and the determinants formed out of this matrix must therefore vanish for (J, J) = 0, 
and also for {A, B, G, D, E, F, Q) — 0, that is, the determinants in question must be 
syzygetically related to the functions {I, J), and also to the functions (A, B, G, D, E, F, Q). 
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4. The values of the determinants are 


1234= 3 X 

1235 

= 3 X 

1245 = 

1345 = 3 X 

2345 = 3 X 

a^ce + 1 

a^de 

- 1 

aV - 1 

ahe^ — 1 

ace^ + 1 

aW - 3 

abce 

+ 4 

aide + 2 

acde + 4 

ad^e — 1 

ab^e — 1 

abd^ 

+ 1 

ac^e + 9 

ad^ — 3 

6V - 3 

abcd+ 14 

a<^d 

- 3 

acd^ - 9 

b^de + 1 

bcde 4- 14 

oc® — 9 

hh 

- 3 

bhe - 9 

hch - 3 

bd^ - S 

ra - 8 
+ 6 

hhd 

+ 2 

W + 8 

bcd^ + 2 

ch - 9 
cW + 6 


5. The syzygetic relation with (/, J) is given by means of the identical equation 



— 

6a?y\ 

- 4a;»y, 



a , 

36 , 

3c , 

d 


h , 

3c , 

3d . 

e 

a, 

36 , 

3c , 

d , 


b, 

3c , 

3d , 

6 , 



=:-6I.EU+9J. U, 


or, as this may he written, 

(1234, 1235, 1245, 1346, 2345][a!, .HU +9J . U, 

where HU is the Hessian of U, 



ac + 1 

ad 2 

ac + 1 

6c + 2 

cc + 1 

= ( 

6® -1 

6c -2 

6c?+ 2 
c^ — 3 

cc? - 2 

d?-^\ 


6. That is, we have 


1234 = ( ac- 
4 . 1235=(2oc?-26c 
6 . 1245 = { ae + 2bd — 3c“, 
4 . 1345 = (26e - 2cd 
2345 = { ce — (P , 


0^-61, 9J), 
46 67, 9J), 
6cJ-6/, 9J), 
4(^5- 67, 9J), 
el- 61, 9J). 


7. The determinants thus vanish if (/, J) = 0, that is, for the root system 31; 
they will also vanish without this being so, if only 

ac — h^ ad — bo _ae + 2bd — S(f be — cd ce — d^ 

V2l y a 2b ■“ 6c 


and we may omit the first member 



since if the remaining terms 


are equal 
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to each other they -will also be 


The equations may then be written 


ac ~ 6^ ocZ — be, ae + 2bd — 3c®, he — cd, ce — cZ® 

a , 2b , 6c , 2d , e 


- 0 , 


and the ten equations of this system reduce themselves (as it is very easy to show) to 
the seven equations 

{A, B, G, D, E, F, (?)-0, 

which, as above mentioned, are the conditions for the root system 22. 

8. It may be added that we have 



A 

B 

c 

D 

E 

F 

G 

1.1234- 


c 

-46 

+ 3a 




1235 = 



c 

- 36 

+ a 



0 = 


d 

-3c 


+ a 



1245 = 


— e 

+ 4c? 

-3c 




0 = 


— e 


+ 6c 


— a 


0 = 



- d 

+ 3c 

- 6 



J . 1345 = 



— e 

+ Zd 

— c 



0 = 



— e 


+ 3c 

-6 


2345 = 




— 3c 

+ 4e? 

i - c 



where it is to be noticed that the four equations having the left-hand side =0, give 
B : G : D : E F proportional to the determinants of the matrix 

d, 3c, CL j ^ 

— c, . , 6c, — a 

d , 3c, — b 
-c , . , +3c, -6 

the determinants in question contain each the factor c, and omitting this factor, the 
system shows that B, 0, D, E, F are proportional to their before-mentioned actual 
values. 


Article Nos. 9 to 15, the Quintic. 

9. For the quintic function 

(a, b, c, d, e, f\x, yf,- 

the condition of a root system 41 is that the covariant, [S=] No. 14, shall vanish, 
viz. we must have 

A = 2 (ac — Abd + 3c® ) = 0, 

B = of — 36c + 2ccZ = 0, 

(7 = 2(6/-4cc 4-3d®) = 0. 

10. The condition of a root system 32 is that the following covariant, viz, 

[3A®5-260, =]3(No. 13)® (No. 14) -25 (No. 15)®, 




shall vanish, where 

[A =] No. 13 = (a, 6, c, d, e, / Ja?, quintic itself. 



hch + 900 hcde ~ 2000 c*/ + 1080 
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12. The conditions for the common [cubic] factor are 

а, 4ib, 6c, 4cZ, e =0, 

a, 4ib, 6c, 4cJ, e 

б, 4c, 6d, f 

b, 4c, 6d, 4c, / 

the several determinants whereof are given in Table No. 27 of my “Third Memoir on 
Quantics,” Philosophical Transactions, vol. CXLVI. (1856), pp. 627 — 647, [144]. 

13. These determinants must therefore vanish, for {A, B, G) = 0, and also for 
(21, S3, ... S, SDl) = 0, that is, they must be sy 2 ygetically connected with (A, B, G), and 
also with (21, S3, ... S, 3K). The relation to (A, B, C) is in fact given in the Table 
appended to Table No. 27, viz. this is 


(7x + B y. +Ax 


1234 = 

+ 6 

- 12 ah 

+ 16 ac - 10 5® 

1236 = 

+ Q ah 

- 2 ^c - 10 5® 

-i- 6 ac? 

1236 = 

— 2 ac + 8 5^ 

+ 0 ad —1^ he 

- 2<^+ 8 c® 

1245 = 

4- 18 ac 

— 6 ac? — 30 5c 

+ 8 ac 4* 10 5c? 

1246 = 

+ 12 5c 

+ 4 oc — 4 5c? — 24 c® 

4* 4 5c 4- 8 cd 

1345 = 

+ 24 ad 

— 8 ae — 40 5c? 

4- 4 c/4- 20 5c 

1256 = 

— lae+ 4 5d+ 3c^ 

+ 1 af + 5 5c — 18 cc? 

— 1/4- 4cc4- 3c?® 

2345 = 

+ 20 + 40 5d — 30 c® 

~ 80 he + 20 cd 

4- 20 / 4- 40 cc — 30 c?® 

1346 = 

+ 4 ae + 8 5c? + 6 c® 

— 36 cd 

4- 4 hf-^ 8 ce 4- 6 c?® 

2346 = 

+ 4 af + 20 he 

— 8 h/ -- 4 cc 

+ 24c/ 

1356 = 

+ 4 5c + 8 cc? 

+ 4hf - 4cc — 24c?® 

4- 12 ^ 

2356 = 

+ 8 ^ + 10 ce 

— 0 cf — ZO de 

4- 18 c/ 

1456 = 

+ 6 cc 

+ 6 (/ — 18 c?c 

- 2 c/ 4- 8 c® 

2456 = 

+ 6 c/ 

- 2df-l0e^ 

4- 6 / 

3456 = 

+ 16 c/- 10 c® 

- 12 ef 

+ 6/® 


14. Between the expressions 21, S3, &c., and 1234, 1235, &c., there exist relations 
the form of which is indicated by the following Table: 
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15. Assuming the existence of these relations, we have for the determination of 
the numerical coefiScients in each relation a set of linear equations, which are shown 
by the following Tables, viz. referring to the Table headed o2l, a®, a . 1234, [first of 
the seven tables infrd^ if the multipliers of the several terms respectively he A, B, G, X, 
then the Table denotes the system of linear equations 

0 A +3J5 +33(7 + 0X = 0, 

3 A +0B -102(7 -16X = 0, 

&c., 

that is, nine equations to be satisfied by the ratios of the coefficients A, B, C, X, 
and which are in fact satisfied by the values at the foot of the Table, viz. 

A \ B G : X = + 66 : -11 ; +1 : +6. 

There would be in all fourteen Tables, but as those for the second seven would 
he at once deducible by symmetry from the first seven, I have only written down the 
seven Tables; the solutions for the first and second Tables were obtained without 
difficulty, hut that for the third Table was so laborious to calculate, and contains such 
extraordinarily high numbers, that I did not proceed with the calculation, and it is 
accordingly only the first, second, and third Tables which have at the foot of them 
respectively the solutions of the linear eqirations. 

16. The results given by these three Tables are, of course, 

66cSl- 11633+ la® + 6a. 1234 = 0, 

330 dSr + 110 c33 - 56 6® + 9 a® - 105 a . 1235 = 0, 

+ 266478575 eSl 
-617359490 d33 
+ 144200810 0® 

+ 9656911 62) 

+ 9090785 a® 

- 721004050 c . 1234 
+ 90914175 6.1235 
-160758675 a, 1245 
+ 11559295 a. 1236 = 0. 

It is to be noticed that the nine coefficients of this last equation were obtained 
&om, and that they actually satisfy, a system of fourteen linear equations; so that the 
correctness of the result is hereby verified. 
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17. The seven Tables axe 

First Table. 


iSS ai a. 1234 



dhf 

dee 

dd 

dbe^ 

dbed 

aV 

add 

add 

dc 

+ 3 

-12 

-16 

+ 50 
-25 

+ 3 

+ 21 
- U4 

+ 30 
+ 240 
-150 

+ 33 
-102 
-216 
+ 135 
+ 120 
+ 480 
-150 
-300 

- 16 
+ 36 
+ 16 
-152 
+ 96 
+ 80 
- 60 



+ 66 

- 11 +1 

Second Table. 

6(S a^ 

+ 6 

a. 1235 

J.1234 

o?cf 


+ 3 


+ 10 

- 4 


aHe 

+ 3 



- 390 

+ 24 





+ 33 

+ 155 

+ 4 


a^hce 


+ 21 

-102 

+ 100 

-84 

- 16 

a%(P 

-13 


-216 

- 600 

-24 

+ 36 

a^c^d 

-16 

-144 


+ 1600 

+ 64 

+ 16 

ahh 



+ 135 

+ 125 

+ 60 


db^cd 

+ 50 

+ 30 

+ 120 

-1000 

-4'0 

-152 

ah(^ 


+ 240 

+ 480 



+ 96 

¥d 

-25 


-150 



+ 80 



-150 

-300 



- 60 


4-330 

+ 110 

- 55 

+ 9 

-105 

0 


Third Table. 




d^ 

c(E 

65) 

ad 

C.1234 

6.1235 

a. 1245 

a. 1236 

ddf 


+ 3 






- 6 

+ 6 

ah^ 

+ 3 




- 195 



+ 16 


dbcf 



+ 33 




- 4 

+ 6 

-22 


-12 

+ 21 


— ™ 

BaEiM 


+ 24 

-26 

- 6 

dde 

-16 





- 16 


-96 

+ 16 

a\d 


-144 

-216 


HRS « 



+ 96 


ddf 




+ 155 



+ 4 



adee 



+ 135 



+ 16 

-84 

■IH 

■m 

ddd 


mmm 


IBI 



-24 



abdd 



■m 

IlMfl 


-152 

+ 64 



ad 



■Hi 



+ 96 




de 

-25 



+ 125 



mmm 



ded 







■IH 



W 






■1 





+266478675 

-617369490 

+144200810 

+9656911 

+9090785 

-721004060 

+90914176 

-160768675 

+11659295 
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+ 3 + 
-12 

-16 


25 6 


3 

+ 

21 

144 - 


30 + 
240 


a? d, 1234 (? . 1235 h . 1236 1 . 1245 a . 1246 a . 1345 


-102 - 
-216 

+ 

• 135 

+ 

■120 ~ 
■480 + 

+ 

■150 
300 - 


- 114 

- 90 - 264 

- 195 - 990 

10 - 1-468 - 4 

390 -{- 1320 - 16 + 24 

+ 1080 + 36 


+ 4 

+ 6 - 6 - 4-24 
+ 16 - 4 +64 
-24 +24 
+ 24 -208 
+ 144 


155 + 360 + 900 + 4 - 22 + 6+24 
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And the remaining seven Tables might of course be deduced jfrom these by writing 
(/) d, c, b, a) instead of (a, b, c, d, e, f), and making the corresponding alterations 
in the top line of each Table. 

18. The equations 21 = 0, 33 = 0 ,...., 591 = 0 consequently establish between the 
fifteen functions 1234, 1235, ...3456 a system of fourteen equations, viz. the first and 
last three of these are 

1234 = 0, 

1235 = 0, 

- 160758675 . 1245 
+ 11559295.1236 = 0, 


+ 11559295.1456 
- 160758675 . 2356 = 0, 

2456 = 0, 

3456 = 0. 

To complete the proof that in virtue of the equations 21=0, S = 0, .., 50i = O all 
the fifteen functions 1234, 1235, ...3456 vanish, it is necessary to make use of the 
identical relations subsisting between these quantities 1234, &c.; thus we have 

a . 1345 + 46 . 1245 + 6c . 1235 + 4cZ . 1234 = 0, 

b . 1345 + 4c . 1245 + 6d: . 1235 + ie . 1234 = 0, 

which, in virtue of the above equations 1234 = 0 and 1235 = 0, become 

а. 1345 + 46. 1245 = 0, 

б. 1345 + 4c. 1245 = 0, 

giving (unless indeed ac — 6® = 0) 1245 = 0, 1345 = 0 ; the equation 1245 = 0 then 
reduces the third of the above equations to 1236 = 0, and so on until it is shown 
that the fifteen quantities all vanish. 
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A THIED MEMOIE ON SKEW SUEFACES, OTHEEWISE SCEOLLS. 

[From the Philosophical Transactions of the Royal Society of London^ voL CLix. (for 
the year 1869), pp. Ill — 126. Eeceived May 30, — Read June 18, 1868.] 

The present Memoir is supplementary to my "'Second Memoir on Skew Surfaces, 
otherwise Scrolls,^" Phil. Trans, vol. CLiv. (1864), pp. 559 — 577, [340], and relates also to 
the theory of skew surfaces of the fourth order, or quartic scrolls. It was pointed out to 
me by Herr Schwarz(^j, in a letter dated Halle, June 1, 1867, that in the enumeration 
contained in my Second Memoir I have given only a particular case of the quartic 
scrolls which have a directrix skew cubic ; viz. my eighth species, S (1, 3^), where 
there is also a directrix line. And this led me to observe that I had in like 
manner mentioned only a particular case of the quartic scrolls with a triple directrix 
line; viz. my third species, ^^(Is, 1, 4), where there is also a simple directrix line. 
The omitted species, say, ninth species^ with a triple directrix line, and tenth 

species, 8 (3®), with a directrix shew cubic, are considered in the present Memoir ; and 
in reference to them I develope a theory of the reciprocal relations of these scrolls, 
which has some very interesting analytical features. 

The paragraphs of the present Memoir are numbered consecutively with those of 
my Second Memoir above referred to. 

Quartic Scroll, Ninth Species, S(l^, with a triple directrix line. 

54. Consider a line the intersection of two planes, and let the equation of the 
one plane contain in the order 3, that of the second plane contain linearly, a variable 
parameter 0; the equations of the two planes may be taken to be 

iP> 2 . (■“. 1 ) = 0 , 


^ I take the opportunity of referring to his paper on Qnintic Scrolls, Schwarz, ** Ueber die geradlinigen 
Elaohen fiinften Grades,” Crelle, t. nxvn. (1867), pp. 23 — 57. 
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where {p, q, r, s, u, v) are any linear functions whatever of the coordinates {x, y, z, w). 
Hence eliminating 6 we have as the equation of the scroll generated by the line in 
question 

viz. this is a quartic scroll having the line ^ = 0 for a triple line ; that is, 

the line in question is a triple directrix line. 

55. Taking a; = 0, y = 0 for the equations of the directrix line, or writing u = x, 
V = y, and moreover expressing (jp, q^ r, s) as linear functions of the coordinates 
(x, y, z, w), the equation of the scroll takes the form 

(*5^6*, 2/)® + ty 2/)® = 0; 

and we may, by changing the values of z and w, make the term in (/r, yY to be 

(* 5 ^. yY + + ^y) yf + ( 7 ^ + ^y) yY^ 

where the arbitrary constants a, /9, 7, 8 may be so determined as to reduce this to a 
monomial kaf^y, or koc^y-, 

56. The coefficient k may vanish, and the equation of the scroll then is 

z{%\x, yY-^w{%'\x, 2/)* = 0, 

or, what is the same thing, it is 

{%\x, yj (z, w) = 0, 

viz. the scroll has in this particular case the simple directrix line z = 0, w = 0, thus 
reducing itself to the third species, S (I3, 1, 4), with a triple directrix line and a single 
directrix line. It is proper to exclude this, and consider the ninth species, as 

having a triple directrix line, but no simple directrix line. 

57. The scroll S(l^ may be considered as a scroll S{m, n, jp) generated by a 
line which meets each of three given directrices; viz. these may be taken to be the 
directrix line, and any two plane sections of the scroll The section by any plane is 
a quartic curve having a triple point at the intersection with the directrix line ; 
moreover the sections by any two planes meet in four points, the intersections of the 
scroll by the line of intersection of the two planes. Conversely, taking any line and 
two quartics related as above (that is, each quartic has a triple point at its inter- 
section with the line, and the two quartics meet in four points lying in a line), the 
lines which meet the three curves generate a quartic scroll 8 (Ig). This appears from 
the formula 

B (m, n, jp) = 2mnp — am — — 7p (Second Memoir, No. 6) ; 

we have in the present case 

m = 1, 71 = 4, ^ = 4, a = 4, ^ = 3, 7 = 3, 

and the order of the scroll is 32-4-12-12, =4, that is, the scroll is a quartic 
scroll- there is no difficulty in seeing that through each point of the line there pass 

40 


C. VI. 



314 


A TBIBB MEMOIB ON SKEW SURFACES, OTHERWISE SCROLLS. [410 


three generating lines, but through each point of either of the plane quartics only a 
single generating line ; that is, that the line is a triple directrix line, but each of 
the plane quartics a simple directrix curve. 

58. We may instead of the section by any plane, consider the section by a plane 
through a generating line, or by a plane through two of the three generating lines 
which meet at any point of the directrix line ; if (to consider only the most simple 
case) each of the planes be thus a plane through two generating lines, the section 
by either of these planes is made up of the two generating lines, and of a conic 
passing through the directrix line ; the directrices are thus the line and two conics 
each of them meeting the line; we have therefore in the foregoing formula 

m = 1, 71 = 2, ^ = 2, a = 0, /3 = 1, 7 = 1, 
and the order of the scroll is 8 — 2 — 2, = 4 as before. 


Quartic Scroll, Tenth Species, (3^), with a directrix shew cubic met twice by each 

generating lineQ). 


59. Consider a line, the intersection of two planes; and let the equation of each 
plane contain in the order 2 a variable parameter 0] the equations of the two planes 
may be taken to be 

{p, q, r\e, iy = 0, (/, 3 ', rJ0, 1)^ = 0, 

where (p, q, r, p\ <(, r') are linear functions of the coordinates (x, y, z, w)\ hence 
eliminating 0, we have as the equation of the scroll generated by the line in question, 
□ = 0, where □ is the resultant of the two quadric functions. The equation may be 
written 

4 {pq' —p'q) (rq' — r'q) — {pr' —p'rY = 0 ; 


and the scroll has thus as a nodal (double) line the skew cubic determined by the 
equations 


p, q, r 
p', q\ r' 


= 0 . 


It is easy to see (and indeed it will be shown presently) that this curve is met twice 
by each generating line of the scroll, and that the scroll is consequently a quartic 
scroll as described above. 


1 I have worded this heading in accordance with that of the eighth species, Second Memoir, No. 47, but 
the two headings might be expressed more completely thus : 

Eighth Species, S{1, with a directrix line and a double directrix skew cubic met twice by each 
generating line; 

Tenth Species, S [B^), with a double directrix skew cubic met twice by each generating line ; 

viz. the subscript 2 would indicate that the skew cubic is a nodal (double) line on the scroll, the exponent 
2 indicating that it is met twice by each generating line. 
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60. The coordinates (cc, y,, z, 'to) may he fixed in snch manner that the equations 
of the skew cubic shall be 

z \ 

y, z, w \ 

or, what is the same thing, 

yiu — z^ 0, zy — sew = 0, ocZ‘-y^ = 0 ; 

each of the equations pq' —p'q = 0, rq' — r'q=^0, pr'— pV = 0 is then the equation of a 
quadric surface passing through the skew cubic, or, what is the same thing, each of 
the functions pq'^p'q, rq' --r'q, pr' —p'r is a linear function of yw — z’^, zy — xw^ xz — y^^ 
and the equation of the scroll is given as a quadric equation in the last-mentioned 
quantities. It will be convenient to represent the equation in the' form 

{H, F, ( 7 , Bj A — F, '-G^w^z-, zy — ano, xz — y^)^^0, 
or, writing for shortness 

yw — z-y zy — (mJOy xz — y^ =p, g, r, 

which letters (p, g, r) are used henceforward in this signification only, the equation 
will be 

{H, F, G, B, A-F, - q, rf = 0 , 
viz. this is a quadric equation in (p, g, r), with arbitrary coefficients. 

61. Comparing with the result. Second Memoir, Nos. 47 to 50, we see that in 
the particular case where the coefficients {A, By Gy F, H) satisfy the relation 
AF+BG+GH =^0y we have the eighth species, 8(1, 3% with a directrix line and a 
directrix shew cubic met twice by each generating line. We exclude this particular case, 
and in the tenth species consider the relation AF+BG-^GH^O as not satisfied, and 
therefore the scroll as not having a directrix line. 

62. I consider how the scroll may be obtained as a scroll 8 (m®, n) generated by 
a line meeting a curve of the order m twice and a curve of the order n once. The 
first curve will be the skew cubic, that is m = 3 ; the second curve may be any plane 
section of the scroll; such a section will be a quartic curve having three nodes, one 
at each intersection of its plane with the skew cubic. Conversely, if we have a skew 
cubic, and a plane quartic meeting the skew cubic in three points, each of them a 
node on the quartic, then the scroll generated by the lines which meet the skew 
cubic twice and the quartic once will be a quartic scroll. In fact (see First Memoir, 
No. 10, [339], and Second Memoir, No. 5) the order of the scroll is given by the formula 
8 (m^y n) = n ([mj + M) — reduction, = 16 — reduction. And in the present case the 
reduction arises (Second Memoir, No. 4) from the cones having their vertices at the 
intersections of the skew cubic and the quartic, and passing through the skew cubic. 
Each cone is of the order 2, and each intersection qud double point on the quartic 
gives a reduction 2 x order of cone, = 4 ; that is, the reduction arising from the 
three intersections is = 12 ; or the order of the scroll is 16 — 12, = 4. 



40 — 2 
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63. We may, instead of the section by a plane in general, consider the section 

by a plane through a generating line; the section is here made up of the generating 
line and of a plane cubic passing through each of the two points of intersection of 
the generating line with the skew cubic, and having a node at the remaining inter- 
section of its plane with the skew cubic. Or we may consider the section by a plane 
through the two generating lines at any point of the skew cubic ; the section is here 
made up of the two generating lines and of a conic passing through the second 

intersections of the two generating lines with the skew cubic ; that is, meeting the 

skew cubic twice. 

64. Conversely, consider a skew cubic, and a conic meeting it twice ; the lines 

which meet the skew cubic twice, and also the conic, generate a quartic scroll; this 
appears by the before-mentioned formula 8(7n\ = Jk!) — reduction; viz. we 

have m = 3, n= 2, and the order is = 8 — reduction ; the reduction arises from the 
cones having their vertices at the intersections of the skew cubic and the conic. 
Each cone is of the order 2, and (quA simple point on the conic) each intersection 

gives a reduction = order of the cone ; that is, the total reduction is = 4, and the 
order of the scroll is 8 — 4, =4 as above. 

65. But a more elegant mode of generation of the scroll may be obtained by 

means of the skew cubic alone; viz, considering the system of lines which are in 

involution with five given lines, or say simply the lines which belong to an involution (^), 
I say that the locus of a line belonging to the involution, and meeting the skew cubic 
twice is the quartic scroll, tenth species, 8(3% In the particular case where the line 
{instead of belonging to a proper involution) meets a given line, the locus is a quartic 
scroll, eighth species, 8(1, 3^). 

66. The analysis is almost identical with that given (Second Memoir, Nos. 47 to 50) 

in regard to the scroll 8(1, 3^). Considering a line defined by its '‘six coordinates’’ 
(a, b, c, f, g. A), the condition which expresses that the line shall belong to an 

involution is 

{A, B, G, F, Q, H'$a, h, c, f, g, h) = 0, 

where (A, B, C, F, Q, E) are arbitrary coefficients; if they are the coordinates of a line, 

that is, if AF+BG + CH=0, then the condition expresses that the line (a, h, o, f, g, h), 

instead of belonging to a proper involution, meets the line {F, Q, H, A, B, 0). 

^ The theory is explained in my memoir “On the Six Coordinates of a Line,” Camh, Phil. Tram. vol. xi. 
1868, [S48]. In explanation of the subsequent analytical investigations of the present memoir, it is convenient to 
remark that if on a given line we have the two points (a, jS, 7 , B) and (a', j 8 ', 7 ', S'), and through the given 
line two planes Ax+By + Cz-\-Dw=0 and A'x-^B'y+C’z-{-I>^w=0\ then we have 

-py : ya! -y*a : ap! -a'jS ; a.Bi -a'5 : pB* —pfB i yBt -y'B 
-AD'-A'D ; BD'~B'D : CD'-CB : BC'-B'C : CA'-CA : AB'^A'B-, 
and denoting either of these sets of equal ratios by 

a : h : c : f : g z h, 

then (a, h, c, f, g, h) satisfy identically the relation af+'bg-\-ch:=z0, and are said to be the six coordinates of 
the line. 
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We have to determine the locus of the line (a, h, c, A) the coordinates 

whereof satisfy the relation 

(A, B, G, F, G, H^a, b, c, f, g,K)^ 0 , 

and which besides meets the skew cubic yw — = 0, — (xyw = 0, ccz — y- = 0. 

The equations of the skew cubic are satisfied by writing therein 

X : y : z : w = l i t : 

and hence taking 6, cj> for the parameters of the points of intersection of the line 
(a, b, c, /, g, h) with the skew cubic, we have 

1, 0, e\ 

1, <#>, <|>^ <!>% 

as the coordinates of two points on the line in question ; whence forming the 
expressions of the six coordinates of the line, and omitting the common factor (j>-~ 0, 
these are 

(a, 6, c, /, y, h)^0<l>, -(0 + <f>l I, 0^+ecl> + 4>\ 9cl> (0 + <^), 

and hence the condition of involution gives between the parameters 9y the equation 

{Ay By Gy Fy Gy E^0<Py " ^ ^ 1, (9^ "h (^c/) + ((9 + 0^(j^), 

Moreover the coordinates of any point on the line in question are given by 

X : y : z : w — : 10 + m<f> : 10^ + m(f>^ : 10^ + m<f >^ ; 

and writing as above q, r — ytv — z^, yz — xw, xz^y^, we thence find, omitting the 
common factor {0 — ^^fy 

^ : y : r = — (0 + ^) : 1 ; 

and eliminating 0+cl>, we at once obtain 

(A, By Gy Fy Gy , qVy r®, q^-pTy -pq, jp®) = 0, 

or, what is the same thing, 

{Ey Fy Gy By A-Fy - G^, y, ry = 0 

as the equation of the scroll generated by the line in involution which meets the 
given skew cubic twice. 


Reciprocal of the Quartic Scroll 8 (3^). 

67. I propose to reciprocate in regard to the quadric surface + + = 0 

the foregoing scroll 

(S, F, C,B, A- F,- q, rf=Q. 

If the coordinates (a, h, e, f, g, h) of a line satisfy the condition of involution 

{A, B, C, F, G, H^a, b, c, f, g, h) = 0. 
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then the coordinates (a, 6, c, f, g, h) of the reciprocal curve will satisfy the condition 
of involution 

{F, Q, A, 5, C][a, h, c, /, g. h) = 0. 

The reciprocal of the before-mentioned skew cubic os : y : z : w = 1 : t : f is the 

quartic torse having for its edge of regression the skew cubic SXZ —T^ = 0, YZ—9XW= 0, 
3FW— -Z'2 = 0; or, what is the same thing, the skew cubic X : Y : Z : Tr = 1 : St : 3^^ : 
see my paper "‘On the Eeciprocation of a Quartic Developable,” Quart, Math, Joum, 
voL viL (1866), pp. 87—92, [372]. 

68. Hence the reciprocal of the quartic scroll is the scroll generated by a line 
(a, &, c, /, g^ h) the coordinates of which satisfy the condition of involution 

(F, Q, H, A, B, GJa, b, c, f g, h) = 0, 

and which is moreover the intersection of two osculating planes of the skew cubic 
X : T •. Z •. W =1 : Zt : For the point the parameter whereof is t, the 

equation of the osculating plane is 

X, Y, Z, F =0, 

1 , Zt, 3«*, i? 

1, 2t, f 

1 , t 

or, what is the same thing, the equation is 

(t», -f, t, -l^X, Y, Z, F) = 0. 

Hence for the line which is the intersection of the two osculating planes 

(03^ 0^ _15X. F, F W) = 0, 

(<f>\ -<f>% <f,, -IJX, F F F) = 0, 

forming the expressions of the six coordinates, but omitting the common factor <f> — d, 
these are 

a, h, o,f, g, h=e^+e<f,+<i>^, -e-(j>, 1, e<i>, e!f>(d+<f>), 

we have thus between the parameters 6, <j> the relation 

(F G, H, A, B, 0^e^+d<l> + 4>^ 0<f>, dcl>(0 + <f>), 0“^=) = O; 

and the equation of the scroll is obtained by eliminating d, <f> between this equation 
and the last-mentioned two equations satisfied by 6, (f> respectively. 

69. We see that 0, are two of the roots of the equation 

(X, -F F iy = 0; 
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let p be the third root, then we have 

6 + <f> + p =—, 

e<ly + p(0 + 4>) = l, 
e4>.p 

and thence 

e + 4>=^{Y-pX), e4> = j{z-pY+f^x) = ^w, 

(X, -Y, z,-inp,iy=o. 

Substituting for 6 + ^ and d<p their values in terras of p, we find 

Fp {7* -ZX-pXY}- OpX (Y-pX) + HpX^ 

+ W [{AX + BY+CX)-p{BX + GY) + p^GX] = 0, 

or, what is the sarae thing, 

p^X{GX-FY+GW) 

- p {F(Y^ - ZX) - GXY+ EX^ - BXW- GYW} 

+ W{AX + BY^GZ) = 0-, 
from which and the equation 

(X, - 7, 7, - W%,, 1)=> = 0, 
we have to eliminate p. 

70. Writing for shortness 

( ., E, -G, A-^X, Y Z, W)^a, 

{-E, ., F,B-$_ „ ) = A 

( G,-F, .,Gl „ ) = 7, 

(-X, -5, -a, .5 „ ) = a, 

and therefore aX + /3Y + yZ + BW = 0 : the two equations are 

p^Xy + p(— yY — fiX) — BW = 0, 
p^X — p^Y + pZ — W = 0. 

Writing the first equation in the form 

y {(?X — p 7 + 2i ) — jS (pX — 7) + xX = 0, 
multiplying by —p, and reducing by the other equation, 

0{p’‘X-pY)-paX-yW=O, 
or, as this may be written, 

0(p<‘X-pY+Z)-a(pX-Y)-aY-0Z-yW=O. 
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From this arud the preceding equation we deduce the values of — p7 4- Z and 

pX — F; viz. writing for shortness 

/3S-7^ fiy-ccB, a<y-y3^ = p, q, r, 

I^X-p7+Z : pX-7 : l = -rF+qTF : rF-pTF : -r, 

or, what is the same thing, 

a W, 

r 


we find 


whence also 


and thence 


p^X — pY+Z 

= z - 

pX - Y 

= -Y + 

p^X — p^Y + pZ 

1 

II 

0 

p^X-pY 

II 

1 

pX 

II 


= F, 

p(r-Eir) 

=aF, 

r 

p ^ 

II 


(-=) 

Z '^F-’^fF P f') 

\p ) 

r qV r ; 


and we have therefore 


or omitting the first equation, we have (independent of p) a system which it is clear 
must be equivalent to a single equation, 

71. I take any one of these equations, for instance the equation 

z-^ Tr = -fF-2 f), 

r qv r 

or, what is the same thing, 

qr^ - r^F + (pr - q^) TT = 0, 

and I proceed to reduce it so as to obtain the result in a symmetrical form. For 
this purpose I observe that fi'om the values of a, fy, S, if only AF + BG + GH not = 0, 
we have 

X ■. Y Z : W= ( . , -G, B, - p-^a, /3, 7 , &) 

:( a, -A, -Q\ „ ) 

: (- 5, A, -El „ ) 

:( F, &, H, .$ ); 
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and substituting these values, the equation in question becomes 


This becomes 


qr (- Bet + AB — HB) 

-r® ( Ga-Ay -Q8) 

+ (pr - q®) ( Fa + QB + Hi) = 0. 


At (q/9 + xy) = .dr (— pa) = 0 

— 5qra 
— Cx^u 

+ J’(pr-q®)a 
+ & {r“S + (pr — q®) B\ 

+ IT {— qrS + (pr — q^) 7} 

viz. the -whole equation divides by a; and, omitting this factor, the equation is 
dlpr + J5qr +Gx^ + F(q‘ — px) — Gpq 4- Hp^ = 0, 
or, what is the same thing, it is 

(H, F, G, B, A- F. -G^p, q, r)= = 0, 
where I recall that we have 


= ulr (— -pet) 

— jBqra 
-Cr^a 

+ (pr — q2) a 
+ G^pqa 
— Sp®a, 


p, q, r = /3S-72, /3y-aS, 

otj A 7, S being linear functions of the current coordinates (X, F, Z, W), viz. we have 


« =( . . 

H, 

— G, 


F, F 

W), 

B = (-H, 

• J 

F, 

B^ 

if 

X 

7 = ( G, 

-F, 

• } 


}> 

), 


-B, 

-c. 

•5 

» 

X 


72. It thus appears that when AF + BG+ CJS is not =0, the reciprocal of the 
scroll 

(J?, X, C. B, A^F, g, r)^ = 0 

has an equation of the very same form, 

{H, F, G, B, A ^F,-- q, r)2 = 0; (Rec. L) 

so that in fact the scroll, tenth species, S(Z% defined as the scroll generated by a 
line in involution which passes through two points of a skew cubic, may be 
reciprocally defined as the scroll generated by a line in involution which lies in two 
osculating planes of a skew cubic. 

73. If for (a, y8, 7, S) we substitute their values in terms of (X, F, Z, W), the 
foregoing equation of the reciprocal scroll is obtained as an equation of the fourth 
order in the coordinates (X, F, Z, W), and (in the first instance) of the fifth degree 
in the coefficients {A, B, G, F, Q, H). It is a remarkable circumstance that the whole 

c. VI. 41 
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equation contains the constant factor AF + BQ + GH, so that throwing this out, the 
reduced equation will be only of the third degree in the coefficients. 

74. The transformation is a very trouhlesome one, but I will indicate the steps 
by which I succeeded in accomplishing it. Each of the functions (p, q, r) is a quadric 
function of (X, F, Z, TT), say, 

p = (a, 6, c, d, /, g, A, Z, m, F, Z, TT)®, 

q = (a', . . 

r=K, . . ^ . y\ 

we have to form the value of 

{H, X, a, q, r)^ 

viz. representing this for shortness by 

/a, c, d, /, g, h, Z, m, 

(ff, F, C, B, A^F, 
the coefficient of is 

(E, F, 0, 5, -d-F, o!\ a"a, aa"\ 

that of X^F is 

(JT, F, G, B, A- F, 2a"/', a'f' + aY, a"/+a/", a/' + a/), 

and so on, the successive terms a\ &c., 2qf, 2a'/', &c. being derived by an obvious 
law from the first terms a^ 2c/, &c. ; and these first terms are merely the coefficients 
of the terms X^ X®, F, &c. in the development of 

= {(a, 6, c, d, /, A, Z, w^, ?^5X, F, X, TF)'}^ ; 

viz. this is 

X" X»F X«X X^TF X^F^ X^FX X^FTT X^X^ X^XTF, X^W\ XY\ XF% XF^F, XFX^ 

a® 2c/ 2ag ^al 2ab 2af 2am 2ac 2a?^ 2ad 2bh 2bg 2bl 2ch 
+ A® + 2gh + 2hl + / + 2^Z + Z® + 2j% + 2/im 4* 2fg 

XTZW, XYW\ XZ\ XX^F, XXF^ XF^, F^ F^X, F^F, F^X^ F^XF, F^F®, FX^, 
2lf 2dh 2cg 261 2dg 2dZ, 6^, 2^, 26m, 26o, 2bn, 26d, 2c/' 

+ 2 ?r 2 ^ + 2Zm + 2gn + 2Zw + /® + 2/m + 

4 2nh 

FX^F, FXF^ FF^, Z\ X»F, XaF^ XF®, F" 

2cm 4 2c/ 2dm, c^, 2cm, 2cd, 2dri, d® 

4 2fn 4 2mn 4 
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and the values of the coefiBcients a, h, ... which enter into the fonnulse are given by 
means of the following values of p, q, r; viz. these are 

Z® F" YZ ZX XY XW YW ZW 

p = / AH, - F\ - OF, -O, - BF, - AF, BE, - AB, - H, - BCT^X, Y, Z, Wf, 

\- GP +GH + 2FG - 2GG + 2GF 

q = (-GH, BE, -OG, BG, - BG, -AG, AE, A\ AB, AG^ 

+ GE +FG +FE +BG -BF +GF^ ” 

- F^ -GE 

y={-E\ -FE, -F\ AG, FG, 2FE, GE, 2AG, -AF, -2BF^ 

-E -CP +BE +CE - GG^ ” 

75. As an instance of the calculation of a single term, the coefScient of X* is 

(E, F, G, B, A- F, - G^AE- CP, - GE, - E^y ; 

viz. this is 

EiAE-CPy = A^E» - 2A CPE^ + CPE^ 

+ FE^CP = FCPE^ 

+ GE^ = Off" 

+ BGE^ = BQE^ 

+ (A - Z) (- AE’^ + CPE^) = - A^E^ + ACPE^ 

4- AFE^ - FCPE^ 

-G{-AGE^ + Q^E) = AQ^E^ - CPE ^ ; 

the whole term is thus = (AF + BG + GE) E^, viz. there is the factor AF+BG + GE 
as mentioned above. 

76. Throwing out the factor in question, AF+BG + GE, the equation of the 
reciprocal scroll is found to be 

0= X+E* (Rec. n.) 

+ Z»F .-2GE 

+ X^Z . AE^ - ZFE^ + CPE 

+ Z»F .-ZAGE- ZBE^ + CP 

+ X^Y<^ . 2FE^ + CPE 

+ X^YZ .-AQE + BE^ + 2FGE-CP 

+ Z»FF . Am + ZAFE +ACP + BGE - 2GE^ - ZFCP 

+ X^Z^ . - 2AFE +ACP + GE^ - FCP + ZF^E 

+ X^ZW . - 2A‘G - 2ABE + ZAFG + 6BFE -BCP- GGE 

+ X^W» . Ao + ZABG-ZAGE + Z&E+ZGCP 


41—2 
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+ ZF» -2FQH 
+ XY^Z AFH - BGH - 2F^H + 

+ XY^W 2ABE - 2AFG - BFE + 2GGE + ‘6F^G 

+ XYZ^ -AFG-2BFE-\-BGP-CGE 

+ XYZW A^F - ZAF^ - ^ABG + AGE- 2EE + BFG + 5 GFE - 2GQ^ 

+ ZFF“ 2A^B - ZABF +2AGG + EG-^- BGE - 6 GFQ 

+ XZ^ AF^-2GFE+GCP-F^ 

+ XZ^W 2ABF -2AGG- 2BGE - 3BF^ + GFG 

+ XZW’‘ A^G+AE + 3AGF-3B^F+BGG-2G^E 

+ XW> 3ABG-E + 3(fiQ 

+ F" F^E 

+ Y^Z BFE-F^G 

+ F» F + B^ - 2GFE - F^ 

+ Y^Z^ - BFG + GFE + 

+ F*FF ABF-EG+BGE+ 2GFG 

.+ F^F^ AE-2AGF-EF+ (?E+ 3GF^ 

+ FF» BF^-GFG 

+ Y2^W AGF+ 2EF- BGG r- 3GF 

+ FFF" ABG + &- 2BGF -G^G 

+ FF» AG^ + EG — 3EF 

+ F‘ GF^ 

+ EW 2BGF 

+ Z^W^ EG + 2EF 

+ ZW^ 2BG^ 

+ F* 0* 

where, in regard to the symmetry of this equation, it is to be observed that we may 
interchange X and F, and F and Z, leaving A, F unaltered but interchanging B 
and — G, and also G and E ; thus the coefficient of X^Z being AE^ — 3FE^ + Q^E, 
that of FF^ is AE—3FG^ + EG, =AE + EG—3G'F. Or, again, the coefficient of Y^Z 
being BFE -EG, that of F.Z^ is - GFG + F^B, = BE -GFG. 

77. But the equation may be written in the much more simple form 

X (- aFB + 3a^y - 2/3» ) (Rec. HI.) 

+ F (— 01)83 + 2aFf — 

+ Z ( ayS - 2/3“8 + )87») 

+ F ( ctS^ — 8)878 + 27® ) = 0, 
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or, what is the same thing, 

- i (SXds - Vdy + Zd^-S Wda) (a'S" - + 4<a<f + 4</3^S - 3/3V) = 0, (Eec. III.) 

as may be verified by actual substitution of the values of the coordinates. 

78. By what precedes, substituting for p, q, r their values in terms of a, 7, S, 
it appears that we have the remarkable identity 

(S, -F, Cy B, A — F, — G^/3B — 7^, — ccS, ay — 

= (AF+BG + OBr)x ( Z(-a^S ^Sa0y^20^ y 
+ F (- a^B + 2ay^ - /3V) 

" + ^ ( (xyB-2^S + I3y^) 

W ( olS ^ -8)878 + 273 )> 

79. In the case above considered of the tenth species, jS( 8®), for which 
AF+BG + GH not = 0, the three forms of the reciprocal equation are of course absolutely 
equivalent to each other. The first form has the advantage of putting in evidence 
the fact that the reciprocal scroll is also of the tenth species; the other two forms 
do not, at least obviously, put in evidence any special property of the reciprocal scroll. 


Reciprocals of Eighth Species ^ S(ly 3 ^), and Ninth Species y S(l^). 

80. If AF+BG+GH = 0, then the equation 

(H, F, 0, B, A -F, - G^, q, 

is a scroll of the eighth species, 8i(l, S^). The first form of the reciprocal equation 
becomes identically 0 = 0, on account of the evanescent factor AF + BG + GHy but the 
second and third forms continue to subsist, and either of them may be taken as the 
equation of the reciprocal scroll. Taking the third form, and calling to mind the 
significations of (a, yS, 7, S), viz. 

a=( . , -ff, A^Xy F, W)y 

y9 = (-^, ., Fy B\ yy )y 

G, -F, ,, C'^ „ ), 

B=(-A, -B, -C, „ ), 

it is to be observed that a = 0, /3 = 0, y = 0, 8 = 0 are the equations of four planes 
passing through a common line, viz. the line whose coordinates are (A, B, G, F, 0, FT), 
and the equation thus puts in evidence that this line is a triple line on the reciprocal 
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scroll ; that is, the reciprocal scroll is a scroll of the ninth species, S (1®). Or stating 
the theorena more completely: For the scroll, eighth species, S{1, 3^), 

(E, F, G, B, -Gllp, q, r)^ = 0, 

generated by a line meeting the line (F, G, H, A, B, G), and the skew cubic p = 0 
q = 0, r = 0 twice, the reciprocal scroll is of the ninth species, S (1®), 

X (- aPB + 3a/3ry - 2J3^ ) 

+ F (— a/3S + 2arf — 

+ F ( a7S — 2^-S 4- /37^) 

+ W( aS^ + ), 

having for its triple line the reciprocal line (A, B, G, F, G, H). 

81. It should of course be possible, starting from the equation 

Yy + Z{^'ix, Yy+Wi^'j^x, Yy^o 

of a scroll ^(1*), to obtain the equation of the reciprocal scroll 8(1, 3^). But I 
content myself with a very particular case. I consider the equation 

72^2 _ ZX = 0, 

which belongs to a scroll /S(l®) having the line F— 0, — 0 for its triple line. To 

find the equation of the reciprocal scroll, write 

— Z^ 4 *Xir = 0 , 

2YZ^-3YW+\y = 0, 

2Y^-Z^SZ^X +Xz = 0, 

— F® + = 0 , 

we find without difficulty, reducing by means of the equation of the scroll, 

( 2 ^^ _ ^ 2 ) ^ _ 3^2 174 ^ sxZ (XZ - F^)}, 

\^{ayw-yz)== 3Y^Z^ {YZ- 3 FZ}, 

^ _ 372 ^74 + 37F(FF- Z% 

Hence writing for a moment 

fl = { F^ + 3Z ^ (XZ - F^)} -f 3 FF ( FF - Z^)} - Y^X^ (YZ- 8 WXy, 

we have 

Q = Y^Z^ + 3F®F(FF- + 3Z^X (XZ - F^ + 9XF^F(F-^^ - F® F - + XYZW) 

- T^Z^ + 6 Y^Z^X 9 Y^Z^X^ W% 
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that is 

in ^ Y^W(YW-Z^)-\- X^X (XZ - F^) + 2 Y^Z^X F, 

= - F^F^ (ZF- F^) (FF-Z") - F^F^ (FF - Z^) (XZ- FO + 2Y^Z^X F, 

= -2Y^Z^(XZ- Y^)(YW-Z^)-XYZWl 
= -2F2F2{F2F2- F^F-F^Z}, 

= 0, by the equation of the scroll ; 
and we thus see that the equation of the reciprocal scroll is 

(yw — z^) (xz — y^) — (yz — ocwy = 0, 

or say q^ — pr == 0, viz. it is a scroll >S^(1, 3^) generated by a line meeting the line 
^ = 0, w = 0, and the cubic curve p = 0, q = 0, r = 0 twice. The equation is obviously 
included in the general equation 

(F, F, (7, A-F, q, r)^ = 0, 

where AF + BG + OH = 0 ; viz. writing A=B = C=G— H=0, this becomes F (q® — pr) = 0. 

82. Returning to the general case of the scroll, eighth species^ £^(1, 3^), it is 
proper to show geometrically how it is that the reciprocal is a scroll, ninth species^ 
8 (1^). Consider in the scroll 8 (1, 3^) any plane through the directrix line ; this 
contains three generating lines of the scroll, viz. these are the sides of the triangle 
formed by the three points of intersection of the plane with the skew cubic: hence 
in the reciprocal figure we have a directrix line such that at each point of it there 
are three generating lines; that is, we have a scroll 8(1^) with a triple directrix line. 
Conversely, starting with the scroll S(l^), each plane through the triple directrix line 
meets the scroll in this line three times, and in a single generating line; whence 
there is in the reciprocal scroll a simple directrix line; but in order to show that 
it is a scroll >S(1, 3^), we have yet to show that there is, as a nodal directrix, a 
skew cubic met twice by each generating line; this implies that, reciprocally, in the 
scroll 8 (1^) each generating line is the intersection of two osculating planes of a 
skew cubic (tangent planes of a quartic torse), each such plane containing two 
generating lines of the scroll — a geometrical property which is far from obvious; and 
similarly in the scroll, ninth species, 8(^% where the reciprocal scroll is of the same 
form, the property that each generating line is a line joining two points of a skew 
cubic leads to the property that each line is also the intersection of two osculating 
planes of a skew cubic (or, what is the same thing, two tangent planes of a quartic 
torse). 


Addition, May 18, 1869. 

Since the foregoing Memoir was written I received from Professor Cremona a 
letter dated Milan, November 20, 1868, in which (besides the ninth and tenth species 
considered above) he refers to two other species of quartic scrolls. He remarks that 
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there is a hitangent torse which should in the classification he considered along with 
the nodal curve; and he enumerates in all 12 species as follows: 


Deficiency. 

No. of 
species. 

Nodal curve. 

Bitangent torse. 

Corresponding 
to my species. 


1 

r. 

Ss 

10 


2 

H- Ri 


7 


3 



— (say, 12) 


4 

+ Ri 

B,^ 

— (say, 11) 


5 

Ri + B^ + S^ 

B^ + B^' + S^ 

2 

j0 = 0 

6 


B^^+S, 

5 


7 

r, 

B,^ 

8 


8 

B,^ 


9 


9 

B,» 


3 


10 

B,^ 

A® 

6 


11 

Bj^ + B^^ 

Ri + Ri 

1 

p=i 

12 

B,^ 

B,^ 

4 


where Fj denotes a skew cubic, % a torse of the 3rd class (or quartic torse), a 
conic, Kq a quadric cone, Ri\ Si different right lines, Ri% iii® a line counted twice 
or three times, &c, I have in the last column added the references to my species 
9 and 10; Professor Cremona notices (what I knew, but did not recollect) that the 

species 10 had been considered by M. Ohasles, Goniptes Bendus, June 3, 1861. 

I have not yet examined the two new species mentioned in this enumeration; 

viz. these are (Cremona 3), say twelfth species, a scroll having a triple line, but a 
bitangent torse made up of a quadric cone and a line; and (Cremona 4), say el&oenth 
species, a scroll having a nodal conic and line, but for its bitangent torse a triple 
line: the two species are, it is clear, reciprocal to each other; although properly 

treated as distinct, species 11 may be considered as a subform of 8, and species 12 
as a subform of 9. 
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411 . 

A MEMOIR ON THE THEORY OF RECIPROCAL SURFACES. 


[From the Philosophical Transactions of the Royal Society of London^ voL CLix. (for the 
year 1869), pp. 201 — 229. Received November 12, 1868, — Read January 14, 1869.] 

The present Memoir contains some extensions of Dr Salmon’s theory of Reciprocal 
Surfaces. I wish to put the formulae on record, in order to be able to refer to them 
in a “Memoir on Cubic Surfaces,” [412], but without at present attempting to com- 
pletely develope the theory. 


Article Nos. 1 to 5. Extension of Salmon’s Fundamental Equation. 

1. The notation made use of is that of Salmon’s Geometry, [2nd Ed.] pp. 450 — 459, 

[but reproduced in the later editions, see Ed. 4. (1882), pp. 580 — 592], with the 

additions presently referred to ; the significations of all the symbols are explained by 

way of recapitulation at the end of the Memoir. I remark that my chief addition to 

Salmon’s theory consists in a modification of his fundamental formulae (A) and (B) ; 
these in their original form are 

a.(n — 2)= «+ p + 2a, 
h (n — 2) = p 4" 2B + S'y 4- Bt^r 
c (n — 2) — 2^ 4" 4y5 4" 'y? 
a (n — 2) (n — 3) = 2S 4“ 3 [®^] "!■ 2 [^^1? 
b (n-2)(7i-3) = 4A-|- [a6] + 3[6c], 
c (n — 2) (w — 3) = 6A 4- [ac] 4- 2 [6c], 

where 

[a6] = — 2p, 

[ac] = oc — 3o-, 

[be] =bo — SB — 2y- i. 

c. VI. 42 
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2 . I take account of conical and biplanar nodes, or, as I call them, cnicnodes, 
and binodes ; of pinch“points(^) on the nodal curve ; and of close-points and off-points 
on the cuspidal curve : viz. I assume that there are 

0 , cnicnodes, 
jB, binodes, 
j , pinch-points, 
close-points, 

6, off-points, 

deferring for the present the explanation of these singularities. The same letters, 
accented, refer to the reciprocal singularities. Or using “trope” as the reciprocal term 
to node, these will be 

(7', cnictropes, 
bitropes, 

j , pinch-planes, 
close-planes, 

6\ off-planes; 

but these present themselves, not in the equations above referred to, but in the 
reciprocal equations. 

3. The resulting alterations are that we must in the formulae write k — B, S — 0 
in place of /c, S respectively ; and change the formulae for c(n— 2 ), [a&], [ 6 c], into 

c ( 7 ^ — 2) = 2<r -h 4/3 4- y -f 
[ab] = ab-2p -y, 

\ao\ = ac — So- — 

respectively. 

4. Making these changes, and substituting for \ab\ [ac], [ 6 c] their values, the 
formulae become 

66 ( 71 — 2)= K— B+ p 2o-, 

6 (76 - 2 ) = p -h 2 ^ + 37 -h 3^, 

c (76 — 2 ) = 2 o- + 4)8 >f 74 - 6, 

a (76 — 2) (76 — 3) = 2 (S — (7) -h 3 (ac — So- — %) 4- 2 {ab — 2p — y), 

6 (76 — 2) (76— 3) = 4A; 4- {ah — 2 p — y ) 4 - 3 ( 6 c — 3/3 — 27 — i), 

c (76 — 2 ) (76 - 3) = 6A 4 - {ac — So- — ;j(;) 4- 2 ( 6 c — 3/3 — £7 — i), 

which replace the original formulae (A) and (B). 

1 TMs addition to the theory is in fact indicated in Salmon, see the note, p. 445 ; the i there employed, 
which is of course different from the i of his text, is the j of the present Memoir. 
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5. For convenience I annex the remaining equations; viz. these are 

a' — n 1) — 26 “ 3c, 

K = 3?i (?^ — 2) — 66 — 8c, 

S' =^\n{n- 2) {n? - 9) - — n — 6) (26 + 3c) + 26 (6 - 1) + 66c + |c (c - 1) ; 

the equations 

q = 6^ — 6 — 2A — 37 “ 6^, 
r = — c — 2A — 3^, 

{q, r in place of Salmon's JJ, S respectively); the equation 
a = a'; 

and the corresponding equations, interchanging the accented and unaccented letters, in 
all 23 equations between the 42 quantities 


71, a, S, K 

; 6, 

k, t, q, 

p.i ; 

C J 

, A, 

0-, 9 , 

y, i ; 

-B, 

c. 

n', a\ S', K 

; V, 

k', if, i. 

p'> /; 

c' 

^ K 

r', ff, x'; 

/S', 7', i'; 


G'. 



Article ! 

Nos. 6 

to 

12. 

Developments. 




We have 










(a- 6- 

c)(n 

-2) 

= {k 

-5 

-0) 

— 6j8 — 47 — 3t, 





(a-26-3c)(7i-2)(7i-3) = 2(8-.C) 

- 8A - 18A- 6 (6c - 3y3- 27-?:) ; 
and substituting these values of S, k in the formula 

w' = a (a — 1) — 2 S — 3a:, 

and for a its value, = (ti — 1) — 26 — 3c, we find 

n' = n(n — l)®“-?z(76 + 12c) + 46^ + 86 + 9c®+ 15c 
- 8& - 18A + 18/3 + 127 + 122: - 9t 
-2(7-35-3(9, 

where the foregoing equations for a — b — c and a — 2b — 2c show clearly the origin of 

the new terms —20—2B—26; these express that there is in the value of a reduction 

= 2 for each cnicnode, =3 for each binode, and —3 for each off-point. 

7. We have (n — 2) (?^ — 3) = r6® — w + (— 6) = a + 26 + 3c + (— 4?2 4-6) ; and making 
this substitution in the equations which contain (n — 2) (w — 3), these become 

a (—471+ 6 ) = 2 (S — (7)— a® — 4p — 9cr — 2 y — 3 %, 

6 (—471 + 6)= 4ik— 26^ — 9/3 — 67 — 3i + 2p — y, 

c (— 471 + 6) = 6h — 3c^ — 6/3 — 47 — 2i — So- — 

42—2 
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(Salmon’s equations (C)) ; and adding to each equation 4 times the coiresponding 
equation with the factor (n — 2), these become 

— 2a = 2 (S — C) + 4(fc — B) — <r — 2j--Sx, 

26^-26= /3+6y + 12t -3^^-2/^-;, 

3c2 — 2c = 6h-h 10/3 + 40 — 2i + 5o- — 

Writing in the first of these — 2a = a (a — 1) — a, = n' + 2S + 3/c — a, and reducing the 

other two by means of the values of q, r, the equations become 

— a = — 2(7 — 4fB + /sc — a — 2j — 3%, 

2g^ + ^ + 3i H- = 2p, 

Zt + c 2i + x~ 4- yS 4- 40, 

(Salmon’s equations (D)). 

I attend in particular to the first of these, or rather to the reciprocal equation, 
which will be 

0-' = a - 71 2/- 3p^' - 20 ' - 4^', 

which, writing therein a = (n — 1) - 26 — 3c, and « = 3n (?^ — 2) ~ 66 — 8c, becomes 

c7' = 47i(7i-2)-86-llc-2j'-3x'- 2a'-4£'. 

The singularity cr' is not explicitly defined in Salmon; a is the reciprocal of <t, and 

(as such) it denotes the number of common tangent planes of the spinode torse and 

of the torse generated by the tangent planes along a plane section of the surface; 
or, what is the same thing, it is the number of the spinode planes which touch the 
plane section; that is, it is equal to the number of points of intersection of the 
spinode curve and the plane section; or, finally, < 7 ' is the order of the spinode curve. 
The spinode curve is in fact for a surface of the order n without singularities the 
intersection of the surface by the Hessian surface of the order 4 (?i — 2), and is thus 
a curve of the order 4sn(n — 2), which agrees with the formula. 

8. But the formula shows that there is in the order a reduction 86 4- 11c arising 

from the nodal and cuspidal curves of the surface, or, what is the same thing, that 
the Hessian surface meets the surface in the nodal curve taken 8 times, and in the 
cuspidal curve taken 11 times — a result which I had arrived at by other means, and 
also as appears post. No. 44. The formula shows further that there is a reduction 
2j'+ 3%'4- 2(7'4- 45', or say there are reductions =2, 3, 2, 4, for the reciprocals of a 
pinch-point, a close-point, a cnicnode, and a binode respectively. Geometrically this 
must signify that the surface and its Hessian partially intersect in certain curves 
which are not regarded as belonging to the spinode curve. It will at once suggest 
itself that for the reciprocal of a cnicnode this curve is a conic, and for the 
reciprocal of a binode it is a line counting 4 times ; while for the reciprocal of a 
pinch-point it is a line counting 2 times, and for the reciprocal of a close-point, a 
line counting 3 times. 
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9. It is clear that p' ■will in like manner denote the order of the node-couple 
curve. 

10. I express in terms of 

n, b, c, h, k, 0, y, j, 0, x, 0, B 

such quantities and combinations of quantities as can be so expressed. We have 
a = a'= n (re — 1) — 2& — 3c, 

K = Sw (re — 2) — 66 — 8c, 

I' = \n{n- 2) (re" - 9) - (re" - re - 6) (26 -1- 3c) + 26 (6 - 1) -I- 66c + |c (c - 1), 

4d = 12h + c (5n — 6) — 6c" — 5y -t- 3^ — 2^, 

24t = (- 8re -1- 8) 6 -I- (15re - 18) c -I- 86" - 18c= - 2 (8* - 186,) -h 20/9 - 157 + 4- 90 -f- 6x, 
q = b^ — b — 2k — By — 6t, (t supr^), 
r = c"— c — 26, — 3/3, 

2(r = c (re — 2) — (4jS 4- 7) — 0, 

8p = (16re - 24) 6 -I- (- lore + 18) c - 86" -H8c" 4- 2 (8* - 18A) - 9 (4>e -t- 7) - 4j - 90 - 6x, 

8/c = 8re (re — 1) (re — 2) 4- 6 ( — 32re 4- 56) 4- c (— I7re 4- 46) 4- 86" — 18c" 

- 2 (86: - 18h) + 17 (4/3 4- 7) 4- 4j 4- 170 4- 6% 4- 8B, 

25 = re (re - 1) (re - 2) (re - 3) 4- 6 (- 4re" 4- 20re - 24) 4- c (- 6re" 4- 15re - 18) 4- 126c 4- 18c" 

4- (86; - 186,) - 9 (4/8 q- 7) - 90 4- 2G, 

8n' = 8re (re - 1)" 4- (- 32re 4- 40) 6 4- (- 21re 4- 30) c 4- 86" - 18c" 

- 2 (86; - 18A) -1- 21 (4/3 4- 7) - 12j -h 210 - 18^ - 16G - 24B, 
c' = 4re (re — 1) (re — 2) 4- (— 16re 4- 28) 6 4- (— lOre 4- 26) c 4- 46" — 9c" 

- (86;- 18A) 4- 10 (4/8 4- 7) - 4j4- 100- 6x- 68- 8JS, 

26' = — a 4- re' (re' — 1) — 3c', (re', c' supr6,), 

0-' 4- 2i' 4- 3^' 4- 28' 4- 45' = 4re (re - 2) - 86 - 11c, 

p' — — 4iO' — 95' = — lire (re — 2) 4- a (ra' — 2) 4- 226 4- 30c, (re', a suprJl), 

2o-' 4- 45' -f 7' 4- 0' = c' (re' — 2), (re', o' supra), 

46;' - 3 (i' 4- 3/9' 4- 27') - 2p' - / = (- 4re' 4- 6) 6' 4- 26'", (re', ¥ suprk), 

6A - 2 (i' 4- B0' 4- 27') — 3<r' -%' = (— 4re' 4- 6) c' 4- 3c'", (re', c' supra ) ; 

{or in place of either of these, 

86/ - 18;i' - 4p' 4- 9o-' - 2j' + 3^' = (26' - 3c') {(re' - 2) (re' - 3) - a}, (re', 6', c', a supr^)}, 

p' 4- 28' 4- 37' -t- 3t' = 6' (re' — 2), (re', 6' suprJi), 

22'4-8'4-3i'4-/-2p' = 0, 

3r' 4- 2t' -f x' — 5 <t' — /S' — 40' = c', (o' supra), 

(twenty-three equations, being a transformation of the original system of twenty-three 
equations). 
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11. Forming the combinations 4i+6r-, 24t-82 + 18?' (the last of which introduces 
on tlie opposite side the term 4-48i), we obtain 

+ Gr = 0 (5n — 12) — oy — 18;8 + 30 — 2^, 

- 24j 5 - Sg + 18r = - (8?? T- 16) & + (15n - 36) c - 34^8 + 9^ + 4J + 90 + 6%, 

equations which are used posi, No. 53. 

12. I remark that if there be on a surface a right line which is such that the 
tangent . plane is different at different points of the line, the line is said to be 
scrolar: the section of the surface by any plane through the line contains the line 
once. But if there is at each point of the line one and the same tangent plane, 
then the section of the surface by the tangent plane contains the line at least twice ; 
if it contain it twice only, the line is torsal ; if three times the line is oscular ; 
and the tangent plane containing the torsal or oscular line may in like manner be 
termed a torsal or an oscular tangent plane. These epithets, scrolar, torsal and oscular, 
will be convenient in the sequel. 


Article Nos. 13 to 39. Explanation of the New Singularities. 

I proceed to the explanation of the new singularities. 

13. The cnicnode, or singularity (?= 1, is an ordinary conical point ; instead of 

the tangent plane we have a proper quadricone. 

14. The cnictrope, or reciprocal singularity G' = 1, is also a well known one ; it 

is in fact the conic of plane contact, or say rather the plane of conic contact, viz. 

the cnictrope is a plane touching a surface, not at a single point, but along a conic. 

15. Consider a surface having the cnicnode (7=1, and the reciprocal surface having 

the cnictrope (7' = 1. There are on the quadricone of the cnicnode six directions of 
closest contact (^), and reciprocal thereto we have six tangents of the cnictrope conic, 
touching it at six points. The plane of the cnictrope meets the surface in the conic 
twice, and in a residual curve which touches the conic at each of the six points. It 

would appeal’ that these six contacts are part of the notion of the cnictrope. 

16. We may of course have a surface with a conic of plane contact, but such 

that the residual curve of intersection in the plane of the conic does not touch the 
conic six times or at all; for instance the general equation of a surface with a conic 
of plane contact is EM + Y'^N = 0, where P = 0 is a plane, F = 0 a quadric surface ; 
and here the conic P = 0, F= 0 does not touch the residual curve P = 0, iV" = 0. The 
reciprocal surface will in this case have a cnicnode, but there is some special circum- 
stance doing away with the six directions of closest contact which in general belong 
thereto. I do not further pursue this inquiry. 

1 Taking for greater simplicity coordinates x, y, «, 1, then for a surface having a cnicnode at the origin, 
the eq.uation is U 2 +U^+&g. = 0, the suffixes showing the degree in the coordinates; the equation of the 
quadricone is C/g^O, and the six directions are given as the lines of intersection of the two cones 
Cfg— 0. 
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17. ^ For a surface having the cnictrope 0'=1, the Hessian surface passes through 
the conic, which is thus thrown off from the spinode curve ; or there is a reduction 
= 2 in the order of the curve, which agrees with a foregoing result. 

18. The binode, or singularity 5 = 1, is a biplanar node, where instead of the proper 
quadricone we have two planes ; these may be called the biplanes, and their line of 
intersection, the edge of the binode. The biplanes form a plane-pair. 

19. The bitrope, or reciprocal singularity F = 1, is the plane of point-pair contact; 
but this needs explanation. 

20. Consider a surface having a binode, and the reciprocal surface having a bitrope. 
"W e have the bitrope, a plane the reciprocal of the binode ; in this plane a line, the 
reciprocal of the edge ; in the line two points, or say a point-pair, the reciprocal of the 
biplanes : these points may be called the bipoints. There are in each biplane three 
directions of closest contact; the reciprocals of these are in the bitrope three directions 
through each of the two points. The section of the reciprocal surface by the bitrope 
is made up of the line counting three times (or the line is oscular), and of a curve 
passing in the three directions (having therefore a triple point) through each of the 
two bipoints. The bitrope contains thus an oscular line ; but it is part of the notion 
that there are on this line two points each a triple point on the residual curve of 
intersection, 

21. We may however have on a surface an oscular line without upon it two or 

any triple points of the residual curve of intersection. Such a surface is + = 

the intersections of the line ir = 0, y=0 with the curve ^ = 0, N = 0 will be all of 
them ordinary points. The reciprocal surface will have a binode, but there will be 
some special circumstance doing away with the existence of the directions of closest 
contact in the two biplanes respectively. I do not at present pursue the question. 

22. For a surface having a bitrope £' = 1, it appears from what precedes, that the 
oscular line must count 4 times in the intersection of the surface with the Hessian; 
for only in this way can the reduction 4 in the order of the spinode curve arise. 

23. The pinch-point, or singularity J == 1, is in fact mentioned in Salmon ; it is a 
point on the nodal curve such that the two tangent planes coincide, or say it is a 
cuspidal point on the nodal curve. If, to fix the ideas, we take the nodal curve to be a 
complete intersection P = 0, Q = 0, then the equation of the surface is {A,B, Qy—0 
(A, £, C functions of the coordinates); we have a surface AG— F = which may be 
called the critic surface, intersecting the nodal curve in the points P ~ 0, Q = 0, 
AG—F = 0, which are the pinch-points thereof; or if there be a cuspidal curve, 
then such of these points as are not situate on the cuspidal curve are the pinch- 
points : see my paper “ On a Singularity of Surfaces,” Quari, Math, Joum, vol. ix. (1868) 
pp. 332 — 338, [402]. The single tangent plane at the pinch-point meets the surface 
(see p. 338) in a curve having at the pinch-point a triple point, = cusp -f 2 nodes, viz. 
there is a cuspidal branch the tangent to which coincides with that of the nodal 
curve; and there is a simple branch the tangent to which may be called the cotangent 
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at the pinch-point. In the particular case where the nodal curve is a right line the 
section is the line twice (representing the cuspidal branch), and a residual curve of 
the order n — 2, the tangent to which is the cotangent. 

24. The pinch-plane, or reciprocal singularity / = 3 , is in fact a torsal plane touching 
the surface along a line, or meeting it in the line twice and in a residual curve. 
Let the line and curve meet in a point P; for the reason that the section by the 
plane is the line twice and the residual curve, the section has at P two coincident 
nodes; that is, the plane is a node-couple plane with two coincident nodes. The plane 
meets the consecutive node-couple plane in a line passing through P and touching 
at this point the residual curve. Considering now the reciprocal figure, the reciprocal 
of the pinch-plane is thus a point of the nodal curve, and is a pinch-point ; the 
tangent plane at the pinch-point is the reciprocal of the point P ; the tangent to the 
nodal curve is the reciprocal of the line fju, that is, of the tangent at P to the residual 
curve ; and the cotangent at the pinch-point is the reciprocal of the torsal line. 

25. There is in this theory the difficulty that for a surface of the order ?^, the 
torsal plane meets the residual curve of intersection in {n—2) points P, and if each 
of these be a point on the node-couple curve, then in the reciprocal figure the pinch- 
point would be a multiple point on the nodal curve. I apprehend that starting with 
a pinch-point, a simple point on the nodal curve, we have in the reciprocal figure a 
pinch-plane or torsal plane as above, but with some speciality in virtue of which only 
one of the (7i — 2) points of intersection of the torsal line with the residual plane 
curve is a point of the node-couple curve of the reciprocal surface. In the case of 
a pinch-plane or torsal plane of a cubic surface, 72.-2 is =1, and the question of 
multiplicity does not arise. 

26. For a surface with a pinch-plane or torsal plane as above (/ = !), the Hessian 
surface not only passes through the torsal line, but it touches the surface along this 
line, causing, as already mentioned, a reduction = 2 in the order of the spinode 
curve. That the surfaces touch along the line is an important theorem (^), and I annex 
a proof. 

27. Let y = 0 be the torsal line, x = 0 being the torsal plane; the equation 

of the surface therefore is + and if A, B, (7, D be the first derived functions 

of (j>, {a, h, c, d, fy ffy h, I, m, n) the second derived functions, and if B\ C\ D'), 
{a\ b'y c\ d'y /', g'y h\ V, rn!, n') refer in like manner to yjr, then the equation of the 
Hessian is 



2A+iX)a4-y^a' , 

B xh 4- 2yA^ 4- y^h\ 
G+xg ^y^g' 

D + col +yH' , 


B 4*^^ -\-2yA^ 4'y^h', 

xh +2^Jr +4yB' + y^V, 

of -^2yG' 4-y^f' 
osm + y^n' +2yD' , 


0 +xg 4-2/V, D +xl +yH' 
xf+2yG' + yY\ xm 4- 2yD' 4- y^m' 
xc4ry^d , 2m 4- 2/^' 

xn^-y’^ , xd + y^d') 


1 See Salmon, p. 218, where it is only stated that the Hessian passes through the line. 
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and representing this for a moment by 

A, H, G, L =0, 

H, B, F, M 
G, F, a, N 
L, M, N, L 

then in the developed equation 

D {ABC - AF^ - BG^ - GH^ + 2FGH) 

^{BG-F\ CA^G^, AB-^H^ GH-AF, HF^BG, FG^GH\L, M, 

observing that (7, F, M, N, D are of the first order in y, the only terms of the 
first order are contained in B (- BG^ - CL^ + 2FGL) \ and since G, B, F are of the 
first order, we obtain all the terms of the first order by reducing B, G, L to the 
values 2i/r, (7, B ; viz. the terms of the first order are 

2^ (- G^dx - B^cx + 2GBnx\ = - 2i/r (GH + B^c - 2GBn) x. 

Hence the complete equation is of the form 

— 2'\{r {C^d + B^c — 2GBn) x + {x^ y)^ = 0, 

or, what is the same thing, x^ 4- = 0 ; the Hessian has therefore along the line 

x = Qy y = 0 the same tangent plane = 0 as the surface ; or it touches the surface 
along this line; that is, the line counts twice in the intersection of the two surfaces, 

28. If instead of the right line we have a plane curve, say if the equation be 
x(f> + F^ = 0, then the value of the Hessian is x^ + = 0 (viz. the second term 

divides by P only, not by P^), so that, as before mentioned in regard to a conic of 
contact, the surface and the Hessian merely cut (but do not touch) along the curve 
x = 0j P = 0. To show this in the most simple manner take the equation to be 
x<f> + ^P^^0i let A\ B\ G\ B' be the first derived functions of <^, and {A, B, (7, P), 
(a, 6, c, d, yj g, A, Z, m, n) the first and second derived functions of P ; then if in the 
equation of the Hessian we write for greater simplicity a? = 0, the equation is 

2A'^Pa+A^, B' + Ph-vAB, G'^Pg + AG, P' + PZ =0. 

F +Ph + AB, Pb +F , P/ + Pa, Pm + BB 

O'+Pg + AG, Pf+BG, Pc+C^, Pn + GB 

B' + PI-\-AB, Pm + BB, Pn + CB, Pd + B^ 

The equation contains for example the term 

. (X)' + pz + ABy {F (be -f^) + P (bC^ + cF- 2/80)}, 

dividing as it should do by P, but not dividing by P* ; and considering the portion 
hereof — P'®P (60* + cP — ^PO), there are no other terms in P'^P which can destroy 
this, and to make the whole equation divide by P; which proves the required negative, 
c. VI. 43 
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29 . For the off-point or singularity ^ = 1 ; this is a point on the cuspidal curve 

at which the second derived functions all of them vanish. In further explanation hereof 
consider a surface CT = 0, and the second polar of an arbitrary point (a, 7, S) ; viz. 

this is (ada:+ j3d2/ + yd^ + Sd^,y or say for shortness where the coefficients 

of the powers and products of (a, JS, 7, S) are of course the second derived functions of U ; 
this equation, when reduced by means of the equations of the cuspidal curve, may acquire 
a factor A, thus assuming the form A(aF + j3Q-i-yIi + SSy = 0 , and if so the intersections 
of the cuspidal curve with the second polar (= 2o* -h 0 , if, as for simplicity is supposed, 
there is no nodal curve) will be made up of the intersections of the cuspidal curve 
with the surface A = 0 , and of those with the surface aP + + y-R 4 - SS == 0 each 

twice ; the latter of these, depending on the coordinates (a, 7, S) of the arbitrary 

points, are the points cr each twice ; the former of them, or intersections of the cuspidal 
curve with the surface A= 0 , are the points 0 , or off-points of the cuspidal curve. 
If there is a nodal curve, the only difference is that the off-points are such of the 
above points as do not lie on the nodal curve. 

30 . As the most simple instance of the manner in which this singularity may 

present itself, consider a surface + GQ^ == 0, where the degrees of the functions are 
/ P> 03 and therefore n =/+ 2p = ^ -h 3 g, if n be the order of the surface. This has 
a cuspidal curve P = 0, Q = 0 of the order pq \ the equation (PP^ -f GQf) = 0 of the 
second polar, when reduced by the equations P = 0, Q = 0 of the cuspidal curve, becomes 
simply P (APy = 0 ; and we have thus the off-points P = 0, P = 0, Q = 0, consequently 
d=^fpq. 

31 . But suppose, as before, the case of a surface (A, P, ( 7 $P, Q)®==0 having a 

cuspidal curve P = 0, Q==0, and therefore being 0 for P = 0, Q = 0. The 

equation of the second polar, writing therein P = 0 , Q = 0 , becomes {A, P, ( 7 JAP, AQ)®“ 0 , 
and if for any given surface this assumes the form A (IfAP 4- AAQ)® = 0 (observe that 
Jf, Pf may be fractional provided only the MAP NAQ is integral), then there will 

be on the cuspidal curve the off-points A = 0, P = 0, Q = 0. 

32 . An interesting example is afforded by a surface which presents itself in the 
Memoir on Cubic Surfaces: the surface 

— {oc^ -h ^zw) 

+ 2W {Zc(P + zwy = 0 

has the cuspidal conic y — 0, -\-zw = 0, and (as coming under the form PP^ -h GQy = 0) 

has the off-points zw=0f y == 0, 3 ^ 4- = 0 ; that is, the points (a? — 0, y = 0^ z = 0), 
{x—0, w = 0) each twice; 0 = 4, 

But writing the same equation in the form 

( 4 , 6x, 4 - zvi^y^ — — zwy = 0 , 


4 . (8^ 4- zw) - (6a?)2= - 4 (iT® - zw\ 


where 



411] A MEMOIR ON THE THEORY OP RECIPROCAL SURFACES. 339 

it appears that there are also the three cuspidal conics — 2a;® = 0, a?® — zw = 0. Reducing 
by means of these two equations, the equation of the second polar is at first obtained 
in the form 

(4, 6a;, 8a;® 4- — 6a;®Aa;, 2a;Aa; — ixAo) — ^^;A^)® = 0 ; 

but further reducing by the same equations and writing for this purpose y = oax (o)® =2), 
the equation becomes 

(4, 6a;, 9a;®][a;® (Sco^A^/ — (iAo;), 2a;Aa; — zl^w — wAz^y = 0, 

that is 

a;® [2a; (Sco^Ay — 6Aa;) H- 3 (2a; Ao; — zAw — wAz)]^ = 0, 

and we have thus the off-points a;® = 0, ^ — = 0, aP‘ -- zw~ 0, in fact the before- 

mentioned two points each 6 times; and the complete value of 6 is ^ = (4 -h 12 =) 16 ; 
viz. the off-points are the points (a; = 0, y = 0, z = 0), (a; = 0, y — 0, w — 0) each 8 times. 
On account of this union of points the singularity is really one of a higher order, but 
equivalent to ^ = 16. 

I am not at present able to explain the off-plane or reciprocal singularity 6' = 1. 

33. As to the close-point or singularity % = 1. I remark that at an ordinary point 

of the cuspidal curve the section by the tangent plane touches, at the point of contact, 
the cuspidal curve : the point of contact is on the curve of section a singular point 
{in the nature of a triple point, viz. taking the point of contact as origin, the form 
of the branch in the vicinity thereof is y® — — 0, where y — 0 is the equation of the 

tangent to the cuspidal curve}, such that the point of contact counts 4 times in the 
intersection of the cuspidal curve with the curve of section. At a close-point the form 
of the curve of section is altered ; viz. the point of contact is here in the nature of 
a quadruple point with two distinct branches, one of them a triple branch of the form 
y® = a;^, but such that the tangent thereof, y = 0, is not the tangent of the cuspidal 
curve; the other of them a simple branch, the tangent of which is also distinct from 
the tangent of the cuspidal branch : the point of contact counts 3 4 1 times, that is 
4 times, as before, in the intersection of the cuspidal curve and the curve of section. 
The tangent to the simple branch may conveniently be termed the cotangent at the 
close-point ; that of the other branch the cotriple tangent. 

34. We may look at the question differently thus: to fix the ideas, let the cuspidal 

curve be a complete intersection P = 0, Q = 0 ; the equation of the surface is 
{A, B, C^P, Q)® = 0 , where AC — P® = 0 , in virtue of the equations P = 0, Q = 0 of the 
cuspidal curve, that is, AC — P® is =ilfP4-JV'Q suppose. We have (as in the investiga- 
tion regarding the pinch-point) a critic surface AC— P®==0, this meets the surface in 
the cuspidal curve and in a residual curve of intersection ; the residual curve by its 
intersection with the cuspidal curve determines the close-points ; the tangent at the 
close-point is I believe the tangent of the residual curve. Analytically the close-points 
are given by the equations P = 0, Q = 0, (A, P, It is proper to remark 

that if besides the cuspidal curve there be a nodal curve, only such of the points so 
determined as do not lie on the nodal curve are the close-points. 


43—2 
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35. I take as an example a surface which is substantially the same as one which 
presents itself in the Memoir on Cubic Surfaces, viz. the surface (1, xy^w^ xyy ^)^ = 0, 
having the cuspidal conic w^-“Xy = 0) ^ = 0. Since in the present case A,G—B^ = P, we 
have ilf = 1, iV == 0, and the close-points are given by P = 0, Q = 0, (7 = 0; that is, they 
are the points (-sr = 0, w=0y £c = 0) and (^ = 0, w=Qy 3/ = 0). 

36. I first however consider an ordinary point on the cuspidal curve, or conic w^~xy^0, 

^ = 0 ; the coordinates of any point on the conic are given by x \ y \ z \w='\. : 9^ : 0 \ 6, 

where 6 is an arbitrary parameter ; we at once find 6^x + y — d{z 2w) = 0 for the 

equation of the tangent plane of the surface or cuspidal tangent plane at the point 

(1, d^y 0, 6), Proceeding to find the intersection of this plane with the surface, the 

elimination of z gives 

6wy xy^w- — ayyy 6^x -\-y> - ^9wf = 0, 

which is of course the cone, vertex (iu = 0, y = 0, 0), which passes through the 

required curve of intersection. In place of the coordinates Xy y take the new coordinates 
&^x — y = ^py and -f- y — ^9w = 2q] we have 

6^x= dw-^p — q, 

z=z^6w +p — qy 

and thence 

— d^xy — (3 + Ovjf — 3^ — ^Oqw — 

02 {w^ — xy) :=p^^q^ ^ 26qWy 

and the equation thus is 

(O^y 9^w, — p2 -h 3^ + 26qw -h B^vf^p^ - 3® — 20g^w, 26^q) = 0, 
or, what is the same thing, 

(1, dWy —p^’^q^+26qw-\-6W^p^ — ^--20qWy 2j)2 = 0; 
viz. this is 

(p2 - grS - 2dqwy -h 4i6qw (p® - 3^ - 2dqw) -1- (- ^ gs ^ 203^; 4- 9^yf) = 0 ; 

or reducing, it is 

(p2 _ (^2 „ 5^2) ^ ^ 

the equation of the section in terms of the coordinates p, g^, w. The equation is 
satisfied by the values p = 0, 3 “ ® which belong to the assumed point (1, 6^, 0, 0) of 
the conic, and in the vicinity of this point we have p^ + 80^t^ = O, which is a 'triple 
branch of the form y^ = a;*, the tangent g = 0 being, it will be observed, the tangent 
of the conic. But at the close-points, or when 0=0 or 0=x, the transformation 
fails ; and these points must be considered separately. 

37. At the first of these, viz.^ the point z=0y w=^0y a3 = 0, the tangent plane of the 
surface or cuspidal tangent plane is ir = 0, and this meets the surface in the curve x^O 
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vf{w-\-2z) = 0, that is in the line a? = 0, three times, and in the line a?=0, w-\-^z—0 
(that the section consists of right lines is of course a speciality, and it is clear that 
considering in a more general surface the section as defined by an equation in {w, z, y), 
the line w = 0 represents the tangent to a triple branch w^^z^-\- &c., and the line 
+ 2^ = 0 the tangent to a simple branch) ; these lines are each of them, it will be 
observed, distinct from the tangent to the cuspidal conic, which is x — 0, z = 0. An d 
similarly the tangent plane at the other of the two points is y = 0, meeting the surface 
in the curve y = 0, (w -h 2z) = 0, that is in the line y = 0, w^O three times, and in 
the line y = 0, w -{-2z = 0. 

38. The close-plane or reciprocal singularity = 1 is (like the pinch-plane) a torsal 
plane, meeting the surface in a line twice and in a residual curve; the distinction is 
that the line and curve have an intersection P lying on the spinode curve ; the 
close-plane is thus a spinode plane; it meets the consecutive spinode plane in a line 
fjb passing through P, and which is not the tangent of the residual curve. In the 
reciprocal figure, the reciprocal of the close-plane is on the cuspidal curve, and is a 
close-point ; the reciprocal of the point P is the cuspidal tangent plane ; that of the 
line fjL the tangent of the cuspidal curve; that of the tangent of the residual curve 
the cotriple tangent ; that of the torsal line the cotangent. 

39. The torsal line of a close-plane is not a mere torsal line ; in fact by what 
precedes it appears that the surface and the Hessian intersect in this line, counting 
not twice but three times, and it is thus that the reduction in the order of the 
spinode curve caused by the close-plane is =3. 


Article Nos. 40 and 41. Application to a Glass of Surfaces. 

40. Consider the surface FP^ + QI^Q^ = 0, where /, p, g, r, q being the degrees 
of the several functions, and n the order of the surface, we have of course 
n = /+ 2p = y -i- 27" -h 3g. 

There is here a nodal curve, the complete intersection of the two surfaces P = 0, P = 0 ; 
hence b—pr, k = ^r {p-l){r — l), = (5— p — r-h 1) ; ^ = 0; whence (g^) = pr (p -f r - 2). 

There is also a cuspidal curve the complete intersection of the two surfaces P — 0, Q = 0 ; 
hence c=p2, h = ^pq(p-l)(q-l), =ic(o -p - g -1- 1) ; whence (r) = pg (p -h g - 2) : I 
have written for distinction (g), (r), to denote the q, r of the fundamental equations. 
The two curves intersect in the pqr points P = 0, Q = 0, P = 0, which are not 
stationary points on either curve; that is, ^ = 0, 7 = 0, i=pqr. 

There are on the nodal curve the j = (/+y)p^ pinch-points P=0, P = 0, P = 0, 
and 0=^0, P = 0, P = 0. There are on the cuspidal curve O—fpq oflf-points P=0, 
p = 0, Q = 0 ; and there the gpq singular points (r = 0, P = 0, Q = 0. I find that these 
last, and also the 6 points each three times, must be considered as close-points, 
that is, that we have % = (y + 3/)pg. 
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41. We ought then to have 

6 (n - 2) = p, 

c (ti — 2) = 2(7 4* ^ ; 

2(g) + 3i+j =2/), 

3 (r) + c 4“ 2i + % = So* + 40 ; 

the first two of which give p, o-, and then, substituting their values, the other two 
equations should become identities. In fact, attending to the values pT = 6, pq = c, the 
equations become 

26 (jp 4- r - 2) + 36g + 6 (/+ g) -2b{n- 2), 

3c (p 4- ? — 2) 4- c + 2cr 4- 6 (^r + 3/) = ^ {c (n - 2) - cf] 4- 4c/. 

The first of these is 

2?i = 2j9 4- 2r 4- Sg' 4-/ 4- = (2p +f) + (2r* 4- Sg^ 4- g), 

and the second is 

= 3j9 4- 3g^ 4- 2r 4-5^ 4- f/, = f (2j9 4-/) 4- (2r 4- 3g 4 g\ 
so that the equations are satisfied. 


Article No. 42. The Flecnodal Curve. 

42. A point on a surface may be flecnodal, viz. the tangent plane may meet the 
surface in a curve having at the point a flecnode, that is, a node with an inflexion 
on one of the branches. Salmon has shown that, for a surface of the order n without 
singularities, the locus of the flecnodal points, or flecnodal curve, is the complete 
intersection of the surface by a surface of the order 11^ — 24, which may be called 
the flecnodal surface, the order of the curve being thus = (ll7^ — 24). I have 
succeeded in showing, in a somewhat peculiar way by consideration of a surface of 
revolution, -that if the surface of the order n has a nodal curve of the order 6, and 
a cuspidal curve of the order c, then that the order of the flecnodal curve is 
= ?i(lln — 24) — 226“27c; before giving this investigation, I will by the like principles 
demonstrate the above-mentioned theorem that the order of the spinode curve is 
= 4?i (n — 2) — 86 — 11c. 


Article Nos. 43 to 47. Surfaces of Revolution^ in conneodon with the Spinode Curve 

and the Flecnodal Curve. 

43. Consider a plane curve of the order m with S nodes and k cusps, and let 
this be made to revolve about an axis in its own plane, so as to generate a surface 
of revolution. The complete meridian section is made up of the given curve and of 
an equal curve situate symmetrically therewith on the other side of the axis; the 
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order of the surface is thus =2m. The two curves intersect in m points on the axis 
and in — m points, forming \ (m^ — m) pairs of points, situate symmetrically on 
opposite sides of the axes ; these last generate -I- (m® — m) circles, nodal curves on the 
surface ; the nodes generate S circles, which are nodal curves on the surface, and the 
cusps generate k circles, cuspidal curves on the surface. There are — m — 2S — 3/t 
circles of plane contact corresponding in the plane curve to the tangents perpendicular 
to the axis. Each of the m points on the axis gives in the surface a pair of 
(imaginary) lines; and we have thus two sets each of m lines, such that along the 
lines of each set the surface is touched by an (imaginary) meridian plane ; viz. these 
are the circular planes ^ + it/ = 0, ^ — iy = 0 passing through the axis. I assume 
without stopping to show it that these 2m lines are lines not j' but that is, that 
they each reduce the order of the spinode curve by 3(^). The inflexions generate 
3771^ — 6m — 6S — 8a; circles which constitute the spinode curve on the surface. 

44. And we can thus verify that the complete intersection of the surface with 
the Hessian is made up in accordance with the foregoing theory; viz. 

Order of surface = 2m, 

Order of Hessian = 4 (2m — 2), 

whence order of intersection =16m^ — 16m 

Nodal curve, -Km^ — m) + S circles, 8 times Sm^— 8m + 168 

Cuspidal curve, k circles, 11 times 4- 22a: 

Circles of contact m® — m — 28 — Zk, 2m® — 2m — 48 — 6a: 

Lines 2m , 3 times + 6m 

Spinode curve, 3m® — 6m — 68 — 8a: circles, 6m® — 12m — 128 — 16a: 

16m® — 16m. 

45. We may by a similar reasoning show that the surface and the flecnode surface 
intersect in the nodal curve taken 22 times, and in the cuspidal curve taken 27 times; 
and consequently that the order of the residual intersection or flecnodal curve is 

= n(llw->24)-226-27c. 

To effect this, observe that at any point whatever of a quadric surface the tangent 
plane meets the surface in a pair of lines, that is, in a curve having at the point of 
contact a node with an infl.exion on each branch, or say, a fleflecnode. Imagine in 
the plane figure a conic having its centre on the axis of rotation and its axis 
coincident therewith, and the conic having with the curve of the order m a 4-pointic 
intersection at any point P ; the point P generates a circle, such that along this 
circle the surface is osculated by a quadric surface of revolution in such wise that 
the meridian sections have a four-pointic contact ; the circle in question is thus on 
the surface a fl.efl[ecnode circle ; and I assume that it counts twice as a flecnode 
circle. Hence if the number of the points P be =0, we have on the surface 6 
fleflecnode circles, = 26 flecnode circles, that is, a flecnode curve of the order 4^. 
I wish to show that we have 6 = 5m® — 9m — 108 — 12a:. 

1 Observe that the terms in m cannot be got rid of in a different manner, by any alteration of the 
numbers 8 and 11 to which the present investigation relates. 
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46. The problem is as follows: given a curve of the order m with S nodes and 
K cusps ; it is required to find the number of the conicSj centre on a given line, 
and an axis coincident in direction with this line, which have with the given curve 
a 4-pointic intersection, or contact of the third order. This may be solved by means 
of formulae contained in my “ Memoir on the Curves which satisfy given Conditions, ’ 
Phil. Trans, vol. CLViii. (1868), pp. 75 — 144; see p. 88; [406]. 

Taking m = 0 for the given Kne, the conic (a, 6, c, /, g, h\x, y, 1)^ = 0 will have 
its centre on the given line and an axis coincident therewith, if only A=0, g = 0 \ and 
denoting these two conditions by it is easy to see that we have 

(2Z /.) = !, (2Z:/)=2, (2X7/) = 2, (2^^ ///) = !. 

But in general if the conic satisfy any other three conditions 8-^, then the number of 
the conics (2X, ^Z) is 

= a' ( - i7 + iS) 

+ 7 ( ). 


where a, /3, 7, S denote (2X.\), (2X : /), (2X • //)» (2X ///), viz. in the present case the 
values are 1, 2, 2, 1 respectively, and where /S', 7' denote (3^:), (SZ/I) 

respectively. 

47. Substituting for S their' values, the number of the conics in question 

is that is =^(3^*/)* Suppose that 3Z, or say 3, denotes the condition of a 

contact of the third order with a given curve (m, S, k), or say with a given curve 
(m, n, a) (m the order, n the class — — 3k, a = 3?^ + /^), then we have 

(3 : ) = — 4m — 3n + 3a, 

(3 . /) = — 8m — 8?i + 6a, 

(3 // ) = — 3m — 4;i + 3a ; 

and from the second of these the number of the conics in question is = — 4m — 4^1 + 3a, 
that is, it is = — 4m 4- 5w + 3/c, or finally it is = 5m®— 977t — lOS -■ 12a:. 


Hence, assuming that the 2m lines each counts 6 times (^), 

Order of surface =2??i 

Order of flecnode surface =11 (2m — 24) or 22m — 24 

Order of intersection = 44m® — 


Nodal curve, ■|^(m®— m)+S circles, 11 times 
Cuspidal curve k circles, 27 times 

Circles of contact m® — m — 2S — 3a:, 

Lines of contact 2m , 6 times 

Flecnodal curve, 5m® - 9m - lOS - 12a: circles each twice 


22m®- 22m4-44S 

+ 54a: 

2m®— 2m— 4S— 6a: 
+ 12m 

20m® — 36 m — 40S — 48a: 


44m® — 48m. 

1 See foot-note p. 343 : tlie like remaart applies to the present terms in m, which cannot be got rid of 
by an alteration of the mimbers 22 and 27 to which the investigation relates. 
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Article Nos. 48 aad 49. The Flecnodal Torse, 

48. Starting from 

226' + 2rc' = 6 (66' + 8c') - 7 (26' + 3c') 

6 (3?i'^- 6?/ - /c) - 7 (9^'- -n'-^S) 

= lln'2-299?'+7-6A:, 

that is 

lln'^ - 24?/ - 226' - 27c' = 5n' 78 + 6/t, 

I find 

%' (ll7i'~24)-226'-27c' 

= n(n-l)(lln^ 24) + 6 (- 59?^ + 96) + c (- 94n + 156) + 266^ + 870^ 

- 52* - 114* + 141jS + 947 + 77i + 3j + 4% - 15<9 - 45i - 100 - 95. 

49. For a surface of the order n without singularities this equation is 

9i' (IW - 24) - 226' - 27c' = n (n - 1) (lln - 24) ; 

to explain the meaning of it, I say that the reciprocal of a flecnode is a flecnodal plane, 
and vice versd: the reciprocal of the flecnodal torse of the surface n (viz. the torse 
generated by the flecnodal planes of the surface) is thus the flecnodal curve of the 
reciprocal surface n'] and the class of the torse must therefore be equal to the order 
of the curve. The flecnodal torse is generated by the tangents of the surface n along 
the curve of intersection with a surface of the order IIti — 24; the number of tangent 
planes which pass through an arbitrary point, or class of the torse, is at once found 
to be 9^(7i — 1) (ll9i — 24) ; for the reciprocal surface the order of the flecnodal curve 
is by what precedes ?z'(lln' — 24) — 226' — 27c'; and the equation thus expresses that 
the order of the curve is equal to the class of the torse. 


Article No. 50. The general Surface of the Order n without Singularities, 

50. In the general surface of the order n without singularities, we have 
n 

a =rt® — 

8 =^n{n — V){n — 2) {n — 3), 

K — n(n^l)(n — 2\ 

6 = 0 , 

* ~ 0 , 

t =0, 

2 = 0 , 

0. VI. 


44 
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p -0, 

j = 0 , 

c =0, 
h = 0 , 
y =0, 
<r =0, 
■6 = 0 , 
X = 0 , 
(7=0, 
B=0, 
/ S = 0 , 

7 = 0 , 

i = 0 , 


= n ( n — ly , 

<t' — ^i(n— 1), 

/c' - 371 (n — 2), 

i ' = ^71 ( 7 ^ - 1 ) (71 - 2 ) ( 71 ^ - 7^2 + n - 1 2 ), 

A' = -Jw (71 - 2) (71^0 - 67 i» + 16718 - 5471^ + 16471® - 28871® + 547ii^ - 10587i8+1068?i2-12147H-1464), 
i! = ^ (ti — 2) (ti’' — 471® + 771® — 4571^ + 11471® — IIIti® + 548n — 960), 

^ = 71 (ti — 2) (ti — 3) (ti^ + 271 — 4), 

/)' = 71 (tI — 2) (tI® — 71^ + 71 — 12), 

/= o , 

c ' — 471 (ti — 1 ) (ti — 2 ), 

A' = 471 (71 - 2) (1671" - 6471® + 8071® - 10871 + 156), 
r ' = 271(71 — 2) (371 — 4), 

<r' — 471 (71 — 2), 

^ = 0, 

0 ^= 0 , 

£'= 0 , 

/S' = 2n (a -2) (lira -24), 

</ =4w(w — 2)(ra— 3)(w* + 3« — 16), 
i' = 0 . 
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Article Nos. 51 to 64. InvestigaMon of Formula for 

51. The value = 2n (% — 2) (llw — 24) for a surface without singularities was 
obtained by Salmon by independent geometrical considerations, viz. he obtains 

2^' = 4w(n,-2)(lln-24) 

as the number of intersections of the spinode curve (order =4 m(w — 2)) by the flecnode 
surfeice of the order 11« — 24. 

52. The value of /3' must be obtainable in the case of a surfece with singularities, 
and I have been led to conclude that we have 

/S'= 2n(»i-2)(llw-24) 

-(110n-272);6 + 44y 

- (116w- SOS) c + ^r 
+ ^/S + 248y+198^ 

+ linear function (i j, 6, x, 0, B, i', j', ff, (f, B'), 

but I have not yet completely determined the coefficients of the linear function. The 
reciprocal formula in the case of a surface of the order n without singularities, 
i, j, 6, Xi x'> ^ then all vanishing, is the identity 

0= 2?i'(n'-2)(ll«'-24) 

-(110ra'-272)&' + 442' 

-(116w'-303)c' + ^r' 

+ +248y + 198i' 

b', q', o', yS', 7', i having the values in the foregoing Table). It was by assuming 
for B sn expression of the above form but with indeterminate coefficients, and then 
determining these in such wise that the reciprocal equation should be an identity, 
that the foregoing formula for /S' was arrived at. 

53. I assume 

/3'= 2w(n-2)(llw-24) 

-b{An-B) + Gq 

— c {Bn — E) + Fr 
-GB-Hy-It 

+ linear function (i, j, 6, x> j'> X"* 

where it is to be remarked that, in virtue of the equations obtained No. 11, two of 
the coefficients of this form are really arbitrary : I cannot recall the considerations 
which led me to write D = 116, .£=303. 


44—2 
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54. Forming the reciprocal equation 

= 2n'(7^'-2)(lln'-24) 

-6' {An'-B) + Gq 

-JS) + Fr 

+ linear function (i\ j\ 6\ C\ B\ i, j, 6, %, G, B\ 

and substituting herein the values which belong to the surface of the order ti without 
singularities, we should have identically 

0 = 2n{n- If (n - 2) {'n? 4- 1) (lln^ - 22 ^^ .j. _ 24) 

--^n(n — 1) (n — 2) 4 - ^ — 12) [An {71 — 1)® — B] 

+ nioi — 2) {n — 3) (n^ + ^71 — 4) (? 

— 4?2 (ri - 1) {n - 2) [Dn {n - 1)^ - E] 

+ 2n{n— 2) (Sw — 4) jF 
-27i(^-2)(llw-24)ff 

— 4w — 2) (n — 3) {n^ + 3?i — 16) -S* 

— ( 7 ^ — ■ 2) {ril — 4^® + 7w® — 45?^^ + 114??® — lll?!'*^ + 548?i — 960) I ; 
or dividing the whole by n{n — 2), this is 

0 = 2 (?2 - ly ( 71 ^ + 1) (11?^® - 22n^ 4- 1 l?i - 24) 

— (?2 — 1) (?i® — ?i® 4- — 12) [An (71 - 1)® — B] 

4- (n — 3) (n^ 4- 2?i — 4) (7 

— 4 (?^ — 1) [Dn {71 —Vf'—E] 

4- 2 (Sw- — 4) F 
-2(ll?i-24)ff 
-4(n-3) (72,®4-3n~16)ir 

— ^ — 4?^® 4 - 7n® — 45?i‘‘ 4- 114n® — lll?i^ -h 548??/ — 960) /. 

55. And then, expanding in powers of 71 and equating to zero the coefficients 

of the several powers we obtain 


22 

-88 

+ 154 

— 

224 

4 - 

250 

— 

184 

4 - 

118 

— 

48 


+ 2A 


4 - 


- 

20^ 

4 - 

s^-A 

- 

QA 






-f 

P 

- 

JB 

+ 

B 

- 


4 - 

65 






+ 

C 

— 

0 

— 

10(7 

4 - 

12(7 




— 

4i) 

4- 

12D 

— 

12D 

4 - 

4I> 












4 - 

4iE 

— 

45 










+ 

6F 


85 










— 

22G 

4 - 

48 




— 

4^ 

4- 

12E 

— 

12 a' 

4 - 

lOOH 

— 

1925 


+ 1^ 


4 - 


- 

19 7 

4 - 

^7 

- 

I 

4 - 

1607 

II 

II 

II 


II 


II 


II 


II 


11 

0 

0 

0 


0 


0 


0 


0 


0 
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viz. the equations are read vertically downwards. The first, second, and third equations, 
and the sum of the fourth and fifth, all give the same relation, 132—3^—7 = 0; 
there are consequently, inclusive of this, five independent relations. By combining the 
equations so as to simplify the numbers, I find these to be 

3A +7 -182 = 0, 

4J.-5-2a -80 = 0, 

7J.-5 + 2^4- 2F+ 2(?- 476 = 0, 

26^-5 + 8i)+ Sff -1532=0, 

6^-^-27'+12(? -487r+ 407 - 132 = 0. 

56. I found, as presently mentioned, J. = 110, 5 = 272, (7=44; values which satisfy 
(as they should do) the second equation; and then assuming 7) = 116 and 77=303, 
we have F = (? = — 5" = — 248, 7 = — 198; and the formula is 

y3'= 2n(^^-2)(ll^^-24) 

-(110n-272)6 + 44g 

-(116n- 303) c+^s-r 

+ + 248<y + 198^ 

+ linear function (i, j, (9, x> ^)> 

the process not enabling the determination of the coefficients of the linear function. 

57. The values of A, B, G were found from the general theorem that if three 
surfaces of the orders ix, v, p respectively intersect in a curve of the order m and 
class r which is a-tuple on p,, y3-tuple on v, and 7-tuple on p, then the number of 
the points of intersection of the three surfaces is 

= pvp — m (/37//^ 4- y<xv + oL^p — 2al3y) + a^yr. 

Apply this to the case of a surface of the order n with a nodal curve of the order h 
and class q, intersecting the Hessian and flecnodal surfaces, we have 

Order. Passing through (6, 5), times 
Surface n 2 

Hessian 4?i — 8 4 

Flecnodal ll7^ — 24 11 

whence number of intersections is 

= 4n(n-2)(lln-24)-6{n.4.11+(47i-8)11.2 + (lln-24)2.4-2.2.4.11} 

+ 2.4.11g, 


that is 


= 4^ _ 2) {lln - 24) - (220?^ - 544) 6 - 88? ; 
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and the value of yS' is one half of this, 

=-2n(n- 2) (ll?i - 24) - (llOn - 272) b + 449'. 

I have not succeeded in applying the like considerations to the cuspidal curve. 

58. As regards the general theorem, we know (Salmon, p. 274) that if two surfaces 
of the orders yu-, v partially intersect in a curve of the order m and class r, and 
besides in a curve of the order m\ then the curves m, m' meet in m(fi + v — 2) — r 
points. 

Suppose that the curve m is a-tuple on the surface fju; then to find the number 

I of the intersections of the curves m and m', we may imagine through m a surface 

of the order p; the surfaces fi, v intersect in the curve m a times, and in a 
residual curve of the order fiv — ma, this last meets the surface p in p — met) 
points, and thence the three surfaces meet in fjbvp — map — I points. But since 
m is a simple curve on each of the surfaces v, p, the three surfaces meet in 
yL6 (z/p — m) — a [m (z/ + p — 2) — r] points, whence equating the two values 

I =m(pb-\-av — 2a) — ar. 

Next, let the curve m be a-tuple on the surface /z, y8-tuple on the surface v. Con- 
sidering the new surface p through m, then pb, v intersect in the curve m a^ times, 
and in a residual curve of the order pv — ma^*^ this last meets the surface p in 
p (pv — majS) points ; whence the three surfaces meet in p (pv — ma/3) — I points. But 
the curve m being a yS-tuple curve on v, and a simple curve on p, these meet in 

the curve m y8 times and in a residual curve of the order vp — y8m, whence the three 

surfaces meet in 

p (yp — ^m) — a [m (i; 4- ySp — 2y8) — ySr] 
points; and equating the two values, we have 

I {/3p + av — 2ay8) — 2a/3r. 

Lastly, if the curve m be 7-tuple on p, then the surfaces //», p meet in m ay 
times and in a residual curve of the order pp — may ; this last meets v in 

V {pp — aym) — yS [m {yp + ap — 2ay) — ayr] 

points, that is, the number of points of intersection of the three surfaces is 

= pvp — m {^yp -I- yav -h ay3p — 2aPy) + a^yr. 

59. I represent the complete value of yS' by 

27^ (117^-24) 

-(11072-272)6 + 449 

- (11672- 303) c + ^r 

+ ^iyS + 2487 + 198^ 

- hC — gB —ad — — px — vd 

- - afi' - - yt^Y - 
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and (observing that the Table of Singularities in my Memoir on Cubic Surfaces was 
obtained without the aid of the formula now in question) I endeavour by means of the 
results therein contained to find the values of the unknown coefficients h, g, co, X, fi, v, 
h\ g\ x\ X', gf, v. 

60. For a cubic surface = 3, and for a cubic surface without singular lines (in 
fact for all the cases except the cubic scrolls XXII and XXIII), the formula is 

)8' = 54 - A(7 - - X'j' - fju'x' - - hV' - g'B' ; 

and applying this to the several cases of cubic surfaces as grouped together in the 
Table, and referred to by the affixed roman numbers, the resulting equations are 


54. = 64, 

(I) 

1 

o 

CO 

(11) 

18 = 54- ^-16/, 

(III) 

13 = 54-2A.-X', 

(IV) 

6 = 54— h — g — fjf — 8v', 

(VI) 

3 = 54 - 3A - 3V, 

(VIII) 

0 = 54 — 2^^ — 18v — o'. 

(IX) 

> 

1 

1 

1 

1 

11 

rH 

(xm) 

0 = 54 — 4A — 6X', 

(XVI) 

0 = 54 — h — 2g — 2ij,' — g', 

(XVII) 

0 = 54-35--3/, 

(XXI) 


which are all satisfied if only 

h =24, 

g + l&v = 36, 
g + 2/ =12, 

9 + 

X' =-7. 

61. If we apply to the same surfaces the reciprocal equation for /8, or, what is 
the same thing, apply the original equation to the reciprocal surfaces, as given by 
interchanging the upper and lower halves of the Table of Singularities, we have 
another series of equations, viz. this is 


0 = 54432 - 

54432, 



(I) 

0 = 27851 - 

27846- h'. 

A' 

0, 

(11) 

0 = 18180 - 

18318- g'-lQv, 

g 4- 16p = 

-138, 

(in) 

0 = 11765 - 

11756 -2A'-X, 

2A' + X = 

9, 

(IV) 

0= 6917- 

6584 — h' — g' — g — 8v, 

hf ’h g^ = 

45, 

(VI) 

0= 3534- 

3522 - Sk' - 3X, 

3h' + 3X = 

12, 

(VIII) 

0= 3024- 

3144-2/-16i/-5r, 

2/ + 16v-hg = 

-120, 

(IX) 

0= 1433- 

lS86-2h'-g'-X-2fi, 

2A' + ^r' + X + 2/4 = 

47, 

(xm) 

0 = 618 - 

604-4^,'-6\, 

4A' + 6X = 

14, 

(XVI) 

0 = 383 - 

322- h'-2g'-g-2iJt„ 

hf + 2g' + + 2/4 = 

61, 

(xvn) 

0= 54 

-Sg - 3g', 

^9 = 

54, 

(XXI) 
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all satisfied if only 

h' = 5, 

g' + 161 / = - 138 , 
g' + 2 /a = 38 , 

g +g' = 18 , 

X =- 1. 

62. I remark however that the cubic scroll XXII or XXIII gives 

0 = 54 - (330 - 272) - 2 (X + X'), 

that is, X + X' = — 2, instead of X + X' = -8. The investigation is in fact really in- 
applicable to a scroll, for every point of a scroll has the property of a flecnode; 
whence if U=0 be the equation of the scroll, that of the flecnodal surface is 
M . U = 0, containing Z7 as a factor, and there is not any definite curve of inter- 
section constituting the flecnodal curve; but I am nevertheless surprised at the 
numerical contradiction. 

63. Combining the two sets of results, we find 

h = 24, 

9 = 5 '/ 
as =x, 

X = -l, 

^ = 10 + ^9’ 

V 

A' = 5, 

/ =18-p, 

x' = x', 

V = -7, 
n' = Q-\g, 
v' — -^9 ; 

and the formula thus is 

/3'= 27i(w-2)(lln-24) 

-(110«-272)6-f 44^ 

-(116w-303)o-f^r 
+ 2487 + 198# 

- 24(7+j - lOx + - 50' - 185' - 6^' - %d' 
-a!i-afi'-^^g{- 165- 8^- d + lQF 
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where x\ g are constants which remain to be determined. The cubic surfaces fail 
to determine them, for the reason that in all of them we have ^ = 0, ^' = 0 ; and 
16jB + 8%+ 0 = IG^" -f : this last is a very remarkable relation, for the existence 

of which I do not perceive any a priori reason. 

Substituting herein for q, r their values from No. 11, this may be written in the 

form 

/S' = 2n{n- 2) {lln - 24) + J (- 66t^ + 184) + c (- + 240) 

+ 141^ + 4" 66^ 

i'j^ 7j'- 6^'- I^'-SO'-ISF 
- (ic + 87) i - 21j - - 24a 

(- 165 - 8x - ^ + 165' + 8;)^' + 0'). 

64. We have of course by interchanging the unaccented and accented letters, the 
reciprocal equation giving the value of /3. 


Article Nos. 65 to 68. Recapitulation, 


65. In recapitulation, I say that we have between the 42 quantities 


n, a, 3, /« ; 
n', a\ S', K ; 


h y Tc y t , q y P 9 J 3 ^9^9 ^9 O' y By ^ y ^ y % y 

Vy h\ Hy iy p' y j ' ^ C', h'y /, O*', B\ 7^ 


By Gy 

S' 9 O'y 


in all 25 equations, viz. these are 


a = a'y 

a' = (ti — 1) — 26 — 3c, 


«' = 3?^ — 2) — 66 — 8c, 

S' = ^n{n- 2)(n^- 9) - (n^ -n- 6)(26 + 3c) + 26 (6 - 1) + 66c + |c(c - 1), 


a(n — 2)= K — 5+ p + 20-, 

6 (n — 2) = p 4” 2^ 4" S'y 4“ 3^, 
c (w- — 2) = 2cr + 4y8 4- 7 4- ^3 

a(n — 2) (ri — 3) = 2 (8 — C) 4- 3 (ac “ So- — ;^) 4- 2 (a6 — 2/> — j), 

6 (n — 2) (ti — 3) = 4A? 4- (ab — 2p - y) 4- 3 (6c — 3yS — 2^ — i), 

c (n — 2) (ti — 3) = 6A + (ac — So* — %) 4- 2 (6c — 35 — 27 — ^), 


q = ¥ —b — 2k — By — 6ty 
r = c^ — 0 — 26, “ 35; 


a= n'(7i'-l)-26'-3c', 

/c = 3n'(7i'-2)~66'-8c', 

S = ^72' (72' - 2) (n^ - 9) - (7i'« - n' - 6) (26' 4- 3c') 4- 26' (6' - 1) 4- 66'c' 4- |c' (c' - 1), 

45 


a VI. 



354 


A MEMOIR ON THE THEORY OF RECIPROCA-L SURFACES. 


[411 


a' (w' — 2) = K — S' + p' + 2<r', 
b'(n'-2)= p' + 2/5' + 3j' + St', 
c'(w'-2) = 2o-' + 4;8'+ y' + e', 

a' {n' - 2) (n' - 3) = 2 (8' - O') + 3 (dc' - 3o-' - %') + 2 (db' - 2p' - /), 
y (n' - 2) {n' - 3) = 4ifc' + (a'6' - 2p' - /) + 3 (b'c' - 3/3' - 2^' - 1'), 
c'(m'-2)(n'-3) = 6A' + (a'c' - 3o-' -%') + 2 (6V - 33' - 27 ' - i'). 

q' = b'^--b'-2k'-3'/-6t', 
r' = c'^-c'-2h'-3^', 
together with the equations for yS and yS'. 

66. The symbols signify as follows; viz. 
n, order of the surface. 

а, order of the tangent cone drawn from any point to the surface. 

S, number of nodal edges of the cone. 

K, number of its cuspidal edges. 

J, order of nodal curve. 

hf number of its apparent double points. 

t , number of its triple points, 

q, its class. 

р, number of points where nodal curve is met by curve of contact of tangent cone. 
j , number of pinch-points. 

с, order of cuspidal curve. 

h, number of its apparent double points. 

r, its class. 

<T, number of points where cuspidal curve is met by curve of contact of tangent cone. 

б, number of off-points, 
number of close-points. 

jS, number of intersections of nodal and cuspidal curves, stationary points on 
cuspidal curve. 

y, number of intersections, stationary points on nodal curve. 
i y number of intersections, not stationary on either curve. 

By number of binodes of surface. 

Gy number of cnienodes. 

67, And the accented letters have the like significations in regard to the reciprocal 
surface ; or, referring them to the original surface, we have 

n'y class of the surface. 

class of curve of intersection by any plane. 

S', number of double tangents of curve of intersection. 
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k\ number of its inflexions. 
h\ class of node-couple torse. 
h\ number of its apparent double planes. 
t' , number of its triple planes. 
q\ its order. 

p\ order of node-couple curve. 

number of pinch-planes, 
c', class of spinode torse. 
h!, number of its apparent double planes. 
r\ its order. 

<t\ order of spinode curve. 

6\ number of off- planes, 
number of close-planes. 

number of common planes of node-couple and spinode torses, stationary planes 
of the spinode torse. 

7 ', number of common planes, stationary planes of node-couple torse. 

% , number of common planes, not stationary planes of either torse. 

B', number of bitropes of surface. 

C\ number of its cnictropes. 

68 . It is hardly necessary to recall that a spinode plane is a tangent plane 
meeting the surface in a curve having at the point of contact a spinode or cusp ; the 
envelope of the spinode planes is the spinode torse, and the locus of their points of 
contact the spinode curve. And similarly a node-couple plane is a double tangent 
plane, or plane meeting the surface in a curve having two nodes; the envelope of 
the planes is the node-couple torse, and the locus of the points of contact the node- 
couple curve; the other terms made use of are all explained in the present Memoir. 


Addition, August 3, 1869. 

As in the theory of Curves, so in that of Surfaces, there are certain functions of 
the order, class, &c. and singularities which have the same values in the original and 
the reciprocal figures respectively ; for convenience I represent any such identity by 
means of the symbol 2 , viz. a, 6 ,...) =2 denotes that the function a, &,...) 

is equal to the same function a', 6 ',...) of the accented letters. By what precedes 

we have a- = 2 ; and it is moreover clear that any function, of the unaccented letters 
which is = 0 , or which is equal to a symmetrical function of any of the accented and 
unaccented letters, or to a function of a, is = 2 ; for instance, jfrom the equations of 
No. 5 we have 3 a' — /c' — 3 n — c, and thence Sw — c — A: = 3a' — a; — that is, 3n — c—/c=^2; 

45—2 
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and from one of the equations of No. 11 we have n — 2(7—45 + /c — cr — a, — S ; 

we have thus the system of eight equations, 


a 

= 2, 

— c — ic 

= s, 

a(7i — 2)— /cq- 5— p — 20* 

= 2, 

h {n -- 2) — p — 2/3 — Sy — St 

= 2, 

c (n — 2) — 2 (t — 4yS ~ 7 — 6 

= 2. 

n 4- a: — <T — 2(7 —45 — 2j — 

3% = S, 

2q — 2p q- iO q- 3r 4* j 

= 2, 

3rq- c — 5o-— yS — 4^q-2rq- 



or if from these we eliminate k, p, cr, then the system of five equations, 


a =S, 

72 (c — 8) — 4;5 — 7 — ^ + 4iG + 85 H- 6^: + 4ij — S, 

— 2 ) — IIti + 3c + 4(7 + 95 + 2^ + 87 + 3^ + 6^)^ + — !E, 

Sr* — 20?2' + 6 c — + 2^ + 10(7 + 205 + 16;j^ + lOj; — 4^ = S, 

2^' — 26 (p7i — 2) -{- 5yS + 67 4" “h 3^ q-y = 


By means of a theorem of Dr Clehsch’s I was led to the following expression for 
the deficiency ” of a surface of the order n having the singularities considered in the 
foregoing Memoir: 

Deficiency = ^ (n — 1) (71 — 2) (n — 3) — (ti — 3) (6 q- c) + -f r) + 2^ + + f 7 4- r — ^ 6 , 

This should be equal to the deficiency of the reciprocal surface, viz. we must have 
2 ( 72 . — 1) (71 — 2) (72, — 3) — 12 (n — 3) (6 q- c) 4- 4- 6r 4- 24^ 4- 42/3 q- 3 O 7 4- 12t — S ; 

but from a combination of the last-mentioned five equations we have 
- 272,»4- 671^ 4- 471 q- (1271 - 36) 6 4- (127i - 48) c - 6^ - 6r - 

~41/3-307-13^-7i-8p^4■2(9-4a- 105= S; 

and adding to the last preceding equation we have 

2 67 ^ - 1 2c 4 - ^ - 7 j - 8^ 4- i (9 - 4 a - 1 05 = 2 . 
Substituting for S its value in terms of the accented letters, we obtain for /S' the value 


We have 
and thence 


/S' = ^ 4- 267^ - 12c q- i' + 7/ 4- 8%' - id' q- 40' q- 105' 
-267^'4-12c'-^ -7y -8x +^0 -4iG -105. 

c' = — Scb 4" /c 4” Stt', 

12c' - 2672' = - 36a 4- 12a: q- IOti' ; 
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writing herein 

n' = a + K — a — 2C — 45 — 2j — 3% — or, 

the value is 

= - 26a + 22« - 200 - 405 - 20j - 30^ - 10a. 

Substituting for k its value = a (w — 2) + 5 — p — 2cr, we have 

12c' - 26n' = ai22n - 70) - 200 - 185 - 20ji - BOx - 22;o - 44o- ; 
or substituting for a, p, a their values, this is 

= {n{n-l)-2b- 3c} (22ra - 70) - 200 - 185 - 20j - 30% 

“ 225 (n “ 2) "f* 445 "t OSy ()6t 
- 27c (n - 2) + 108/3 + 27y + 27^, 

and adding hereto the remaining terms, 

j8 + 26n- 12c + i' + If + 8%' - + 40' + 105' 

-i -1j -8% +\d -40 -105, 

we have 

jS' = 271 (n — 2) ^lln — 24) *4" h ( — OGw ■!“ 184) + c ( — 93^ 4" 2o2) + 1535 4" 93'y 4" 66t 
4-i'4- 7/4- 8%'- i6'+ 40' -4-105' 

-i -27j -38% -240 - 285. 

Comparing this with the value of /3', No. 63 of the foregoing Memoir, we should 

have 

0 = ^cn — 12c — 125 — -^7 

-( 10 '+ l)i' -14%'-|^'-90'-285' 

- (« 4- 86)i 4- 6j 4-^% - 20 4-285 

4- (- 165- 8%- 0 -4 165'-h 8%' -hn 

or, what is the same thing, 

0 = IScft — 48c — 485 ~ 137 4- 0, 

if for shortness 

<I) = - (4a!' 4- 4) f' - 56%' - 70' - 360' - 1125' 

- (4a! 4- 344) i 4- 24^’ 4- 70% -80 + 1125 

4- (- 165 - 8% - ^ 4- 165' 4- 8%' 4- ^). 

I do not attempt to verify this equation, but I will partially verify a result 
deducible from it ; viz. if 4>' is the like function of the accented letters, then we have 

n = (43^ - 4a! - 340) i 4- 24j 4- 126% 4- 2245 4- 360 - 0 

-y(16B + 8x + 0); ■ 


where 
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and 11 ' is the like function of the accented letters. And this being so, we should have 
IScn - 48c - 48J5 - 187 + H = IScV - 48c' - 48^' - 187 ' + H', 


or, as this may be written, 

IZcn — 48c — 48iS — 187 + 11 = 2. 

We have 

26n- 12 c + )8-i-7j- 8 % + i(9-4(7-105=S; 
and multiplying by —4 and adding, the equation to be verified is 

ISti (c — 8) — 18 (4^ + 7 ) "h H "f“ 4*1 H" 2^ - 1 - 82^ — 2^ + 16(7 + 405 = 2. 
But we have from the Memoir 

-13n(c-8)+13 (4<l3 + 7 ) - 52j - 78x + 13(9 - 62(7 - 1045 = 2, 

which reduces the equation to 

n + 4i - 24j - 46x 4- 1 1<9 - 36(7 - 645 = 2 ; 

or substituting for II its value, this is 

(W - 4^7 - 336) i + 80x + 109 + 1605 - 2X (165 + 8% + (9) = 2, 

that is 

4{^'-ic-84)i-(i^-lO)(1654-8;^ + 0 ) = 2 , 
an equation which is satisfied if 


and 


i' = i, of = Xj 


g — 20j or else 165 + 8;^ + 0 = 165' + 8;^' + 5'. 
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A MEMOIE ON CUBIC SURFACES. 


[From the Philosophical Transactions of the Royal Society of London, vol. CLix. (for the 
year 1869), pp. 231 — 326. Received November 12, 1868, — Read January 14, 1869.] 

The present Memoir is based upon, and is in a measure supplementary to that 
by Professor Schlafli, On the Distribution of Surfaces of the Third Order into Species, 
in reference to the presence or absence of Singular Points, and the reality of their 
Lines,” Phil, Trans, vol. CLiil. (1863), pp. 193 — 241. But the object of the Memoir is 
different. I disregard altogether the ultimate division depending on the reality of the 
lines, attending only to the division into (twenty-two, or as I prefer to reckon it) 
twenty-three cases depending on the nature of the singularities. And I attend to the 
question very much on account of the light to be obtained in reference to the theory 
of Reciprocal Surfaces. The memoir referred to furnishes in fact a store of materials 
for this purpose, inasmuch as it gives (partially or completely developed) the equations 
in plane-coordinates of the several cases of cubic surfaces, or, what is the same thing, 
the equations in point-coordinates of the several surfaces (orders 12 to 3) reciprocal 
to these respectively. I found by examination of the several cases, that an extension 
was required of Dr Salmon's theory of Reciprocal Surfaces in order to make it 
applicable to the present subject; and the preceding "Memoir on the Theory of 
Reciprocal Surfaces,” [411], was written in connexion with these investigations on Cubic 
Surfaces. The latter part of the Memoir is divided into sections headed thus : — 
" Section I = 12, equation (X, F, Z, Wy = 0 ” &c. referring to the several cases of the 
cubic surface ; but the paragraphs are numbered continuously throughout the Memoir. 

Article Nos. 1 to 13. The twenty-three Gases of Cubic Surfaces — Explanations and Table 

of Singularities, 

1. I designate as follows the twenty-three cases of cubic surfaces, adding to each 
of them its equation; 

I =12, (X, F, F)« = 0, 

II = 12 - Oi, W (a, h, c, f, g, h'^X, Y, Zy+ %hXYZ = 0, 

' III =12 — 2 W (^X 4- IT + Zy {IX -^TnY-k- nZi) + %hXYZ = 0 
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IV = 12 - 20„ 

TVZ5+F^(75 + SF) + (a, b, c, d^X, r)'>=0. 

Y =12-^4, 

WXZ+(X + X) (7= - aX^ - bZ^) = 0, 

VI =12-B,-G„ 

WXZ+Y^Z + (a, b, c, d'iX, 7)» = 0, 

VII =12-^5, 

WXZ + Y^Z + YX^ - = 0, 

VIII =12-3C,. 

Y<‘+ 7“(Z + X+ W) + 4iaXZW=0, 

IX = 12-25,, 

TfZX+(a, 6, c, d'lX, 7)’ = 0, 

X = 12 - 54 - 

WXZ + {X + Z)(Y^-X^) = 0, 

XI =12-5,, 

WXZ+Y^Z + X^-Z^ = 0, 

XII = 12 - 

W(X + Y+Zf + XYZ=0, 

Xm =12-53-2(7,, 

WXZ+ 7‘‘(Z+ F+X) = 0, 

XIV =12-5,-(7„ 

1FXX+ F^X+ FZ^ = 0, 

XV = 12 - 

1FZ“ + ZX=+ F=X=0, 

XVI =12-4(7,, 

TF(ZF+ ZX+ FX) + ZFX= 0, 

XVII =12-25,-(7„ 

FZX+ZF^+ F^ = 0, 

XVm =12-54-2C'„ 

TFZX+(Z + X)F= = 0, 

XIX =12-5e-(7„ 

WXZ+Y^Z + X^=0, 

XX =12- tr,. 

FZ*+ZX^+ F» =0, 

XXI =12-35,, 

FZX+ F» = 0. 

XXII = 3, 5(1, 1), 

FZ= + XF^ = (), 

xxni= 8,5(171), 

Z(FZ+FX)+F» = 0; 


2. Where Og denotes a conic-node diminishing the class by 2; jBg, £5, a 
biplanar node diminishing (as the case may be) the class by 3, 4, 5, or 6 ; and 
j7e, TJ7, Us a uniplanar node diminishing (as the case may be) the class by 6, 7, or 8. 
The affixed explanation, which I shall usually retain in connexion with the Roman 
number, shows therefore in each case what the class is, and also the singularities which 
cause the reduction: thus XIII = 12 — Rg — 2C2 indicates that there is a biplanar node, 
i?g, diminishing the class by 3, and two conic-nodes, Cg, each diminishing the class 
by 2 ; and thus that the class is 12 — 3 — 2 . 2, = 5. As regards the cases XXII and 
XXIII, these are surfaces having a nodal right line, and are consequently scrolls, each 
of the class 3, viz. XXII is the scroll ;Sf(l, 1) having a simple directrix right line 
distinct from the nodal line, and XXIII is the scroll 8(1, 1) having a simple directrix 
right line coincident with the nodal line : see as to this my “ Second Memoir on 
Skew Surfaces, otherwise Scrolls,” Phil Trans, vol. CLiv. (1864), pp. 559 — 577, [340]. 

3. The nature of the points Cg, Rg, R4, B^, Bq, Uq, Uj, Us requires to be explained. 

C(^G^ is a conic-node, where, instead of the tangent plane, we have a proper 
quadric cone. 

B(=Bs, B4, Bs or Bs) is a biplanar-node, where the quadric cone becomes a plane- 
pair (two distinct planes): the two planes are called the biplanes, and their line of 
intersection is the edge : 

In Bsf the edge is not a line on the surface — in the other cases it is ; this 
implies that the surface is touched along the edge by a plane, viz. in £4, Bs the 
edge is torsal, in it is oscular: 
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In B 4 J the tangent plane is distinct from each of the biplanes ; 

In £ 5 , the tangent plane coincides with one of the biplanes; we have thus art 
ordinary biplane, and a torsal biplane: 

In Be, the tangent plane coinciding with one of the biplanes becomes oscular ; we 
have thus an ordinary biplane, and an oscular biplane. 

(= C7g, or C/g) is a uniplanar-node, where the quadric cone becomes a coincident 
plane-pair; say, the plane is the uniplane. It is to be observed that there is not in 
this case any edge. The uniplane meets the cubic surface in three lines, or say rays,” 
passing through the uniplanar-node, viz. 

In CTg, the rays are three distinct lines : 

In TJt, two of them coincide : 

In CTg, they all three coincide. 

4. To connect these singular points with the theory of the preceding Memoir, it 
is to be observed that they are respectively equivalent to a certain number of the 
cnicnodes G (= 0^) and binodes B (= B^, viz. we have 

= a 

^3 = B, 

B 4 = 2(7, 

Be = G^ B, 

(Be = 3(7, 

\Ue = 3(7, 

Ur = 2 G+ B, 
fT’g = (7 “h 2B, 

5. I take the opportunity of remarking that although the expressions cnicnode and 
binode properly refer to the simple singularities (7 and B, yet as G^=G, (72 is properly 
spoken of as a cnicnode, and we may (using the term binode as an abbreviation for 
biplanar-node) speak of any of the singularities B^, B 4 , Be, Bq as a binode. Thus the 
surface X. — 12 — B 4 — G 2 has a binode £4 and a cnicnode G^; although theoretically the 
binode B 4 is equivalent to two cnicnodes, and the surface belongs to those with three 
cnicnodes, or for which (7=3. I use also the expression unode for shortness, instead 
of uniplanar-node, to denote any of the singularities Us, Ur, U^. 

6. The foregoing equations (substantially the same as Schlafli’s) are Canonical 
forms; the reduction of the equation of any case of surface to the above form is not 
always obvious. It would appear that each equation is from its simplicity in the form 
best adapted to the separate discussion of the surface to which it belongs; there is the 
disadvantage that the equations do not always (when from the geometrical connexion of 
the surfaces they ought to do so) lead the one to the other; for instance, V = 12 — -^4 
includes VII = 12 — B^, but we cannot from the equation WXZ +{X + Z){Y^ — aX^ — hZ^) = 0 
of the former pass to the equation WXZ -t- Y^Z -h YX^ — X^ =; 0 of the latter. This would 
be a serious imperfection if the object were to form a theory of the quaternary 
function {X, Y, Z, TT)®; but the equations are in the present Memoir used only as 
means to an end, the establishment of the geometrical theory of the surfaces to which 
they respectively belong, and the imperfection is not material. 

0. VI. 
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7. I have used the capital letters (X, 7”, Z, W) in place of Schlafli’s (x, y, z, w), 

reserving these in place of his (jo, q, t, s) for plane-coordinates of the cubic surfaces, 

or (what is the same thing) point-coordinates of the reciprocal surfaces; but I have 
in several cases interchanged the coordinates (X, F, Z, W) so that they do not in 
this order correspond to Schlafli’s (a?, y, w ) : this has been done so as to obtain a 
greater uniformity in the representation of the surfaces. To explain this, let A, B, G, D 
be the vertices of the tetrahedron formed by the coordinate planes = YZW, B = ZWX, 
0=^WX7, D = X7Z] the coordinate planes have been chosen so that determinate 
vertices of the tetrahedron shall correspond to determinate singularities of the surface. 

8. Consider first the surfaces which have no nodes B or U. It is clear that 
the nodes G^ might have been taken at any vertices whatever of the tetrahedron ; 
they are taken thus: there is always a node Oa at D; when there is a second node Cg, 
this is at G, the third one is at A, and the fourth at B. 

9. Consider next the surfaces which have a binode B^j B^, B^, or Bq\ this is 

taken to be at D, and the biplanes to be X = 0, F=0(^) (the edge being therefore 
BB), viz. in Bg or Be, where the distinction arises, X = 0 is the ordinary biplane, 
Z=0 the torsal or (as the case may be) oscular biplane. If there is a second node, 
this of necessity lies in an ordinary biplane ; it may be and is taken to be in the 

biplane X = 0, at (7. I suppose for a moment that this is a node Cg. It is only 

when the binode is B^ or B^, that there can be a third node, for it is only in these 
cases that there is a second ordinary biplane Z=0] but in these cases respectively 
the third node, a Cg, may be and is taken to be in the biplane ^ = 0, at A, 

10. The only case of two binodes is when each is a B^. Here the first is as 
above at D, its biplanes being X=0, Z=0; and the second is as above in the 
biplane X = 0, at G; the biplanes thereof are then X = 0 (which is thus a biplane 
common to the two binodes, or say a common biplane), and a remaining biplane which 
may be and is taken to be 1F = 0. If there is a third node, this may be either 
G^ or jBg, but it will in either case lie in the biplane Z=0 of the first binode, and 
also in the biplane W=0 of the second binode, that is, in the line BA ; and it may 
be and is taken to be at -4 ; if a binode, then its biplanes are of necessity .Z' = 0, 
Tr = 0; and the plane F=0 will be the plane through the three binodes D, G, A, 

11. If there is a unode, then this may be and is taken to be at Z), and its 

uniplane may be taken to be X = 0; in the surface XII = 12— f/g the uniplane is, 

however, taken to be X-hF+.Z’=0. There is never, besides the unode, any other 
node. 

12. The result is that the nodes, in the order of their speciality, are in the 

-equations taken to be at i>, G, A, B respectively ; and that (except in the case 

111 = 12 — 5g) the biplanes of the first binode are X = 0, Z — 0 (for a binode B^ or Be^ 
X=0 being the ordinary biplane, Z=0 the special biplane), those of the second binode 
X=0, 1F=0, those of the third binode F=0, W =0, and that (except in the case 
XII = 12— the uniplane is X = 0. For example, in the surface XVII = 12- 2^8 -Cg, 
as represented by its equation WXZ +T^Z +X^ = 0, we have a B^ at D, the biplanes 
being X = 0, .^ = 0, a B^ at G, the biplanes being X = 0, 1F=0 (therefore X = 0 the 
common biplane), and a Og at A, 

1 In the ease, however, of a single Rg, in=12 - Rg, the biplanes are tahen to be l->rZ=0, lK+mY+ 7 iZ=: 0 . 
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13. It will be convenient (anticipating the results of the investigations contained 
in the present Memoir) to give at once the following Table of Singularities; the 
several symbols have of course the significations explained in the former Memoir. 
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Article Nos. 14 to 19. Ea^lanation in regard to the Determination of the Number of 

certain Singularities* 

14 In the several cases I fco XXI, we have a cubic surface ('71 = 3), with singular 

points G and B but without singular lines. The section by an arbitrary plane is thus 

a curve, order ?2/ = 3, that is, a cubic curve, without nodes or cusps, and therefore of 
the class a' = 6, having S'=0 double tangents and k = 9 inflexions. The tangent cone 
with an arbitrary point as vertex is a cone of the order a = having in the case 
1=12, 8 = 0 nodal lines and /c = 6 cuspidal lines, but with (in the several other cases) 
0 nodal lines and B cuspidal lines (or rather singular lines tantamount to G double 
lines and B cuspidal lines): the class of the cone, or order of the reciprocal surface, 

is thus = 6 . 5 — * 2 (0 + C) — 3 (6 + jS) = 12 — 2B — 3G. 

15. In the general case 1=12, there are on the cubic surface 27 lines, lying by 
S’s in 45 planes ; these 27 lines constitute the node-couple curve of the order 
p' = 27, and the node-couple torse consists of the pencils of planes through these lines 
respectively, being thus of the class p' = 6' = 27 ; the 45 planes are triple tangent 
planes of the node-couple torse, which has thus t' = 45 triple tangent planes. But in 
tihe other cases it is only certain of the 27 lines, say the “facultative lines” (as will 
be explained), which constitute the node-couple curve of the order p: the pencils of 
planes through these lines constitute the node-couple torse of the class b' = p'; the t' 
planes, each containing three facultative lines, are the triple tangent planes of the 
node-couple torse. Or if (as is somewhat more convenient) we refer the numbers 
b\ t' to the reciprocal surface, then the lines, reciprocals of the facultative lines, 
constitute the nodal curve of the order 6' ; and the points If, each containing three 
of these lines, are the triple points of the nodal curve. Inasmuch as the nodal curve 
consists of right lines, the number of its apparent double points is given by the 
formula 2^' = 6'^ — 6' — 6^' ; and comparing with the formula g' = 6'^ — 6'— 3y' — 6^', 
we have q’ -b = 0, that is, q' = 0 (q the class of the nodal curve), and also 7' = 0. 

16. In the general case I = 12, the spinode curve is the complete intersection of 
the cubic surface by the Hessian surface of the order 4, and it is thus of the order 

= 12 ; but in the other cases the complete intersection consists of the spinode curve 
together with certain right lines not belonging to the curve, and the spinode curve 
is of an order c/ less than 12 : this will be further explained, and the reduction 
accounted for (see post, Nos. 24 et seqf), 

17. Again, in the general case 1 = 12, each of the 27 lines is a double tangent 
of the spinode curve, and the tangent planes of the surface at the points of contact 
are common tangent planes of the spinode torse and the node-couple torse, stationary 
planes of the spinode torse ; or we have /3' = 2p' = 54. In the other cases, however, 
instead of the 27 lines we must take only the facultative lines, each of which is or 
is not a double or a single tangent of the spinode curve ; and the tangent planes 
of the surface at the points of contact are the common tangent planes as above — 
that is, the number of contacts gives S' not in general =2p'. 
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18. There are not, except as above, any common tangent planes of the two torses, 
that is, not only 7' = 0 as already mentioned, but also = 0. I do not at present 
account dj priori for the values 6' = 16, 8, and 16, which present themselves in the 
Table. The cubic surface cannot have a plane of conic contact, and we have thus in 
every case G' = 0 ; but the value of B' is not in every case = 0. 

19. In what precedes we see how a discussion of the equation of the cubic 

surface should in the several cases respectively lead to the values b\ t\ p\ <t', /S', /, B', 

and how in the reciprocal surface the nodal curve of the order V is known by means 
of the facultative lines of the original cubic surface. The cuspidal curve 0' might 
also be obtained as the reciprocal of the spinode-torse ; but this would in general be 
a laborious process, and it is the less necessary, inasmuch as the equation of the 
reciprocal surface is in each case obtained in a form putting in evidence the 
cuspidal curve. 


Article Nos. 20 to 23. The Lines and Planes of a Cubic Burface; Facultative Lines; 

Explanation of Diagrams, 

20. In the general surface 1=12, we have 27 lines and 45 triple-tangent planes, 

or say simply, planes: through each line pass 6 planes, in each plane lie 3 lines. For 
the surfaces II to XXI (the present considerations do not of course apply to the 
Scrolls) several of the lines come to coincide with each other, and several of the 

planes also come to coincide with each other; but the number of the lines is always 
reckoned as 27, and that of the planes as 45. If we attend to the distinct lines 
and the distinct planes, each line has a multiplicity, and the sum of these is = 27 ; 
and so each plane has a multiplicity, and the sum of these is =45. Again, attending 
to a particular line in a particular plane, the line has a frequency 1, 2, or 3, that is, 
it represents 1, 2, or 3 of the 3 lines in the plane (this is in fact the distinction 

of a scrolar, torsal, or oscular line); and similarly, the plane has a frequency 1, 2, 3, 4, 

or 5, according to the number which it represents of the 5 planes through the line. 
It requires only a little consideration to perceive that the multiplicity of the plane 
into its frequency in regard to the line is equal to the multiplicity of the line into 
its frequency in regard to the plane. Observe, further, that if M be the multiplicity 
of the plane, then, considering it in regard to the lines contained therein, we get the 
products (AT, AT, M), {2M, Af), or SAT, according as the three lines are or are not 
distinct, but that the sum -of the products is always = 3Af, and that in regard to all 
the planes the total sum is 3 x45, =135. And so if Af be the multiplicity of the 
line, then, considering it in regard to the planes which pass through it, we get the 
products (AT, Af, Af', AT', Af'), (2Af', Af, AT, Af'), ...(5Af'), as the case may be, but that 
the sum of the products is = 5Af', and that in regard to all the lines the sum is 
5 X 27, = 135, as before. 

21. The mode of coincidence of the lines and planes, and the several distinct 
lines and planes which are situate in or pass through the several distinct planes and 
lines respectively, are shown in the annexed diagrams I to XXI (^): the multiplicity 

1 See the commencements of the several sections. 
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of each line appears by the upper marginal line, and that of each plane by the 
left-hand marginal column (thus in diagram I, 27 x 1 = 27 and 45 x 1 = 45, 1 is the 
multiplicity of each line, and it is also the multiplicity of each plane) ; the frequencies 
of a line and plane in regard to each other appear by the dots in the square 
opposite to the line and plane in question, these being read, for the frequency of the 
line vertically, and for the frequency of the plane horizontally; thus ' . indicates that 

the frequency of the line is =3, and the frequency of the plane is =2. There 

should he and are in every line of the diagram 3 dots, and in every column of the 

diagram 5 dots (a symbol " I being read as just explained, 2 dots in the line, 

3 dots in the column). 

22. For the surface 1=12, there is of course no distinction between the lines, 

but these form only a single class, and the like for the planes ; but for the other 
surfaces the lines and planes form separate classes, as shown in the diagrams by the 
lower marginal explanation of the lines, and the right-hand marginal explanation of 

the planes. I use here and elsewhere "ray” to denote a line passing through a 

single node; "axis” to denote a line joining two nodes; "edge” (as above) to denote 
the edge of a binode; any other line is a "mere line.” An axis is always torsal or 
oscular; when it is torsal, the plane touching along the axis contains a third line 
which is the "transversal” of such axis; but a transversal may be a mere line, a ray, 
or an axis; in the case XVI = 12 — 4(72, ®ach transversal is a transversal in regard to 
two axes. 

23. In the general case I = 12, each of the 27 lines is, as already mentioned, 

part of the node-couple curve; and the node-couple curve is made up of the 27 lines, 
and is thus a curve of the order 27. In fact each plane through a line meets the 
cubic surface in this line, and in a conic; the line and conic meet in two points, 
and the plane (that is in any plane) through the line is thus a double tangent 

plane touching the surface at the two points in question; the locus of the points of 

contact, that is the line itself, is thus part of the node-couple curve. But in the 

other cases, II to XXI, certain of the lines do not belong to the node- couple curve 
(this will be examined in detail in the several cases respectively); but I wish to 

show here how in a general way a line passing through a node, say a nodal ray, is 

not part of the nbde-couple curve. To fix the ideas, consider the surface II = 12 - (/g ; 
there are here through six lines, or say rays: attending to any one of these, a 
plane through the ray meets the surface in the ray itself and in a conic; the ray 

and the conic meet as before in two points, one of them being the point the 

plane touches the surface at the other point, hut it does not touch the surface at C^. 
(I am not sure, and I leave it an open question, whether we ought to say that at a 
node there is no tangent plane, or to say that only the tangent planes of the 

nodal cone are tangent planes of the surface ; but, at any rate, an arbitrary plane 

through G^ is not a tangent plane.) The plane through the ray is only a single 
tangent plane, not a double tangent plane; and the ray is not part of the node-couple 
curve. We say that a hne of the surface is or is not "facultative” according as it 
does or does not form part of the node-couple cmwe. 
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Article Nos. 24 to 26. Axis ; the different kinds thereof. 

24. A line joining two nodes is an axis; sucli a line is always a line, and it 

is a torsal or oscular line, of the surface. But some further distinctions are requisite; 

using the expressions in their strict sense, cnicnode = (7, binode = B, an axis is a 
(7f7-axis joining two cnicnodes, or it is a CS-axis joining a cnicnode and a binode, 
or it is a 55-axis joining two binodes. A (7C7-axis is torsal, the transversal being a 

mere line, not a ray through either of the cnicnodes; a 05-axis is torsal, the 

transversal being a ray of the binode; a 55-axis is oscular. The distinction is of 
course carried through as regards the higher biplanar nodes 54, 5g, and the 

uniplanar nodes C/g, TJ<^y UqI thus (5s = 5) the edge of a binode 5s is not an axis at 
all, but (54 = 20) the edge of a binode B 4 is a 00-axis ; (56 = 5 -f* 0) the edge of a 
binode B^ is a 05-axis ; (5g = 30) the edge of a binode 5g is a thrice-taken 00-axis ; 
(06 = 30) each of the rays is regarded as a 00-axis; (07 = 5 4-20) the double ray is 
regarded as a twice-taken 05-axis, and the single ray as a 00-axis; (08 = 254-0) 
the ray is regarded as a 55-axis 4- a twice-taken 05-axis. 

25. It has been mentioned that the intersection of the surface with the Hessian 
consists of the spinode curve, together with certain right lines; these lines are in fact 
the axes — viz. the examination of the several cases shows that in the complete 
intersection each 00-axis presents itself twice, each 05-axis 3 times, and each 55-axis 
4 times. We thus see that a 00-axis, or rather the torsal plane along such axis, is 
the pinch-plane or singularity / = 1 ; the 05-axis, or rather the torsal plane along such 
axis, the close-plane or singularity ;)^' = 1 ; and the 55-axis, or oscular plane along such 
axis, the bitrope or singularity 5' = 1 ; for a cubic surface with singular lines the 
expression of <7' being in fact cr' = 12 — 2y' — 3;^' — 45'. There are, however, some cases 
requiring explanation; thus for the case VIII = 12 — 55, where the edge is by what 
precedes a 05-axis, the complete intersection is made up of the edge 4 times and of 
an octic curve; the consideration of the reciprocal surface shows, however, that the 
edge taken once is really part of the spinode curve (viz. that this curve is made up 
of the edge taken once and of the octic curve, its order being thus cr' = 9); and the 
interpretation then of course is that the intersection is made up of the edge taken 
3 times (as for a 05-axis it should be) and of the spinode curve. 

26. I remark in further explanation, that in the several sections, in showing how 
the complete intersection of the cubic surface with the Hessian is made up, I have 
not referred to the axes in the above precise significations; thus XIY= 12 — 55— Og, 
the binode 56 is 0 4- 5, and the edge is thus a 05-axis, while the axis Bffsi is a 
05-axis 4- a 00-axis (%'=l4-l, =2, y' = l). The complete intersection should therefore 
consist of the spinode curve, 4- edge (as a 05-axis) 3 times 4- axis (as a 05-axis 4- a 
00-axis) 2 4-3, =5 times : it is in the section stated (in perfect consistency herewith, 
but without the full explanation) that the intersection is made up of the axis 5 times, 
the edge 4 times, and a cubic curve — which cubic curve together with the edge once 
constitutes the spinode curve; and so in other cases: this explanation will, I think, 
remove all difiiculty. 
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Article Nos. 27 to 32. On the Determination of the Redprooal Equation, 

27. Consider in general the cubic surface 7, Z, Wy=0, and in connexion 

therewith the equation Xoc+Yy + Zz+Ww^O, which regarding therein Z, Y, Z, W 
as current coordinates, and w, y, w as constants, is the equation of a plane. If 
Irom the two equations we eliminate one of the coordinates, for instance TF, we obtain 

Ywj Zw, — {Xx+ Yy + Zz)y = 0, 

which, (Z, F, Z) being current coordinates, is obviously the equation of the cone, vertex 
(Z=0, F=:0, Z—Q), which stands on the section of the cubic surface by the plane. 
Equating to zero the discriminant of this function in regard to (Z, F, Z), we express 
that the cone has a nodal line^ that is, that the section has a node, or, what is the 
same thing, that the plane xX yY zZ is a tangent plane of the cubic 
surface; and we thus by the process in fact obtain the equation of the cubic surface 
in the reciprocal or plane coordinates (x, y, z, w). Consider in the same equation 
^5 y, as current coordinates, (Z, F, Z) as given parameters, the equation represents 
a system of three planes, viz. these are the planes xX -{-yY-^-zZ -\-wW' — 0, where W' 
has the three values given by the equation (^JZ, F, Z, TF")^ = 0, or, what is the same 
thing, Z, F, F, W* are the coordinates of any one of the three points of intersection 

of the cubic surface by the line to a point on the 

surface, and 

xX^-yY -^-zZ-^^wW = 0 

is the polar plane of this point in regard to a quadric surface Z- -f F- + + IF^ = 0 ; 

the equation 

{*^Xw, Yw, Zw, — {Xx -1- Fy + Zz)y = 0 

is thus the equation of a system of 3 planes, the polar planes of three points of the 
cubic surface (which three points lie on an arbitrary line through the point x=^0, 
y = 0, z=^0). In equating to zero the discriminant in regard to (Z, F, Z), we find the 
envelope of the system of three planes, or say of a plane, the polar plane of an 
arbitrary point on the cubic surface, — or we have the equation of the reciprocal 
surface, being, as is known, the same thing as the equation of the cubic surface in 
the reciprocal or plane coordinates (x, y, z, w). In what precedes we have the 
explanation of an ordinary process of finding the equation of the reciprocal surface, 
this equation being thereby given by equating to zero the discidminant of a function 
(*][Z, F, Zf^ that is, of a ternary cubic function. 

28. The process, as last explained, is a special one, viz. the position of a point 
on the surface is determined by means of certain two parameters, the ratios Z : Y : Z 
which fix the position of the line joining this point with the point (x — 0, y — 0, 
z-O). More generally we may consider the position of the point as determined by 
means of any two parameters ; the equation of the polar plane then contains the two 
parameters, and by taking the envelope in regard to the two parameters considered as 
variable, we have the equation of the reciprocal surface. 
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29. But let the parameters, say 0, (f>, be regarded as var3diig successively; if cj) 

alone vary, we have on the surface a curve @, the equation whereof contains the 

parameter d, and when 0 vanes this curve sweeps over the surface. The envelope in 
regard to (f> of the polar plane of a point of the surface is a torse, the reciprocal 

of the curve @, and the envelope of the torse is the reciprocal surface. In particular 

the curve (B) may be the plane section by any plane through a fixed line, say, by 
the plane P — 6Q ^ 0 \ the section is a cubic curve, the reciprocal is a sextic cone 
having its vertex in a fixed line (the reciprocal of the line P = 0, Q = 0), and the 

reciprocal surface is thus obtained as the envelope of this cone ; assuming that the 
equation of the sextic cone has been obtained, this is an equation of a certain order 
in the parameter 6 ; or writing 0 = P : Q, we obtain the equation of the reciprocal 
surface by equating to zero the discriminant of a binary function of (P, Q). 

30. With a variation, this process is a convenient one for obtaining the reciprocal 

of a cubic surface : we take the fixed line to be one of the lines on the cubic 

surface; the curve @ is then a conic, its reciprocal is a quadricone, and the envelope 

of this quadricone is the required reciprocal surface. This is really what Schlafli does 
(but the process is not explained) in the several instances in which he obtains the 
equation of the reciprocal surface by means of a binary function. I remark that it 

would be very instructive, for each case of surface, to take the variable plane 

successively through the several kinds of lines on the particular surface; the equation 
of the reciprocal surface would thus be obtained under different forms, putting in 
evidence the relation to the reciprocal surface of the fixed line made use of. But 
this is an investigation which I do not enter upon: I adopt in each case Schlafli’s 
process, without explanation, and merely write down the ternary or (as the case may be) 
binary function by means of which the equation of the reciprocal surface is obtained. 

31. It is to be mentioned that there is a reciprocal process of obtaining the 
equation of the reciprocal surface; we may imagine, touching the cubic surface along 
any curve, a series of planes; that is, a torse circumscribed about the surface, and 
the equation whereof contains a variable parameter 0; the reciprocal figure is a curve, 
the equations whereof contain the parameter 0 ; the locus of this curve is the 
reciprocal surface ; that is, the equation of the reciprocal surface is obtained by 
eliminating 0 from the equations of the curve. In particular let the torse be the 
circumscribed cone having its vertex at any point of a fixed line ; the reciprocal 
figure is then a plane curve, the plane of which passes through the line which is 
the reciprocal of the fixed line; it is moreover clear that if the position of the vertex 
on the fixed line be determined by the parameter 0 linearly (for instance if the 
vertex be given as the intersection of the fixed line by a plane P — * 0Q = 0), then 
the equation of the plane of the curve wdll be of the form P' = 6Q\ containing the 
parameter 0 linearly; the other equation of the plane curve will contain 0 rationally, 
and the elimination will be at once effected by substituting in this other equation 
for 0 its value, —P" ~~ Q\ And observe moreover that if the fixed line be a line on 
the cubic surface, then the cone is a quadricone having for its reciprocal a conic ; 
the reciprocal surface is thus given as the locus of a variable conic, the plane of 
which always passes through a fixed line ; there are thus on the reciprocal surface 

C. YI. 47 
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series of such conics. It would be very instructive and interesting to carry o\it the 
investigation in detail. 


32, The equation of the reciprocal surface is found by equating to zero the 

discriminant of a ternary or a binary function (^), viz. this is a ternary cubic, or a 
binary quartic, cubic, or quadric. The equation as given in the form disct. = 0, contains 
a factor which for the adopted forms of equations is always a power or product of 
powers of w, z, known a prioH, and which is thrown out without difficulty, the 
equation being thereby reduced to the proper order. There is the singular advantage 
that the process puts in evidence the cuspidal curve of the resulting reciprocal 

surface, viz. for a ternary cubic, the form obtained is /S®— 2^=0, and for a binary 
quartic it is the equivalent form 27J^=0; but for the factor throwm out as just 
mentioned, we should have simply (5^=0, r=0), or, as the case may be, (7 = 0, J=0) 
for equations of the cuspidal curve; the existence of the factor occasions however a 
modification, viz. the intersection of the two surfaces is not an indecomposable curve, 
and the cuspidal curve is in most cases, not the complete intersection, but a partial 

intersection of the two surfaces. In several cases it thus happens that the cuspidal 


curve is obtained as a curve 


P, Q. P 
Q\ P' 


= 0, without or with further speciality. 


Similarly when the equation of the reciprocal surface is obtained by means of a 
binary cubic; if the coeflScients hereof (functions of course of the coordinates x, y, z, w) 
be A, B, C, D, then the surface is 


{AD - BGf - 4 (^0 B^) {BD - G^) = 0, 


having the cuspidal curve 
of a throvm out factor. 


A, B, C 

B, G, D 


= 0, subject however to modification in the case 


Article Nos. 33 and 34. Eoaplanatim as to the Sections of the Memoir. 

33. As regards the following Sections I to XXIII, it is to be observed that for 
the general surface 1 = 12, I do not attempt to form the equation of the reciprocal 
surface, and in some of the other cases, II = 12 — G^ &c., the equation of the reciprocal 
surface is either not obtained in a completely developed form, or it is too complicated 
to allow of its being dealt vrith, for instance so as to put in evidence the nodal 
curve of the surface. Portions of the theory given in the latter sections are con- 
sequently omitted in the earlier ones, and in particular in the Section I there is 
given only the diagram of the 27 lines and the 45 planes (with however developments 
as to notation and otherwise which have no place in the subsequent sections), and 
with the analytical expressions for the several lines and planes, although from the 

^ In some easy cases, for instance XYI =12 — 4(72, the equation of the reciprocal surface is obtained other- 
wise by a direct elimination. 

2 factor is in general a power or product of powers of the linear functions which, equated to zero, 
give the equations of the planes reciprocal to the several nodes of the surface. 
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want of the equation of the reciprocal surface these analytical expressions have no 
present application. And so in some of the next following sections, no appHcation is 
made of the analytical expressions of the lines and planes. 

34. I call to mind that it a line be given as the intersection of the two planes 
AX + BY+ GZ + DW=Q, A'X -{-B'Y+CZ + ]yw==0, 
then the six coordinates of the line are 

h c, f. g, h 

= AD' - A'D, BD' - B’D, OB' - G'D. BG' - B'G, GA' - G'A, AB' - A'B, 

and that in terms of its six coordinates the line is given as the common intersection 
of the four planes 

( . h, -g, a 7, Z, F) = 0, 

-A, . f, h 

-a, -c, . 

and that (reciprocating as usual in regard to + TT- = 0) the coordinates of 

the reciprocal line are (/, g, h, a, 6, o) ; that is, this is the common intersection of the 
four planes 

( . 0 , -&, / '^co, y, z, w)=:0. 

- 0 , . g 

by —a, . h 

'- 9 > -A, . 

It is in some cases more convenient to consider a line as determined as the inter- 
section of two planes rather than by means of its six coordinates; thus, for instance, 
to speak of the line X = 0, 7=0 rather than of the line (0, 0, 0, 1, 0, 0) ; and in 
some of the sections I have preferred not to give the expressions of the six coordinates 
of the several lines. 


Article Nos. 35 to 46. § 1 = 12, Equation (X, F, Z, Tr)® = 0. 

35. There is in the system of the 27 lines and the 45 planes a complicated 
and many-sided symmetry which precludes the existence of any unique notation: the 
notation can only be obtained by starting from some arrangement which is not unique, 
but one of a system of several like arrangements. The notation employed in my 
original paper " On the Simple Tangent Planes of Surfaces of the Third Order,” 
GamK and Dub. Math, Journ, vol, iv. 1849, pp, 118 — 132, [76], and which is shown in 
the right hand and lower margins of the diagram, starts from such an arrangement; but 

47—2 
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it is so complicated that it can hardly be considered as at all putting in evidence 
the relations of the lines and planes; that of Dr Hart (Salmon, '^On the Triple 
Tangent Planes of a Surface of the Third Order/' same volume, pp. 252 — 260), 
depending on an arrangement of the 27 lines according to a cube of 3 each way, is 
a singularly elegant one, and will be presently reproduced. 

36. But the most convenient one is SchlMi's, starting from a double-sixer; viz. 
we can (and that in 36 different ways) select out of the 27 lines two systems each 
of six lines, such that no two lines of the same system intersect, but that each line 
of the one system intersects all but the corresponding line of the other system; or, 
say, if the lines are 

1, 2, 3, 4, 5, 6 

1', 2', 3', 4', o', 6', 

then these have the thirty intersections 

1', 2', 3', 4', 5', 6' 

1 

2 

3 

4 

5 

6 

Any two lines such as 1, 2' lie in a plane which may be called 12'; similarly the 
lines 1', 2 lie in a plane which may be called 1'2 ; these two planes meet in a 

line 12; and any three lines such as 12, 34, 56 meet in pairs, lying in a plane 

12.34.56. We have thus the entire system of the 27 lines and 45 planes, as in 
effect completely explained by what has been stated, but which is. exhibited in full in 
the diagram. 

37. The diagram of the lines and planes is 






374 


A MEMOIB ON CUBIC SUBPACES. 


[412 


88. It has heen mentioned that the number of double-sixers was =36, these are 
as follows: 


1, 

2, 

3, 

4, 

^ i 

6 

Assumed primitive 

1 

1', 

2', 

3', 

4', 

5', 

6' 



1, 

1', 

23, 

24, 

25, 

26 

Like arrangements 

15 

2, 

2', 

13, 

14, 

15, 

16 



1, 

2, 

3, 

56, 

46, 

45 

Like arrangements 

20 

23, 

13, 

12, 

4, 

5 , 

6 


36 


where, if we take any column of two lines, we have the complete number 216 of 
pairs of non-intersecting lines (each line meets 10 lines, there are therefore 27 — 1 — 10, 
= 16, which it does not meet, and the number of non-intersecting pairs is thus 
4.27.16 = 216). 

39. We can out of the 45 planes select, and that in 120 ways, a trihedral-pair, 
that is, two triads of planes, such that the planes of the one triad, intersecting those 
of the other triad, give 9 of the 27 lines. Analytically if X = 0, F=0, Z=0 and 
U=0, F=0, PF=0 are the equations of the six planes, then the equation of the 
cubic sur&ce is XYZ+kUVW = 0. See as to this post, No. 44. 


The trihedral plane pairs are : 

12', 23', 31' 

1'2, 2'3, 3'1 No. is = 20 


12', 34', 14.23.56 
2'3, 4'1, 12.34.56 

14.25.36, 35.16.24, 26.34.15 
14.35.26, 25.16.34, 36.24.15 


= 90 

= 10 
120 


The construction of the last set is most easily effected by the diagram 

1 2 3 x 4 5 6 
3 1 2 5 6 4 

2 3 1 6 4 5 


14 25 36 
35 16 24 
26 34 15 

It is immaterial how the two component triads 123 and 456 are arranged, we obtain 
always the same trihedral pair. 
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40. Dr Hai't arranges the 27 lines, cubically, thus: 




c. 

Cbi 

61 

Cl 


A 

7 i 

A, 

B, 

c. 

Os 


C2 


A 

72 

A, 

B, 

G, 

Cts 

h 

Cz 

<23 

A 

78 


where letters of the same alphabet denote lines in the same plane, if only the letters 
are the same or the suffixes the same; thus ^2, As lie in a plane AiA^As; 
Ai, (7i lie in a plane A^BiCi, Letters of different alphabets denote lines which meet 
according to the Table 


^2 ^3 

hi C2 % 

Cl O2 63 

A, 

A 

A 

0-1 A 73 

A 72 “3 

yi “2 A 

C2 ds 

bg Cl 

bg Cg di 

A, 

A 

A 

A yi “2 

Ts «1 A 

Oj A 72 

bs Cl 

Cg 0.1 6g 

iCg 61 C3 


Bs 

A 

72 % 

^2 A 7i 

A 73 % 


where the letter in the centre of the square denotes a line lying in the same plane 
with the lines denoted by the letters of each vertical pak in the same square. Thus 
Ai lies in the planes A^OiCi^, Ajbf^sj AiCsy^ in the before-mentioned two planes 

A^AsAs, A^BiG^). 


41. I find that one way in which this may be identified with the double-sixer 
notation is to represent the above arrangement by 


1, 

2'. 

12 

3', 

4, 

34 

13, 

24, 

56 

14. 

25, 

36 

2, 

6', 

26 

1', 

16, 

6 

4', 

5, 

45 

23, 

46, 

15 

3 J 

35, 

5' 


and then the identification may apparently be effected in (720 x 36 =) 25920 ways, viz. 
we may first in any way permute the v, |, I, I, |, by this means not altering 
the double-sixer and then upon the arrangements so obtained make any of 

the substitutions which permute inter se the 36 double-sixers. 

42, The equations of the 45 planes are obtained in my paper last referred to, 
viz. taking the equation of the surface to be 


^(1, 1, 1, 1, + ^■*'7’ Wy + kXZ7=0, 


h ~ 


2(p- ay 


a = Imn + 


1 

Imn’ 


8 = Imn — 7 — , 
Imn 


where 
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then the equations of the planes are: 
W=0, 


IX + mY + nZ + W 


K““3 

r nj 


X Y Z ^ 

1 fi I'i 

( l^ , 

( 1^ 

n 

-7- + h — h TF 

1 m n 


\ (m ) 


1 

\ mj ' 

^ «/ 

j 


X=0, 
F=0, 
X = 0 , 


ZZ+ -+ -+TF=0, 

m n 


r +mY+ -+W=0, 

L n 

f + -+ z+w^a, 

I m 


y + mY H- nZ+ TT^ 0, 

IX + — + nZ^-W — 0, 
m 

lX + mY+ -+Tf=0, 
n 

F-0, 

P+^ 

n{p-a) + 2lm ^_ 

P + /3 

7(p-a) + — 

— (p — a) + -^ 

F+.!2^ . F=0, 

P + /3 

1/ ^ . 2 

Z+2^ 1F=0, 

p + ^ 


[ 12 ' = w] 

[23' = 91 

[Sl' = ^] 

[12. 34. 56 = a;] 
[42' =3/] 

[14' =^:] 

[21' = fl 

[32' = 7;] 

[13' =n 

[41' = f] 

[34' = g] 

[13. 24. 56 = h] 
[24' = ?] 
[14.26.36 = g] 
[43' = h] 
[12.35.46 = x] 
[52' = y] 

[15' = z] 

[12.36.45 = i] 

[62' =y] 

[16' =i] 
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- — X + -Y+nZ^ w= 0 , 

m {jp ^ a) m 

IX- . F+ -.^+1^=0, 

n{p — a) n 

1 9/ 

^X + - F F+ W^O, 

m m {p — at) 

_!L(|-“)z+I+ „z+Tr- 0 . 

2 m ?n- 

ZZ-^%^^-F+ iF+TF=0, 

271 n 

+ F=0. 

^^ . (|Z . l) xH-mF+ iF+TF=0, 

271 72- 

1 z - F+ JIF+ Tr= 0. 

IX + -Y- -%^Z+W=0, 

m 2m 

9 F 

— — — ^ + ?zF+ mZ + {mn (_p — a) — 2i (1 

2 F 

?iX —^- 37 ^ + ZF + ( 72? (p — a) — 2 m(l 
9F 

mX + ZF— ^ ^ + ( Zm (jp — a) — 2w (1 


[56' = 1] 

[45' = m] 

[64' = n] 
[15.26.34=1] 
[16. 24. 35 = m] 
[14. 25. 36 = n] 
[65'=1J 
[46' = mJ 
[54' = nJ 
[16. 25.. 34 = y 
[15. 24. 36 = El] 
[14. 26. .35= El] 
= [51' = P] 

[35'=q] 

= [1.3.25.46=r] 


+ 1 r+-F+(— (^)-a)-?(l-l- l'))_^ = 0, [26' = p] 

72 7?i \mn ^ ? V J ] p — ^ ^ 


_p — a ? 


+ 7^+Lf/(p-“)-£ 1-.T- 


= [16.23.45 = q] 


1 

772 


x+\y- 


2Z 

h 

p — OL 




[36' = ?] 


C. VI. 


48 
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-P-^X + -+ = [25' = pJ 

V. V). fyyt ' y V ^ I 'n -i- H *- ^ 


mn / _p + iS 


-V^+ f-ta(i(l -1-^)0.-.)- 1)^ = 0, [15.23.16.qJ 

-^^^X + nY+mZ-j^{l(l-in^-n^)(p-a)-2mn) =0, [61' = pi] 

,^X-P^Y+lZ-^{m{l-n^-P)(p -^)-2nl ) ^ =0, [36' = q.] 

mZ -lY-P^Z- (« m?) (p - a) - 2Vm ) ^ = 0, [13 .26.45== ?,] 

43. The coordinates of the 27 lines are then found to be as follows: 


- K'‘7)(”‘'5) 


l(*-s)(“-s) 

-b(”-5)(‘-t) 


‘-a(”-5)(‘ - 7 ) 

-iH)0-7) 


-5 (’”-s)(’‘-s) 
-h(‘-7)('’-s) 

“ l('-7)(”-s) 


0 


0 


1 
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if) 

(9) 

(h) 


0 

— n 

1 

m 

(56 = a,) 

1 

n 

0 

-1 


— m 

1 

1 

0 

(4'=c,) 

0 

-{p + 13) 

^il^+0) 

l(p-a) 

(35 = Oe) 

2 Q; + 

m {p-a) 

0 

-(P + 0) 

(25 = fie) 

-(p+^) 

2(p + /3) 
n{p-a) 

0 

(15 = Cg) 

0 

Hp+0) 

l(p-a) 

P+0 

(46 = a,) 

P + 0 

0 

^(p +0) 
m{p — a) 

{ 5 =br) 

2(p + P) 
n{p- a) 

P + 0 

1 

0 

( 5' =c,) 

0 

2l{p-P) 

p~a 

-{p-0) 

(36 = flSe) 

1 

1 

0 

2m { 2 ^ - jS) 

2} — a 

(26 = fie) 

2n(p~/3) 

p-a 

-ip-0) 

0 

(16 = Ce) 

0 

I 

P-0 

21 {p-0) 

— a 

(45 = a,) 

2m {p - fi) 
p — a 

0 

p-0 

( 6=fie) 

p-0 

2n{p-l3) 

p—OL 

0 

( 6' = Ce) 
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44. We have X = 0, F= 0, Z— 0, TT = 0 for the equations of the planes 

(12.34.56 = ^1?), (42' = 2^), (14' =5), (12' = <2^;); 

and representing by f=2X+iF+^.^+ TF = 0 the equation of any other plane (41' = f) 
the equation of the cubic surface may be presented in the several forms : 

o=cr=Trff +k^F^, 

= TTgg + kT^ZX, 

= TFhh ^kg-XF, 

= wee + k^975; 

= TTlIi + kyzx, 

= TTmihi 4- kzxy, 

= IFnhi + kxyz, 

= TFlJ -f kyzx, 

= TTmiin 4- kzxy, 

= TFniH 4 - kxyz, 

= TFppi 4-kfyz, 

= TTqqi 4-k^zx, 

= TFrri 4- kfxy, 

= TFppi 4- kfy z, 

= TTqqi + kT/zx, 

= TTfFi 4“kfxy, 

which are the 16 forms containing TT, out of the complete system of 120 trihedral- 
pair forms. 

45. The 27 lines are each of them facultative ; we have therefore 6' = p' = 27 ; 
^' = 45 ; moreover each of the lines is a double tangent of the spinode curve, and 
therefore ^'(=2p')=54. 

46. The equation of the reciprocal surface is not here investigated ; its form is 

where y, z, wy, y, w)®; wherefore 7i' = 12. 


The nodal curve is composed of the lines which are the reciprocals of the 
original 27 lines (6' = 27, t' = 45 ut suprdj). It may be remarked that the reciprocal 
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of a double-sixer is a double-sixer. Hence the 27 lines of the reciprocal surface may 
be (and that in 36 different ways) represented by 

1 , 2 , 3 , 4 , 5 , 6 
1', 2', 3', 4', 5', 6' 

12, 13, ....56, 

where 12 is now the line joining the points 12' and 1'2 ; and so for the other lines. 
The lines 12, 34, 56 meet in a point 12.34.56; the 30 points 12', 1'2 ... 56', 5'6, and 
the fifteen points 12.34.56 make up the 45 points 

The above equation, 0, shows that the cuspidal curve is a complete inter- 

section 6x4; c' = 24. 


Section II = 12 — Os- 

Article Nos. 47 to 59. Equation TT (a, h, c, f, g, h^X, Y, Zy + 27cXYZ 0. 

47. It may be remarked that the system of lines and planes is at once deduced 
from that belonging to 1 = 12, by supposing that in the double-sixer the corresponding 
lines 1 and 1', &c. severally coincide; the line 12, instead of being given as the inter- 
section of the planes 12', 1'2, is given as the third line in the plane 12, which in 
fact represents the coincident planes 12' and 1'2. 
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48 

The diagram 

is 








Lines. 





C7l 

05 05 

rt5. 03 M 
or 05 

>;4.o5cn)fk.c>3C50t)^coto 

05 Crt 

rf:- 03 

n=i2 

-c. 

SI 

SI 


crt 

X 

II 

M 

ox 

05 

X 

tSP 

II 

5 


12 




• 


• • 


13 




• 


• 


14 




• 


- 


15 




• 

• 

• 


16 




• 

• 

• 


23 




• 


* • 


24 

25 

m 

g 26 

.03 

^ 84 

15x2 = 30 



. 

• 

• 

Biradial planes, through 
each pair of rays. 

35 



• 


• 

• 


36 



• 


“ 

• 


45 



• 


• 

• 


46 


• 



• 

• 


56 


• 



‘ • 



12.34.56 


. 


> • 




12.35.46 


. 

. 

. 




12.36.45 



. . 

• 




13.24.66 


. 


. 




13.25.46 




. 




13.26.45 I 




• 




14.23.56 

14.25.36 

14.26.35 

15x1 = 15 


■ 

• 



Planes each containing 
three mere lines. 

15.23.46 


• 


• • 




15.24.36 



• 

II 
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49. Putting the equation of the surface in the form 

W(l, 1, 1, l+\, m + -, w + r, Zf +'^^XYZ=Q, 

0 7fl 'fb jp 

where for shortness 

a = mn — Z, 

^ = nl — m, 
y = lm —n, 

S = Imn — 1, 
p = Imn, 

then taking X = 0 as the equation of the plane [12], !F= 0 as that of the plane 
[34], Z=0 as • that of the plane [56], the equations of the 30 distinct planes are 
found to be 



X=0, 

[12] 


r = 0. 

[34] 


^ =0, 

[56] 


m JC + Z Y+ Z—O, 

[23] 


mT"^ X + Z Y Z = 0, 

[24] 


m X -j- Y -h Z =■ 0, 

[13] 


m-^z+z-^ r+^=o, 

[14] 


X -\-n Y+m Z = 0, 

[45] 


X + Y+m Z=0, 

[46] 


X + n Y+mr^Z—0, 

[35] 


X 4- n’~‘^ Y + Z = 0, 

[36] 


n X + Y + Z Z = 0, 

[16] 


n-^X+Y+l Z=0, 

[15] 


n X+Y+l'-^Z^O, 

[26] 


^—1 ^ _l_ ^—1 Z = 0, 

[25] 


Tr=o, 

[12.34.56] 


X + J3y W = 0, 

[12 . 36 . 45] 


Z-aS 1^=0, 

[12.35.46] 


Y + ay TF = 0, 

[16 . 25 . 34] 


Y-/38 TT-O, 

[15 . 26 . 34] 


Z +a^ W=0, 

[14 . 23 . 56] 


Z -- yS TF = 0, 

[13.24.56] 

mnX + nl 

Y+lm Z + a^yS W = 0, 

[16.23.45] 

pX + n 

Y+m Z + jSyS TF = 0, 

[13 . 26 . 45] 

nX + p 

Y+l Z + ya8 1F = 0, 

[16.24.35] 

mX + 1 

Y+p Z + a^8 Tr=0, 

[15.23.46] 

X “i” Im 

Y+ln Z-^yS TF=0, 

[15 . 24 . 36] 

ImX + 

Y + mn Z — yaS TF = 0, 

[13.25.46] 

nlX + mnY+ Z -a^S W=0, 

[14.26.35] 

IX + m 

Y+n Z-afiy W=0, 

[14.25.36] 


C. VI. 


49 
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the coordinates of the 21 distinct lines are 


0 

m 

n 


fiy 

1 

0 

n 

ya 


ya. 

1 

m 

0 



0 

m 

1 

aS 

nah 


(A) whence equations may be taken to be 

1 (1) X=0, 7+ 1^ = 0 

-1 (3) r=0, X + mX=0 

0 (5) X = 0, X+ nY= 0 

1 (2) Z=0, 7 + 1-^7 =0 

-1 (4) 7 = 0, Z^m-X=0 

0 (6) Z = 0, X+ n-iF=0 

— ^ (45) X+ wF+mX=0, X+/Sy]F=0 

% 

— (16) F+ lZ + nX = 0, 7+yal7=0 

0 (23) Z + mX+ 17=0, Z+aL^W=0 


(26) F+ l-^Z + nX=0, 7-/5SW=0 
0 (24) Z + m-^X+ 17= 0, Z-ySW=0 

~ (35) X+ n7+m-^Z=0, X~a8W=0 

(15) F+ lZ+n-^X = 0, 7-^8W=0 
0 (13) Z + mX + l-^7=0, Z-y8W=0 

~ (36) X+ n-^7 + m-^Z=0, X + fiyW=0 

^ (26) F+ l-^Z+n-^X=0, 7+ya.W=0 

0 (14) Z + m~^X+ l~^7=0, Z + afiW=0 

0 (12) X=0, 1F=0 

0 (34) F = 0, F=0 

0 (56) Z=0, W=0 
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51. The six nodal rays are not, the fifteen mere lines are, facultative. Hence 

= = 

52. Resuming the equation W (a, b, c, /, g, F, F)® + 2kXTZ = 0, the equation 

of the Hessian surface is found to be 

KW-(a, 6, c,/, g, F, Zy 

+ 2kW{(a, b, c,f, g, hJX, F, Zy{FX+ GY+ HZ)-BKXYZ} 

- Jc^ { + bX^ + - 26c YX^ - 2caZX^ - 2abX^ Y ^ , 

- 4.x YZ [(af+ gh) X + g>g + hf) F+ (ch +fg) Z]} = 0, 

where 

(A, 5, a, F, Q, H)=^{bc-f% ca-g\ ab-h\ gh-af, hf-bg,fg-ch\ 

K = ahc — af^ — hg^ — cA® + ^fgh. 

The Hessian and the cubic intersect in an indecomposable curve, which is the spinode 
curve ; that is, spinode curve is a complete intersection 3x4; o-' = 12. 

The equations of the spinode curve may be written in the simplified form 

W {a^ 6, c, /, g, h^X, F, Z)^ + 2kXYZ=0, 

--SKXYZW 

•f 8kXYZ (afX -^bgY + chZ) 

- *2 ^ctPX^ + bX^ + - 2bcYX^ - 2caZX^ - 2abXX^} = 0 ; 

and it appears hereby that the node Ga is a sixfold point on the curve, the tangents 
of the curve in fact coinciding with the six rays. 

Each of the 15 lines touches the spinode curve twice; in fact, for the line 12 
we have X = 0, TF = 0 ; and substituting in the equations of the spinode curve, we have 
(bY^ — cZ^) = 0; that is, we have the two points of contact X = 0, 17=0, Y^b^ ±Z^ c. 
Hence yS' = 30. 


Reciprocal Surface. 

53. The equation is found by equating to zero the discriminant of the ternary 
cubic function 

{X(c + Ft/ + Zz) (a, 6, c, f g, K^X, F, Zy - 2kwXYZ, 

viz. the discriminant contains the factor which is to be thrown out, thus reducing 

the order to n' = 10. 

The ternary cubic, multiplying by 3 to avoid jfractions, is 
X^ , , Z^ , 8YX , SZX , SZ^F , 3F^^ , SZX^ , SXF^ , 6XF2; 

Sax, Sby, Scz, bz + 2fy, cx^2gz, ay + 2hx, cy+2fz, az + 2gx, bx + 2hy, fx-\-gy + hz-kw. 

49—2 
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Write as before (A, B, G, F, G, H) for the inverse coefladents {A = ho &c.), and 
K = aho — af^ — hg^ — ch^ + 2fgh ; and moreover 

<D=(^, B, 0, F, G, y, z)\ 

P = Ax-{-Ey^Gz, 

Q ^ Ex By Fz, 

‘ R =^Gx + Fy-^Gz, 
t =fx-k-gy^hz, 

G = afyz 4 - hgzx + chxy, 

V = 2Kxyz — aPyz — hQzx — cRxy 
= — a Ey^z — h Fz^x — c Gixy^y 
— a Gyz^ — h Ezx^ — c 
+ (— aho — of® — hg^ — cA® + ^fgh) xyz, 

W=^{A, B, G, F, Gy E^ayZy bzxy oxy'f, 

L = k^'uf — 2ktw — 

M—kwTJ+Vy 
N = 2kahc xyzw 4- W : 

54. Then the invariants of the ternary cubic are 

S^E-12kwM, 

T = E — IShio LM — 5Akhjd^N ; 

and the required equation of the reciprocal surface is 

{(£® — 12kwM'f — (JA — ISkwLM — 54AWi\^®} = 0, 

viz. this is 

0 = L^N = — 2ktw — (2kabc xyzw 4- W) 

4- 4- (kW — 2ktw — (kw U 4- F)® 

— ISkwLME — (ArW — 2ktw — ^>) U+V) (2kabc xyzw + TF) 

— l^kwM^ — 16A?w; U + Vy 

— — 2^¥w^ {2kahc xyzw 4- TT)®, 

which, arranged in powers of kw, is as follows; viz. we have 

CoeflF. (hwf = 2a6c xyz, 

(kwy = 2abc xyz (— 6t) 4- TT 
4- U% 

(kwy = 2abo xyz (— S4> 4- 12^®) + TF (— 6^) 

4- Cr^(~404-2i7F 

— Z&aboxyzTTy 
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(lew)* = 2aZic ceyz (12i^> — 8V) + TF (— 3^> + 12^^) 

+ (- 2^> + + WV{- 4«)+ F* 

— Z^dbcosyz F— 18 TJW + I2ahc ayyztU 

-16Jr» 

{hw'f = 2ahc xyz (3^>® — 12f*$^) + W (12i<I> — 81?) 

+ UHt^ + 2 UV (- 2<E> + M’^) + F^ (- 4;!) 

— ISFTF + T^ahccoyztV + 8&tUW — 88a,})0 ooyz^U 
-4i8TPV 

— 10Sa6ca^2^TF, 

„ {kwf = 2a6o xyz (— + TF (3<I>® — 12#®*!)) 

+ + 2 i7F (4i<I>) + F=* (■— 23> + 4«‘') 

+ 36iFTF — 36a5c xyz^ F — 18$> UW 
-48£rF“ 

-27F“, 

„ (A;M;y = 2dbo xyz (— <£“) + TF (— 

+ 2 Z7F<t>® + F* (4«$) 

- 18<I>F1F 
-16F», 

„ Qowf = TF (— 4>*) 

+ F2<I>2 ; 

but I have not carried the ultimate reduction further than in Schlafli, viz. I give 
only the terms in (hwy, (Icwy, {hw'f, and {kwf. 

55. I present the result as follows; the coefficients deducible from those which 
precede, by mere cyclical permutations of the letters a, b, o and f, g, h, are indicated 

by (»)• 

0 = {kwf . 2a6c ^z 

^ 2 ? f?a? iey a?yz xjfz a^n? 

+ {kwf . 


2^2? s^a? i>? 3 ? a?'jf a?2/* a?yz asifz xys? xy^t^ ct^2? 

+ (Aw)' . 


+ Qcwf . — K \(A, B, 0, F, (?, Er$x, y, zff {cnf — 2fyz + hz^) {as? — 'igzx + b{x?) (6®“ —2hxy + ay'). 


a^hcg — 6 

a^hch— 6 

J7 JJ >9 J> 

a5V - 6 

jj 

59 

a^hcf - 32 

99 99 

a^cfh+ 2 

a'4;^ + 2 


ahcf^ + 42 



ahcfgh-\- 64 





+ 2 



ahff -24 





+ 2 



aefh? —24 








+ 8 
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56. In explanation of the discussion of the reciprocal surface, it is convenient to 
remark that we have 

Node Oa, X = 0, Y=0, Z=0, Reciprocal plane is w = 0. 

Tangent cone is Conic of contact is 

(a, b, c, f, g, KIX, 7, = (^. -B, 0, F, G, BT^m, y, zY=0, w = 0. 

Nodal rays are sections of cone by planes Lines are tangents of this conic from points 
X=0, F=0, -^“=0 respectively, viz. equa- (y=0, 2 = 0), (-3^ = 0, x = 0), (^ = 0, 2 / = 0) 
tions of the rays are respectively, viz. equations are 

X = 0, 6P + 2fYZ + cZ^ =0, w=0, oy^ — 2fyz + hz^ — 0, 

F = 0, cF® + 2gZX + aX® =0, ^d; = 0, az^ — 2gzx + = 0, 

F = 0, aX® + 2hXY -f 6F® = 0. w — 0, hx^ — 2]ixy + ay® = 0. 

57. The equation shows that the section by the plane ^^; = 0 is made up of the 

conic {A, jB, C, F, Q, y, ^)® = 0, twice, and of the six lines, tangents to this conic, 

viz. the lines 

w = 0, cy^ — 2fyz -h hz^ = 0, 
w = 0, az^ -- 2gzx -f CdC® = 0, 

'Id; = 0, ba^ — 2hxy + ay® = 0, 

each once; the lines in question (reciprocals of the nodal rays) are thus mere scrolar 
lines on the reciprocal surface. 

58. I do not attempt to put in evidence the nodal curve of the surface; by 
what precedes it is made up of 15 lines, intersecting 3 together in 15 points; and 
if we denote the six tangents of the conic just referred to by 

1, 2, 3, 4, 5, 6, 

then the fifteen lines are respectively lines passing through the intersections of each 
pair of these tangents; viz. through the intersection of the tangents 1 and 2, we have 
a line 12; and so in other cases; that is, the 15 lines are 12, 13.... 56. The lines 
12 and 34 meet; and the lines 12, 34, 56 meet in a point; we have thus the 15 
points 12.34.56, triple points of the nodal curve. 

59. As regards the cuspidal curve, the equation of the surface may be written 

(i® - 12kwM) (4i[f® + SLX) - (LM + 9kwXy 

= 3 (i®Jf® + Z^JSr - ISJcwLMN - IQkwM^ - 27A®«d;®X®) := 0, 

and we thus have 

4ilf®+ SLX =0, 

LM + 9hjuN= 0, 

X® — 12^^d;Jf=0, 

or, what is the same thing, 

L , 12Jf, - 9X =0 
hw, L , M 

(equivalent to two equations) for the equations of the cuspidal curve. Attending to 
the second and third equations, the cuspidal curve may be considered as the residual 
intersection of the quartic and quintic surfaces i®— 12 i; 2 ^ 1 f= 0 , LM+9hjijN==0, which 
partially intersect in the conic ^^ = 0, X = 0; or say it is a curve 4x5 — 2; c'=18. 
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Section III = 12 — jBs. 

Article Nos. 60 to 72. Equation 2W{X + Y + Z){IX + mY +nZ) + 2kXYZ=0. 

60. The system of lines and planes is at once deduced from that belonging to 
II = 12 — Ca, by supposing the tangent cone to reduce itself to the pair of biplanes ; 
3 of the planes (a) of II = 12 — (^2 thus coming to coincide with the one biplane, and 
three of them with the other biplane, 

61. The diagram is 

Lines. 


0309C»bObatSH><-h^l-i 


ni=i2-R3 

SI 

CO 

X 

OD 

X 




SI 

If 

CO 

iT 

OD 


123 

456 

2x6=12 


. • . 

Biplanes. 

14 



• 

• ■ 


15 



• 

• • 


16 




• • 


24 



. 

• • 


OQ 

1 

26 

9x3=27 


• 

• 

Biradial planes each con- 
taining a ray 1, 2, or 3 
of the one biplane, and 
a ray 4, 5, or 6 of the 
other biplane. 

34 


• 


• • 


36 




• 


86 


• 


• 


14 . 25 . 36 


• 

■ 



14.26.35 


• 

• 



15.26, 34 

15.24. 36 

6x1 = 6 


• • 


Planes each containing 
three mere lines. 

16.24.35 


• 

• 



16.26. 34 

17 46 

• 

• 





§ § £- 

* 

« B* 

CD 

1 § 

CT* 

^ cn 

§ - ^ 

Si; os K- 

5*0'- 

oa CD pi* 
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62. Taking X+F+-2'=0 for the biplane that contains the rays 1, 2, 3, and 
ZX + mF+?i^=0 for that which contains the rays 4, 5, 6, we may take X = 0, F—0, 
F=0 for the equations of the planes [14], [25], [36] respectively; and then writing 
for shortness 

m — n, n — I y I— m=^\ fi, Vy 

and assuming, as we may do, so that the equation of the surface is 

Tr(X+ F+^(ZZ + mF+7i^) + (m-7i) (n^Z)(Z-m)ZFZ=0, 
the equations of the IT distinct planes are 


z=o, 

[14] 

F = 0, 

[25] 

Z = 0, 

[36] 

X+ T+ Z = 0, 

[123] 

Z-2" + WiY + ThZ = 0, 

[456] 

ZZ + tiY + TiZ = 0, 

[15] 

IX + nY + nZ = 0 , 

[16] 

ZZ + 7i/iY + ^Z = 0 , 

[26] 

nX mY + nZ Oy 

[26] 

mX + mY +nZ=iO, 

[35] 

ZZ+ lY+nZ=0y 

[36] 

F=0, 

[14 . 25 . 36] 

IF + VkX = 0, 

[14 . 26 . 35] 

W + mfji.Y= 0, 

[16.25.34] 

TF 4- nvZ = 0, 

[15.24.36] 

ImX + mnY + nlZ + IF = 0, 

[16.26.34] 

7ilX + ImY 4- — TF= 0 , 

[16.24.35] 
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63. And the coordinates of the fifteen distinct lines are 


(«) 

(b) 

(«) 

(/) 

(^) 

(h) 

whence equations may be written 

0 

0 

0 

0 

-1 

1 

(1) 

X = 0, F + Z-0 

0 

0 

0 

1 

0 

- 1 

(2) 

F=0, ^ + Z = 0 

0 

0 

0 

-1 

1 

0 

(3) 

z = o, A+r=o 

0 

0 

0 

0 

— n 

m 

(4) 

X=0, mF+wX=0 

0 

0 

0 

n 

0 

-Z 

(5) 

r=o, + IX =0 

0 

0 

0 

- m 

1 

0 

(6) 

^ = 0, IX +mF=0 

1 

0 

0 

0 

0 

0 

(14) 

0 

II 

o' 

II 

0 

1 

0 

0 

0 

0 

(25) 

11 

0 

II 

0 

0 

0 

1 

0 

0 

0 

(36) 

il 

0 

II 

0 

1 

n 

n 

wV 

— nlv 

0 

(15) 

IX + ThY 71 Z =0, TF + oiv X = 0 1 

1 

m 

m 

- mV 

0 

ImfL 

(16) 

ZX + mF+m-^ = 0, Tr+mjLtF=0 | 

1 

m 

1 

0 

T-X 

1 

1 

(26) 

lX+mY+ IZ = 0, Tr+ZA.X=:0 1 

n 

m 

n 

mnv 

- 

0 

(24) 

71 X-i^ mY + 71 Z ^0, W+nv Z=0 j 

m 

m 

n 

— mnjuL 

0 

mV 

(34) 

mX + mF+ 7iZ= 0, W-h mfjiY = 0 


1 

n 

0 

nl\ 

-PX 

(35) 

ZX+ZF+9^X=0, 1F + ZXX=0 


64#. The rays are not, the mere lines are, facultative ; hence 6' = p' = 9 : = 6. 

65. The equation of the Hessian surface is 

— W (A 4- i (Z A + ?7i + 7iZ) 4- v\ Y 4" 

— h 4- m-F^ + — 2mnF^-Z'=^ — 2nlZ'^X^ — 2lmX^Y^) 

4- kXYZ {(Z® 4- 3^m 4- 3Z?2 4- mn) X + (m^ 4- 3mn 4- Zml + nl) F4- (n® 4 - 3?2^ + 3?im 4- Im) Z\=^0. 

The Hessian and cubic surfaces intersect in an indecomposable curve, \yhich is the 
spinode curve ; that is, spinode curve is a complete intersection 3x4#; o-' = 12. 

The equations may be written in the simplified form 

W{X+Y+Z) {IX + mF4- nZ) + kXYZ = 0, 

PX^ 4 - m^F" 4- n^Z^ - 2mnY^Z^ - 2nlZ^X^- - 2lmX^Y^- 

— 4eXYZ {Z {771 4" A 4“ 221 (tz- 4“ Z) F4" (Z 4- Z] ~ 0. 

We may also obtain the equation 

I{^(X+Y + Z) {IX + mY+nZ) {IX^ 4 - mF“ 4 - nZ^ - (m 4 - n) YZ - {n 4 - Z) ZZ - (Z + m) XF} 

4- X^Y^Z^ 4- pJ^Z^X^ + v^X^Y^ - 2ZF ^ {fJivX 4- vXY 4- XpuZ) = 0, 


C. VI. 


50 
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which shows that there is at an eightfold point, the tangents being given by 
(JT + (IX + ^74- TiZ) = 0, 

(\^, fjL% z/®, — fiv, — z/\, —Xfji^YZ, zx, XYy==o, 

Each of the facultative lines is a double tangent of the spinode curve ; whence = 18. 

Reciprocal Surface. 

66, The equation may be deduced from that for II=:12-(72, viz. writing 
(a, h c,f g, hJX, F, ^)2 = 2(X+ F+^)(^X + mF+7^Z), 

that is 

(a, h, Cy f Qy h) = (21, 2m, 2n, m + n, n + l, Z + m), 

we have 

(A, By Cy F, Gy H)^-(X\ v\ fiv , vX y V ); 

Writing also 

\ fji,j v^m — n, n — ly I’-m as before, 

Xx + + a, 

Imn xyz = 6y 

I (m n) yz m(n’\-l)zx-{‘n (I ’\-m)xy^ v, 
tXyz+ mfjL zx + nvxy=^ yjr, 

(m + n)x+ (n’^l)y+ (I + m)z = ty 

we have 

U=2v, F= 2cryjr, IF = — 4sy]r^, 

and then 

L = — 2htw + cr\ M =2 (Jmv 4 - X = 4 (Almnkxyzw — ; 

50 that the equation is 

0 = L^N = 4 (BW — 2hwt 4- (^kvj9 — 

4- 4- 4 (li^^ - 2kwt 4- (hwv 4- 

— iSkwLMN — 144 hw (kNf — 2kwt 4- o-^) (kwv 4- o-^) (kwd — 

— 16kw — 128 kfO) (kwv 4- a^y 

— 27kPw^ — 432 k^w^ (kwd — ; 

or reducing the first two terms so as to throw out fi^om the whole equation the 

factor kw, the equation is 

4Z^ {9L 4- (u® — ^|r^) kw 4- 2'\lr (fyjr 4- v<r)} — 18ZMX — 16 JhP — 27 kwX^ = 0 
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or, what is the same thing, it is 

(Jc^^ — 2 Jcwt {Jc^w^O + hw ( — 2 td + 1 ;^ — + 2 o‘v\(r + 

— 36 + <7^) (Jcwv + try^r) {4ikw9 — 

— 32 (Jcwv + ay^Y 

— lOSkw (^kwd — y^f^Y = 9. 

67. This is 

{kwY . 9 

+ (kwY • — &t9 + 

+ (kwY . (7® . 80 + o"\lr , 2v + yjr^ . 6t + 12^^0 — 4>tv^ — 1440i; 

+ jikwY . - 2crS/r2 + 0-2 ( 2 v^ - 10^0) + ayjr(- Stv - 1440) + ^ (- 12^^ + 36u) 

- 8t^9 + 4it^v^ + 288^U0 - 327;* ~ 17280* 

+ (kwY • <T* .29 -{- cr^y^ . 4i; + cr^ . 12^ 4- cnp . 87 

+ (12^*0 - Uv^ - 14401/) + <rylr (+ Sthj + 288<0 - 96v*) + (8^ - 72tv + 8640) 

+ (Jew) . — erS/r® + <7* (— 6t9 + V*) 4- (— 8tv — 1440) 

4- cr^yfr^ (— 8^ — 90v) 4- o-yfr ^ , — 72 4- . — 108 

4- (kwY • (^9 2v, 2t, 43[<r, 1 ^)® = 0, 

which, reducing the last term, is 
(kwY Imnxyz 

— 4<r*\/x,z/ (y — z)(z — x) (x — y) (ny — mz) (Iz — nx) (mx — ly) = 0. 

68. I verify the last term in the particular case z — 0 as follows: the coefficient 
of <7® is 

(0, 2n(l-\-m)xy, 2 (m 4- 7i) a? 4- 2 (ti 4- 0 + "^v^Y^ 

which is 

= 2n^va^y^ {(i 4- m) (Xa? + yyY 4- [(m 4- ^) a? 4- (ti + 0 y] + f^^V) + 27iz/®£c^} 

= 2n^v(xPy^ {[(I + m)X + (m + n) v]\£c^ 

4- [2 (Z 4* m) Xfju-h ('in + n) fLv + (n + 1) vX 4- 2nv\ xy 
4- [(Z 4- m) //, 4- 4- Z) v\ yi,y% 

which, substituting for /i, v their values m — n, n — I, l — m, is 
= 2n^va^y^. - 2Xfjb(x — y)(mx — ly); 
or for z = 0 the coefficient of o-® is 

= — 4 Vv n*a5*2/* (x - y) (mx - ly), 
agreeing with the general value 

— 4iXfiv (y -z)(z — x) (x - y) (ny - mz) (Iz - tix) (lx - my). 


50—2 



396 A MBMOIE ON CUBIC SURFACES. [412 

69. In the discussion of the equation it is convenient to -wiite down the relations 
of the two surfaces, thus: 

Cubic surface. Reciprocal surface. 

Bq, X = 0, F — 0, ^ = 0 Plane w = 0, 

Biplanes X -f- F + = 0 Points in w; = 0, viz. 

IX + mF +nZ—0, cs — y—z and x \ y : z=l : m : n, 

intersecting in edge. in line {m~-n)x-\‘{yi^l)y + {l-~'rii)z^0, 

that is, + yu.?/ + = 0, or <r = 0. 

Rays in first biplane, Lines in plane w = 0, and through first 

X = 0, F4-X=0; F=0, X+X = 0, point, viz. 

X=0, X4-F = 0; y — ^ = 0, -2r--i» = 0, iC“2/ = 0; 

rays in second biplane, lines through second point, viz. 

X = 0, mF + nZ = 0 ; F= 0, nZ + IX =0, nz — lx^ 0, lx — my = 0. 

X “ 0, IX + m F =0. 

70. The equation puts in evidence the section by the plane ^^; = 0, viz. this is 
the line o- = 0 ^^eciprocal of the edge) three times, and the six lines (reciprocals of 
the rays) each once. Observe that the edge is not a line on the cubic; but its 
reciprocal is a line, and that an oscular line on the reciprocal surface; the six lines 
(reciprocals of the rays) are mere scrolar lines on the reciprocal surface; they pass, 
three of them, through the point x^y==z, and the other three through the point 
X \ y \ z — I \ m \ n\ that is, they are six tangents of the point-pair (reciprocal of the 
pair of biplanes) formed by these two points. 

71. I do not attempt to put in evidence the nodal curve on the surface; by 

what precedes it consists of 9 lines, reciprocals of the mere lines. If we denote by 

1, 2, 3 and 4, 5, 6 the lines which pass through the points x — 0, y = 0,z — 0 and 

through the point x : y : z^l i m : n respectively, then these intersect in the nine 

points 14, 15, 16, 24, 25, 26, 34, 35, 36;- and through each of these there passes a 
nodal line which may be represented by the same symbol; that is, we have the nodal 
lines 14, ....36. Two lines such as 14, 25 meet; and three lines such as 14, 25, 36 
meet in a point; we have thus the six points 14.25.36 &c. triple points on the 
nodal curve ; as before, 6' = 9, = 6. 

72. The cuspidal curve is given by the equations 

\ 'kW — 2kwt-^a^, ^^(hwv-\-cry^\ {4dmnh xyzw =0. 

I hw , — ^hwt + 0 ^, 2 {hwv H- <y^) 

Writing down the two equations, 

— 2kwt + <7®/ — 24Aw {hwv + o^) = 0, 

— ^kwt -j- <T^) (Jcwv -h cn^) -j- ISw {Imnh xyzw — i^^) = 0, 

these are respectively of the orders 4 and 5 ; but they intersect in the line = 0, 
<r = 0 taken four times, or say, the cuspidal curve is a partial intersection 4.5 — 4; 
c' = 16. 
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Section IV = 12 — 2(72. 

Article Nos. 73 to 84. Equation WXZ -h + BW) + (a, b, c, d^X, F)« = 0. 
73. The diagram of the lines is 


M M ija to oa 

to c» nj 60 rfj 


CO to M 09 to 


[0] 1x2== 2 


I Plane touching along 


4x4=16 


' Planes through axis, 
I each containing a 

! ray of the one node 

I and a ray of the 
other node. 


12x2 = 24 


Biradial planes, each 
containing two rays 
of the one node or 
two rays of the other 
node. 


13.24 3x1= 3 

14.23^ 45 


Planes each contain- 
ing three mere lines. 


o a O 15 K- 2 

g'e;® gig-® 
^ SL ts gi 
a o 2 5 
o « S 

® a ™ _ so 


f r- » 

2. K> i_i 

2.0 to 
• p ri^oo 
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74. Writing X {a, b, c, d^X. Yf-yBY^ = - 7 S (fiX - Y)(f,X-Y)(f,X - Y)(f,X - Y), 
the 20 planes are 

^ r AT 


x=o. 

[ 0] 

X-f,Y=0, 

m 

X-/.F=0, 

[22'] 

X-/3F=0, 

[33'] 

X-/,F=0, 

[44'] 

S{X-(i^ + ^,)Y}-f^i,Z =0, 

[12] 

B{X-({, + i,)Y]-f,f,Z =0, 

[13] 

S{X-(fx + QF}-f,f;F =0, 

[14] 

S{X-(f3+f,)F}-f3f3F =0, 

[23] 

B{X-(£, + {,)Y}-f,{,Z =0, 

[24] 

8{X-(fa + QF}-f3f4F =0, 

[34] 

7{X-(fx + f3)F}-UF=0, 

[1'2'] 

7{X-(fi + f3)F}-fif3Tf = 0, 

[1'3'] 

7{X-(fx + f,)F}-fi^F = 0, 

[1'4'] 

7{X-(^s + f3)F}-f3fsF = 0, 

[2'3'] 

7{X-(f3 + f4)F}-f3f3F=0, 

[2'4'] 

7{X-(f3 + f4)F}-f3f3F=:0, 

[3'4'] 

~ (Jj + X + dy + yZ + SF= 0, 

[12 . 34] 

~ 7® ^££ + "^dy + yZ + S F = 0, 

[13 . 24] 

— yB + iy ) X + tZy + yZ + SF = 0, 

[14.23] 


75, And the 16 lines are 


(a) 

{by 

(«) 

(/) 

{9) 

(A) 

whence equations may be written 

0 

0 

0 

0 

0 

1 

o 

II 

o’ 

II 

s 

0 

0 

0 

-y 

d 

(5) X=0, dY+yZ +hW = Q 

0 

0 

0 


4 

-8 

(1) X = 4J^=0, 87 + 4.2-= 0 

0 

0 

0 

4^ 

4 

-8 

(2) 

0 

0 

0 

4* 

4 

-8 

(3) 

0 

0 

0 

4“ 

4 

-8 

(4) 
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(«) 

(6) 

( 0 ) 

(/) 

{ 9 ) 

(A) 





0 


0 

0 

7 

(1') 

X-fiF=0, yr+fiF=0 

f2 


-fa^ 

0 


0 

0 

7 

(2') 



fs 


-V 

0 


0 

0 

7 

(3') 

?J 


f. 


-f/ 

0 


0 

0 

7 

(4') 

5J 

>9 

8 

fafa 

8 

(M) 

1 

“7 

(M) 

_ 7 
f3f4 

f^f.' 

n i\ 
4a ■"V 

1 n i\ 

£42 £ 4 / 

(12 . 3'4')* 

8 

f -f 

s 

(rf.) 

1 

“7 

(M) 

7 

f2f4 


(r^ 

-{jXVi) 

(13.2'4') 

8 

faf. 

8 

(rr) 

1 

-7 

(14) 

7_ 

f2f3 

— I 

w 

(14) 

+ 

r- 4 '^ 

1 

(U.2'3') „ 

8 

fA 

8 

(M) 

1 

“7 

(14.) 

7 

flf4 

±i 
f f ' 

n i\ 

{A\ti fJ 

(23.1'4') „ 

8 

it 

1 

81 


1 

-7 

(14) 

_ JL 
fjfa 

— 1 
n^3 

42 V 

fj 

(24.1'3') „ 

8 

81 

(rD 

1 

-y 

(M) ! 

7 

fxf2 

±( 

I 1 I 2 

n i\ 

43 ^ £ 4 / 

1 /I 1\ 
4l4U'^f2/ 

(34. r2') „ 


^equations are 

8 {X - (f, + 4) Y} - {J,z =0, y{X- (fa + £.) Y} - faf, W= 0, 

[and similarly for each of the remaining five lines]. 


76. To verify the equations of the line 12 . 3'4', observe that the two equations give 


7S 


ZW= {X ~ (f,+ f,) 7X - (f3 + f^) Y\ : 


the equation of the surface, multiplying by X and observing that — 7S — afif2f3f4, 
becomes 

X^ZW+XY^ (yZ+ SF) + 7Sr‘ - (X- fjF) (Z - faT) (X - faF) (X - £ 47 ) = 0 ; 

and substituting the values just obtained, this is 

X^ [X - (fi + fa) F] [X - (fa + fa) F] + XF=> [X (f^fa + faQ - F (f^faf, + fa^f. + fxfsf. + f.f»f.)] 

+ fafafa^aFa - (X - faF) (X- f,Y) (X - f, F) (X - f,Y) = 0. 


which is in fact an identity. 

TT. The facultative lines are the transversal and the six mere lines ; h' = p' = *I ] 
t' = 3. 
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78. The equation of the Hessian surface is found to be 

(7Z+ SW) XZW+ P (yZ- STr)2 + 3 (cX + d7) XZW + I278XP (aX + bY) 

- (7Z + S W) (3aZ» + 9bX^ 7 + 6cX7^) 

- 9X2 _ 2,2) + (ad - be) XY+ (bd - c^) 7^} = 0. 

79. Combining with the foregoing the equation of the surface 

XZW^7^(yZ+BW)-h(a, k c, dJX, 7y = 0, 

it appears that these have along the line X = 0, F= 0 the common tangent plane 
X = 0, or, what is the same thing, that they meet in the line X = 0, F= 0 (the axis) 
twice, and in a residual curve of the tenth order, which is the spinode curve ; the 
equations may be presented in the somewhat more simple form 

XZW+Y^(yZ+BW) + (a, 6, c, d][X, F)®=0, 

-47872^^-4(7^+ STT) (a, 6, c, d'S^X, 7y^l2yBX7^(aX + b7) 

+ X" (- 12ac + 962) _ 3^ (4^aX^Y+ 6bX^7^ + 4<cX7^ + d7^) = 0, 

which, however, still contain the line X = 0, 7=0 twice. The spinode curve, as just 
mentioned, is of the tenth order; that is, we have o-'=10. 

Each of the 6 mere lines is a double tangent to the spinode curve, but the 
transversal is only a single tangent: to show this, observe that the equations of the 
transversal are X = 0, 7X+817 + d7=0; substituting in the equations of the curve 
the first equation, that of the cubic surface is of course satisfied identically; for the 
second equation, writing X=0, this becomes 7^ {— 4iySZW — 4id7 (yZ + BW) — 3d^7^} 0 ; 

or writing herein d7= — (yZ+BW\ it becomes 72 (7X— 817)2= 0. The value 72 = 0 
gives X = 0, 7=0, 7X+ 817=0, viz. this is a point on the axis X = 0, 7=0 not 
belonging to the spinode curve; the value (yZ—SWy = 0 gives a point of contact 
X = 0, yZ + 8T7+ d7 = 0, yZ — 8 17 = 0 ; and the transversal is thus a single tangent. 
Hence the number of contacts is 2.6 + 1, =13; that is, we have ^'=13. 


Reciprocal Surface. 

80. The equation is found by equating to zero the discriminant of the binary 
quartic 

{xX^ + yX7-(Bz-^yw)7^]^^Zw{X(a, 6, c, d\X, Y^-^yBY^ 

or say this is (*][X, 7)^ where the coeflScients are 

+ 24iazw, 

Sivy + ISbzw, 

jr2 — 2 (Sz + yw) 00 + 12c-s^^^, 

— 3 ( 8 ^ + yw) y + &dzw, 

6 (Bz — yw)\ 
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81. Torming the invariants, these are 

= A® + 24 TJzw + 144/^^^2, 

— e/ == + 36A TJzw + 216 + 864z/^^, 

where 

A = 2/^ + 4 {hz + 7^t;) x, 

U — 278^ + 2a (Sz — yw)^ + Sby (Sz + yw) + c — 2 (Sz + yw)x]— dxy, 

F= (— 8ac + 96^) {hz — 71^)2 

+ (2c^ — 6cZ) [2/^—2 (8^ 4- yw) x] 

4- (— 4ac? 4- 66c) 2/ (Sz 4- yw) 

— 2cd xy 
4 - 

4“ 478 (^ca^ — Zhxy 4- ^2/0, 
fjb=^c^ — bd, 

V = ad^ — 26ccZ 4- 2c^, 
and the equation is 

4g^^g {(A^ 4 - 24 Uzw 4- 144/Lt^^^)® — (A® + S6A TJzw + 216 Vz^^ + 864z/^2^^)^} = 0 ; 
or, expanding, this is 

AV“ A3F+ A2?72 

+ 4<zw( - AV + 12A2tr/^- 9Ai7F+ 8?7®) 

+ ZQz^H 4AV-4ADz/ +16!7V-3F2) 

+ 864-srW( 4iUy?— Vv) 

+ 1728 ^^ ( 4^fj? - = 0 , 

where observe that the value of 

4 /a® — 1/2, =4 (6cZ — c^y — (ad2 — 'Sbcd + 2c®)2 is = — d^ (a^d^ + 4ac® + 46®d — Sb^<f — Qabcd), 

82. It is convenient to modify the form of the equation as follows; write 

JJ^:=i JJ+ SaySzw, Fi = F+ (— 8ac + 962) 

so that 

A = 2/^ + 4 (8^ + yw) X, 

27i = — 2 yha^ + 2a (8^ + 7^)® + 862^ (8-3^ + yw) + c [2/® — 2 (hz + yw) x^ — dxy, 

Fi = (- 8ac + 962) (g^ 

+ (2c2 — bd) [y2 — 2 (8^ + yw) qd\ 

+ (— 4ac? + 66c) y (Sz + 7-2^) 

— 2cdxy 
+ dW 

+ 478 (2cic® — 36^72^ + ay^)j 
fM= c^ — bd, 
p s= ad^ — 2bcd + 2c®, 


C. VI. 


51 
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A, Z7i, Fi being, it will be observed, functions of x, y, Zz-{-yw, The transformed 
equation is 

A® (AV — AFi + U-^) + Hzw = 0, 

where the term fl may be calculated without difficulty: the first term of this is 
= {j/2 + 4 (Sz + yw) xY . 47^8® [x + % — fi® + 7^)] . . [a? + ftS/ — f/ (Sz + 7-^)], 

the developed expressions of J (A^/a — AFi -1- !7i^) and of 7^8^ into the product of the 
linear factors being in fact each 

= . 7^8^ + a^y , dyS + x^y^ . — 8078 4* xy^ . SbyS + 2/^ . — 0^78 

+ \jx? (— cJ^ — 6078) + (^y (3c<i 4* 9678) 4- (— 36d — 4a78) -I- y ^ . ad] (Sz + yw) 

+ (9c® — 6bd — 2ay) 4- xy (Sad — 96c) + y ^ . Zac] (Sz 4- 7^;)® 

4 [x (6ae — 96®) 4- y . 3a6] (Zz -f ywy 
4“ a®8^.(S^ + 7^)^ 

The form puts in evidence the section by the plane -m; = 0, which is the reciprocal of 
the node D, viz. this is a conic (the reciprocal of the tangent cone) twice, and four 
lines, the reciprocals of the nodal rays, each once. And similarly for the section by 
the plane z — 

83. The nodal curve is made up of the lines which are the reciprocals of the 

six mere lines and the transversal; viz. we have three pairs of lines and a seventh 
line, the lines of each pair intersecting at a point of the seventh line, and these 
three points being the triple points of the nodal curve ; = 3 as before. 

84. The equations of the cuspidal curve are at once reduced to the form 

A® 4* 24 Uzw 4“ \4^^y>z^w^ = 0, 

ACT 4- (18F — 12/^A ) zvj + 72i;0W — 0, 

which are two quartic surfaces having in common the conics ^ = 0, A = 0, and 
A = 0; or we may say that the cuspidal curve is a curve 4.4— 2 — 2; that is c' = 12. 



Planes. 


'J A. MEMOIR ON CUBIC SURFACES. 

Section V = 12 — 

Article Nos. 85 to 94. Equation WXZ -\-(X + Z)(T^ ^ aX- — bZ-) = 0. 
85. The diagram of the lines and planes is 


Y=12-.R. 


1^2^ 2 X 12 — 2^ 


Biplanes containing 
rays 1, 2 and T, 2^ 
respectively. 


lx 3= 3 


Plane touching along 
edge and contain- 
ing the transversaL 


V 4x 4 = 16 


Biradial planes each 
containing a ray 
of the one and a 
ray of the other 
biplane. 


11'. 22' 2x 1= 2 
12' . 21' 9 45 


Planes each through 
the transversal. 


86. The planes are 


X = 0, [ 12 ] 

Z=0, [1'2'] 

X+Z=0, [ 0 ] 

-XV^+T-ZVb = 0, [ 11 '] 

XVa+F-^V& = 0, [12'] 

-X‘/a+Y+Z^/b = 0, [ 21 '] 

X + F+ X V6 = 0, [22'] 

V^(X + F)+W=0, [IF. 22'] 

-2\^(X + Z)+W=0, [12'. 21']. 


51 — 2 
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87. And the lines are 


a 

s 

c 

f 

9 

h 

equations may be written 

0 

0 

0 

0 

1 

0 

(3) 

o 

II 

o' 

1! 

1 

0 

1 

0 

0 

0 

(4) 

j:+^=o, w=o 

0 

0 

0 

0 

>jh 

1 

(1) 

O 

II 

> 

1 

O*' 

II 

0 

0 

0 

0 

> 

1 

1 

(2) 

X=0, Y + Z^b = 0 

0 

0 

0 

1 

^Ja 

0 

(1') 

Z = 0, -XVa+r=0 

0 

0 

0 

1 

— *Ja 

0 

(2') 

Z=0, XVa+r =0 

1 

1 

\lah 

Va 

2 

2( •Ja-'/b) 

- 2 

(11') 

but for the other lines the 
coordinate expressions are 

1 

1 

1 


2(_ 



the more convenient. 

” Vs 

^ab 

Va 

2 

-2 

(12') 


Vs 

__L 

1 

Va 

2 

2( + 

- 2 

(21') 


1 

Vs 

1 

\/ab 

1 

\la 

2 

2 (— s/a + \lh) 

-2 

(22') 



88. The four mere lines and the transversal are each facultative ; the edge is 
also faGwltative, comting twice; p' = &' = 7, 

That the edge is as stated a facultative line counting twice, I discovered, and 
accept, d posteriori, from the circumstance that on the reciprocal surface the reciprocal 
of the edge is (as will be shown) a tacnodal line, that is, a double line with 
coincident tangent planes, counting twice as a nodal line. Reverting to the cubic 
surface, I notice that the section by an arbitrary plane through the edge consists of 
the edge and of a conic touching the edge at the biplanar point; by what precedes 
it appears that the arbitrary plane is to be considered, and that twice, as a node- 
couple plane of the surface: I do not attempt to further explain this. 

89. Hessian surface. The equation is 

{X -h 2?) X.ZW + (AT — ZyY^ + (A + Z) (Set, — ct, — 6, Zy = 0. 

Combining with the equation 

XZW+{X + Z)(Y^- aX^ - bZ) = 0, 
and observing that from the two equations we deduce 
- XZY^ +(X + Z) (aX^ -h hZ^) = 0, 

it appears that the complete intersection of the Hessian and the surface is made up 
of the line Z = 0, (the edge) twice (that is, the two surfaces touch along the 

edge), and of a curve of the tenth order, which is the spinode curve ; c' = 10. 




412] 


A MEMOIR OM CUBIC SURFACES. 


405 


The equations of the spinode curve may he presented in the form 


XZ, 

aX^- + hZ^- 

aX^ + bZ‘ 

x+z. 

w , 



it is a curve 3.4 — 2, the partial intersection of a quartie and a cubic surfece which 
touch along a line. 


The binode is on the spinode curve a singular point; through it we have two 
branches represented in the vicinity thereof' by the equations 



fTy ^ 

Vw’ w~ 



^\w)' w 



respectively. 


90. The edge counted once is regarded as a double tangent of the spinode 
curve (I do not understand this, there is apparently a higher tangency); each of the 
four mere lines is a double tangent ; the transversal is a single tangent ; hence 
/3' = 2.2 + 2.4 + l, =13. 


Reciprocal Surface, 

91. The equation is found by equating to zero the discriminant of the binary 
quartie 

4^ (^Xcc^ Zz) XZ (X + ^) + 4^10^ (aX^ + bZ^) (X + Z)^ 

viz. multiplying by 6 to avoid fractions, and calling the function Z)\ the coeffi- 

cients are 

24<aw% 

6w (os + 2a^v), 

■f +4i (os + z)w + 4s (a +b) up, 

(z + 26w), 

24sbvP ; 

and then writing 

L + 4s(x + z)uj + 4s(a-\-h)uP, 

If = 4 {xz + 2 (bx 4- az) w], 

N = 16a6y^ — heP — asf, 

we find 

— = X® — \SuPLM-- h4suPN, 

and then the equation is 

{(i« - \2vfiMf - - ISw^LM - = 0, 

viz. it is 

DN + - ISv^LMN - = 0 . 



406 


A MEMOIK ON CUBIC SUBEACES. 


[412 


92. This, completely developed, is 

64^® . a6 (a + hf {(a + &) — (i*? — zf] 

+ 32w/*.2a& J 3(a + 6)[(a— ^h)x-\~{—%a + h)z\y^ I 
\+ (x — [(— 3a + 5b) x+ {5a — 3&) z]] 

+ 16?^ [ Zah {a^ — Tab + 

+[6(9a2+26a&-62)^-26a6(a+&)iC2r + a(-a2+26a6 + 960-s^']2/' ^ 

+ - zy [6 (- 12a + 6) + 22 (ibxz + a (a - 1 26) > 

+ Sti;® ^ 3a6[(2a--6)iJ? + (-" 26).s^] 

4- [6 (— 2a + 56) 5?® + 6 (3a — 26) + a (— 2a + 36) xz^ + a (5a — 26) z^] - 
, + 2 (a — 2r)^ [— ^ba^ + bx^z 4- axz^ — 2ay®] > 

4- { Sab (a ■{'b)y^ ^ 

4“ [6 (9a — 26) x^ 4- Sabxz 4* a (— 2a 4- 96) z^] y^ 

4- 2 [— 5 b(x/^ -{-ba^z (a + b) af^z^ axz^— 6 x 2 ^] y^ 

,4- 4icV (x — zy 

4- 2^y [ 2a6(a4-^)j^ 

^ — [36a® 4- 2ba^z 4- 2aa^ 4- 3a.8;®] 'jf' ^ 

, 4- {X’\‘Z)'f , 

4 - t ■“ = 0 , 

where we see that the section by the plane w — 0 (reciprocal of £ 4 ) is made up of 
the line y —0 (reciprocal of the edge) four times, and of the lines w== 0 , 

ay^ — i)f = 0 ; w = 0 , by^-‘Z^ = 0 (reciprocals of the rays) each once. 

93. The surface contains the line y = 0 , w =0 (reciprocal of the edge); and if we 
attend only to the terms of the lowest order in y, w, viz. 

a^z^ \\Q{x’- zyvP-\-S{x-{‘z)yHv-\-'ty], 

which terms equated to zero give 

= — i— - 7 = -=r y\ 

we see that the line in question (y = 0, = 0) is a tacnodal line on the surface, the 
tacnodal plane being w = 0, a fixed 'plane f(yr all points of the line: it has already 
been seen that this plane meets the surface in the line taken 4 times; every other 
plane through the line meets the surface in the line taken twice. We have in what 
precedes the d posteriori proof that in the cubic surface the edge is a facultative line 
to be counted twice. 

94. Cuspidal curve. The equation of the surface may be written 

{D - 12^^;^i0 (4Jf^ 4 - SLN) - (LM 4 - ^v^JSfy = 0, 
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and we thus have 4iM^ + SLiV* = 0, 

LM+ vf^N 
D-12w‘^M=0, 

or, what is the same thing, 

I z, im, -m =0 

1 Z, if 

for the equation of the cuspidal curve. Attending to the second and third equations, 
these are quartics having in common Z=0, that is, the line y = 0, four 

times ; or the cuspidal curve is a partial intersection 4x4 — 4: c"=*12. 


Section VI = 12 — Zg — 6\. 

Article Nos. 95 to 102. Equation WXZ -^r (a, b, c, dJX, Yy^O. 
95. The diagram of the lines and planes is 
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96. Writing (a, b, o, dJX, Ty = —d(d^ — Y){daX—Y)(0iX—7), the planes are 

X = 0, [0] 

Z =0, [00] 

0,X-Y=^O, [ 22 '] 

^3X-F = 0, [33'] 

0^ - Y= 0, [44'] 

d(0,X-Y)-Z=O, [12] 

d(0,X-Y)-Z=O, [13] 

di0,X-Y)-Z = O, [14] 

X0A -Yi0, + 0,)-W=^ 0, [2'3'] 

X0A -Y(0^ + 0,)-W=^O, [2'4'] 

X0A - T (d, + 04) - W = 0, [3'4'] 

97. And the lines are 


a 

h 

c 

/ 

9 

h 

equations may be written 

0 

0 

0 

0 

0 

1 

0 

II 

0 

1 ! 

H 

0 

0 

0 

0 

-1 

d 

( 1 ) x= 0 , c?r+.^=o 

0 . 

0 

0 

1 

0 a 

0 

( 2 ) 0 ,x-r=o, x=o 

0 

0 

0 

1 

^3 

0 

(3) 6^-T=Q,Z=Q 

0 

0 

0 

1 

04 

0 

(4) ■ e,x-T=o, z-^0 

0 a 

-1 

0 

0 

0 

0i 

( 2 ') OiX - F = 0 , e^x+w=o 

0a 

-1 

0 

0 

0 

0i 

(3') 0aX-Y=Q,eiX+W=Q 

04 

-1 

0 

0 

0 

ey 

(4') 04 X- F=0, 0/X+ r=o 

-de. 

d 

1 

-(^ 8 +^ 4 ) 

i 

(0304-0303-0204) 

^12. 3'4'^ 

' but for the remaining lines 

j - dOa 

d 

1 

— (^2 + ^ 4 ) 

— ^2^4 

d (^ 2^4 “ ^ 3^2 “ ^ 3 ^ 4 ) 

(13 4 2'4') fcbe coordinate expressions 

1 - dOa 

d 

1 

1 1 

1 — (^2 + 

-^2^3 

1 

1 

yf niore convenient. 


The mere lines are each of them facultative ; &' = p' = 3 ; f = 0. 


98. Hessian surface. The equation is 

{Z+B{oX+dY)]{XZW+Y^Z+(a, b, c, d^X, F)*} 

-4F(a, h, c, d-^X, Yy 
-3(4ac-36S ad, bd, cd, d^J^X, F)" = 0; 

and it is thence easy to see that the complete intersection is made up of the line 
X = 0, F= 0 (the axis) three times, and of a curve of the ninth order, which is the 
spinode curve; <r'=9. 
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99. The equations of the spinode curve may be written in the simplified form 

XZW+Y^^Z+(a, 6, c, Ty = 0, 

4Z(a, b, c, d^X, Y)^-hS(4ao-3b% ad, bd, cd, d^'^X, Yy=0, 

the line X = 0, F=0 here appearing as a triple line on the second surface; the 
curve is a partial intersection, 3x4 — 3. 

The node O 2 is a triple point on the curve, the tangents being the nodal rays. 

The node Bs is a quintuple point, one tangent being X = 0, 2dY-\'4Z=0, and the 
other tangents being given by Z—0, {4ac-3b-, ad, bd, cd, d^'^X, 7)^ = 0, 

Each of the facultative lines is a double tangent to the curve, or we have = 6. 

Reciprocal Surface. 

100. Comparing the equation of fche cubic surface with that for IV = 12 — 2(70, 
it appears that the equation of VI = 12 — J?g — Ca is obtained by substituting in that 
equation the values 3 = 0, 7 = 1 . But instead of making this substitution in the final 
formula, it is convenient to make it in the binary quartic {*^X, Yy, thus in fact 
working out the reciprocal surface by means of the function 

{xX^ ^yXY-w Y^y + 4zwX (a, b, 0 , F)^ 

the coefficients whereof (multiplying by 6 to avoid fractions) are 

+ 24azw, 

Zxy + 186-8:^, 
y^ — "loiyw + 12c0W, 

— 3yv) + ^dzw, 

QiW-. 

We find 

- 12^^1f, 

— — ISzwLM - b^z^uPN, 

where 

L =y^- + Q{x-\-3cz)w, 

M = 2dxy + 6 (2cx ’-by ^dz) w — ^auf^, 

X = — 4d^c(^ — 3d (3bx — 2ay + 2adz} w — 12 — 4nc) 

The equation is 

— — \(L^— 12zwMy — (i® — ISzwLM — 54iz^uPXy} = 0, 

viz. it is 

L^{LN 4- M^) - 18-^^iJkrX - IQzwM^ - 2nzhif-X^- = 0, 
where however LX + ikP contains the factor w, = u)P suppose ; the equation thus is 
Z^P - 18^ZJlfX- 16-^ilf® - 27^%;X- = 0.- 

Write 

= \2cz, 

B ^3cx — Zby + Sbdz — 2aw, 

C = 3bdx — 4iady 4- 4ad% + 3 (36® — 4ac) w, 


C. VI. 
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and therefore 

L= ^^4- Aw, 

M = 2da)y + 2J5w, 

jSfs=^ — ^Giu, 

then we have 

P = ^ {- ( 2/2 + Aw) {4d}oi^ 4 Ww) 4 (2dxy 4 ^BwJ] 

= — 4 — 2Bdxy 4 Ad^x^ + w{AG— P 2 )|^ 

or the equation is 

4J? {Gy ^ - 2Bdxy 4 Ad^a^ ^ w {AG &)] 4 ISzLMN 4 1 &zM^ 4 2lz^N‘^ = 0. 

101. Consider the section by the plane ^^; = 0, we have L=y\ M — 2dxy, j!f'=^--4d^x^, 
and the equation becomes 4y^ (Gy^ — 2Bdxy + Ad^oc^) -h (12>S 14<4i =) — IQd^x^y^z = 0 ] which 
substituting for A, B, G the values 

A—4x + 12cz, 

B = Qcx — Sby 4 &hdz, 

G = &}dx — 4ady 4 4ad^z, 

becomes lQdy^{y-‘dz){do(^’-^cc(^y •\-^cxy^ — ay^) = 0\ which is in fact the line w — 0, y = 0 
(reciprocal of the edge) three times, and the lines -w; = 0, (y — dz) (d, — c, 6, — d^x, yY = 0 
(reciprocals of the biplanar rays) each once. Observe that the edge (X = 0, Z=^0) is 
not a line of the cubic surface, but the reciprocal line 2 / = 0, w-0 presents itself as 
an oscular line of the reciprocal surface. 

102. The equations of the cuspidal curve ai'e in the first instance obtained in the 

form 

L, M, 3i\r =0. 

12zw, L, —4M 

Consider the two equations 

D -12zwM^0, 

Pilf4 9zwN = 0, 

each of the fourth order, but which are satisfied by zw = 0 , i = 0 ; that is, by 
(w = 0, 2/2 = 0), (z = 0, y^ + 4xw = 0). The line {w = 0, y = 0) however presents itself in 
the intersection of the two surfaces, not twice only, but 4 times. To show this, 
observe that the line in question is a nodal line on the surface L^‘-12zwM—0\ in 
fact, attending only to the terms of the second order in y, w, we find 


{{4x 4 12c0)2 — 14i4!cxz — 1446d-s;2} w^ — 24dxzyw = 0, 
giving the two sheets 

[{^x 4 \2czy — 14i4icxz — 1446 d^? 2 j ^ _ 24idxzy = 0 and w—0\ 


in regard to the last-mentioned sheet the form in the vicinity thereof is given by 
w==Ay% viz. we have approximately L=y\ M = 2dxy, and thence jY — 12z . Ay^ .2dxy^0, 



the line is thus a flecnodal line on the surface 
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--l^zwM =^0. Next as regards the surface LM \ the line 2 ^= 0 , = 0 is 

a simple line on the surface, the terms of the lowest order being dzw (— = 0 ; 

that is, we have w=^Qy and for a next approximation w = Ay^, viz. L = y\ ilf = — ^dxy, 

N = — 4id^aP, and therefore — 2docy^ + 9z . Ay ^ (— 4id-aP) = 0, that is, A = — , or 

w = — v^: there is thus a threefold intersection with one sheet and a simple 
ISdxz^ ’ 

intersection with the other sheet of the surface L^--12zwM^0. The surfaces intersect, 
as has been mentioned in the conic 5=0, y^ + 4ixw = 0 ; or we have the line y = 0, 
w = 0 four times, the conic once, and a residual cuspidal curve of the order 
4 . 4 — 4 — 2, = 10 ; that is, c' = 10. 


Section VII = 12 — 

Article Nos. 103 to 116. Equation F^.Z'4- --.^= 0. 

103. The diagram of lines and planes0 is 


Lines. 

InJb 

CD l>5 CD ISO H* O 


VII=12-R5. 

oai w 

X 

(1 

SI to 

2x 6=10 

lx 5= 6 

1x10=10 


01 

00 

12' 

OQ 

<D 

§ 

s 

13' 

1x15=15 




• 

Torsal biplane. 

1x20=20 




• 

Ordinary biplane. 

2x 5 = 10 

4 45 


• 

• 


Planes each containing 
a mere line. 



Mere lines. 

Ray of ordinal^ 
biplane. 

Ray of torsal bi- 
plane. 

Edge. 



1 The marginal symbols in the preceding diagrams constitute a real notation of the lines and planes ; 
but here, and still more so in some of the following diagrams, they are mere marks of reference, showing 
which are the lines and planes to which the several eQ.u.ations respectively belong. 
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The planes ai’e 


The lines i 

9je 


Z =0, 

[10] 

X = 0, 

z=o, 

(0) 

X = 0, 

[00] 

7 = 0, 

^=0, 

(1) 

7 + Z=0, 

[12'] 

X = 0, 

7+^ = 0, 

(20 

7-Z = 0, 

[13'] 

X=0, 

o' 

11 

1 

(30 



x-w=o, 

7 + 7=0, 

(120 



x+w=o. 

1 

II 

P 

(13'). 


105. The two mere lines are facultative, and the edge is also facultative ; p' = 6' = 3 ; 


106. Hessian surface. The equation is 

ZiWXZ^ + + = 


The complete intersection with the surface is thus given by the equations 

which is made up of the line X = 0, Z=0 (the edge) four times and a curve of the 
eighth order. To see this, observe that the last-mentioned surfaces have in common 
the line X == 0, Z = 0, which is on the first surface a torsal line (equation in vicinity 

being ^ = — and on the second surface a triple line (equations in vicinity being 

Z~-^Z^ and Z^=s^-Z'®). But Z= — -pZ^ ^=-^Z^ and the line counts thus 

(2 + 2 =) 4 times. 

107. I say that the complete intersection is the line (Z = 0, ^^=0) three times 

together with a spinode curve made up of this same line once and of the curve of 

the eighth order ; and that thus a*' = 9. 

The discussion of the reciprocal surface in fact shows that the reciprocal of the 
edge is a singular line thereof, counting once as a nodal and twice as a cuspidal line 
thereof; the cuspidal tangent planes are the reciprocals of the several points of the 
edge, and the edge is thus part of the spinode curve. The reasoning may appear to 
show that the edge should be counted twice, but it must be counted once only, 
making the order as mentioned. 

108. I find that the octic component of the spinode curve is a iinicursal curve, 
the equations of which may be written 

Z : Y Z \ F=16(92 ; 4^ + 16(9® : 160^ : - 5 - 16(9s; 

the values of 0 at the binode are ^ = 0, ^ = oo , and we thus obtain in the neigh- 

bourhood thereof the two branches 



[wj ’ w' \w) 
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109. Each of the lines (X — TT = 0, F-h^=0) and (X-f-Tr = 0, F— .2' = 0) is a 
double tangent of the spinode octic; in fact for the first of these lines we have 


that is, 


166/« + 80^ + + 5 = 0, 160^ + 160^ + 4^ = 0, 

(2/9^ + 1 )2 (4^^ - 4(93 + 5) = 0, 40 (20'^ + l)^ = 0, 


so that the line touches at the two points given by 2^+l = 0; and similarly the 
other line touches at the two points given by 20^ —1 = 0. 

The edge X = 0, X = 0 has apparently a higher contact with the spinode octic, 
viz. the equations X = 0, X=0 are satisfied by 0 = 0 twice, 0=oo five times; but it 
must be reckoned only as a double tangent. Hence ^' = 2.2 + 2, =6. 


Reciprocal Surface. 

110. The equation is obtained by equating to zero the discriminant of the binary 
X3 {yZ— wXJ' + 4wZ^ (wZ^ + zZX + sgX% 
viz. calling this (*5X, X)^, the coefficients (multiplying by 6) are 

— 8yWy y^ + 4xw^ Qzw, 24vj^) ; 

i 4X10, 

ilf = — 2yz — 4w^, 

X= — 4^3_j. 


quartic 


and then writing 


we have 


J/ = Z3-12«o3ilf, 

— — \8w^LM — b4w^N, 


and the equation is, as in former cases, 

D (XX+ - l8>uf^LMN - - 2WN'^ = 0 ; 
but LN 4 - and therefore the whole equation divides by w, and we thus obtain 
16X3 ^ ^ (^y2! + 4^) -I- — l^wLMN — l^wM^ — 27w^N^ = 0 ; 

or, completely developed, this is 
vf . 64 

+ ^ . 32 ( 3yz — 4a?3) 

+ ^^;^.16^( 5y^ + 9^) 

+ '2^. ( i/* + 30^3^3 + 160^^i6’3 — 27z* + 64^) 

4- . 4x (lly^JS! + 12y^af — 9yjs^ — 4z^x^) 

4- w . 2/3 ( y^z + 12yW — yis^ — Sz'^a^) 

+ 2/3-ir3) = 0. 
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111. To transform the equation so as to put in evidence the nodal curve, 
I collect the terms according to their degrees in (y, z) and (so, w); viz. the equation 
thus becomes 

64iso^tu^ — 128^%;® + 

+ z^( — ISa^w- + 144w^) 

+ 2!y ( IQOaPw^ 4- 
+ ( 4!Sa^w^ + SO^w^) 

+ ^ — 27 

4 - ^ 2 / , — 36 ^- 

4- . — Soc^ 4- 

4- . 4i4}Sow^ 

4“ 2/^ .12s(^W’hw^ 

+ . — w 

+ . — X 

zy^ .w 

+ y^ .X = 0 ; 

and if for a moment we write z=^a + y, y = and collect, ultimately replacing 

a, 7 by their values i(^4"y), \(2-y)y the equation can be expressed in the form 

(x^ — 

4“ (z 4“ 2/ )®(a? ’\-wy(x+ Zw) 

4- (z --yf {so —wy(x'- Sw) 

— S2w^ (z^ — y^') X 

4- ^ (z ^-yy(x 

— w (z ’\‘yy(z--y)(x^w){^x-^7w) 

4 - ^ (z^- yj ( 11 ^ - 27 ^ 2 ) 

— w (z -\-y) {z-^yY (x — w) (Sx — 7w) 

4- Iw (z —yy(x — w'f 

— 2/3 (^2 _ y2) (zw^xy)^(^, 

and observing that we have 

zv) xy ^ z (x w)’^ x(z y^ 

— z{x + w)-x(z-y), 

we see that every term of the equation is at least of the second order in Z’^y and 
x — w conjointly; and also at least of the second order in z — y and x-Vw conjointly; 
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that is, ths surfacs has the nodal lines ( 2 ^ + 2 / == 0, co — 'ly = 0) and — y = 0, og + w= 0), 
which are the reciprocals of the lines 12^ and 13^ respectively. The nodal curve is 
made up of these two lines and of the line ^ = 0, w = 0 (reciprocal of edge), as will 
presently appear; so that we have b'=3. 

112. The equations of the cuspidal curve are 

LM + = 0, 

3LN =0. 

Attending to the two equations 

— l^wi^M = ^ + Sy^xw + IQxFw^ + 2^yzm^ + = 0 , 

LM + = y^z -f 4- 4ixyzw + (8 — 72 =) — + l^z^'iif^ = 0, 

these surfaces are each of the order 4, and the order of their intersection is =16. 
But the two surfaces contain in common the line (y = 0, = 0) 7 times ; in fact on 

the first surface this is a cusp-nodal line 4iimio + + Ay^ = 0 ; and on the second 
surface it is a nodal line w {^xy + IBzw) = 0 ; the sheet w — 0 is more accurately 
4i0(m} 4 - 2 /® -f By^ . . . = 0 ; whence in the intersection with the first surface the line counts 
5 times in respect of the first sheet and 2 times itif respect of the second sheet ; 
together (5-1-2=) 7 times, and the residual curve is of the order (16 — 7=) 9. 

113. I say that the cuspidal curve is made up of this curve of the 9th order, 
and of the line y = 0, -ly = 0 (reciprocal of the edge) once ; so that c' = 10. In fact, 
considering the line in question y=^0, w = 0 in relation to the surface, the equation 
of the surface (attending only to the lowest terms in y, w) may be written 

— xz^ (y^ 4* 4ixwy H- -zy (— y®5®) + (— ZQxys^) 4- &c. = 0, 

giving in the vicinity of the line 

4 = Ay^ , 

and then 

J 

that is J.“ = — 2— or 4a!«; + 'y® = V — 2. - ; wherefore the line is a cusp-nodal line, 

counting once as a nodal and once as a cuspidal line ; and so giving the foregoing 
results y — 3, c' = 10. 

114. I revert to the equation which exhibits the nodal lines {x — w = 0, y+z = 0), 
{x-\-w = 0, y — z = 0) for the purpose of showing that they have respectively no pinch- 
points ; that is, that in regard to each of them we have j = 0. In &ct for the first 
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of these lines, neglecting the terms which contain y + ^ conjointly in an order 

above the second, the equation may be written 

64 ' m ;® (cg + wy (oG — wy 

-f 8w^ {x 4- wy {x + Zw) (^ + y )" 

+ Sw^ {z yy {so -- Zw) {x — wy 
— Z2wl^ {z --y) {x+ w)x {x^w){z-^y) 

+ ^ {z -yy (ll5?2 — 27^^;2) {z + y)- 

— w {z —yy {Zx — 'Iw) (x — to) (z + y) 

+ iw {z —yY (x — wy 

+ y^^{z-y) {x-w){z^‘y) 

- foc{z-y) (£:4*y)® = 0, 

viz. this is 

{A, B, G\x-Wy z + yy — 0, 

where, collecting the terms and reducing the values by means of the equations 
00 = z + y—0, or say by writing x = w, — we have 

j1 = Q^w^{x-^wy = 256w® 

4- Zvf' {z — yy (x — Zw) ~ 64^^;%- 
4- Iw^ (z — yY 4- 4iwz^ 

= 4!W {z^ — 8w^y, 

JB = — 32 (^ — 2/) (a; 4- xw^ = — V2,8w^z 
'-w{z'-yy{Zx — lw) 4 - Z2w^z^ 

+ y^z{z-y) - 2^ 

= - 2z {z^ — Zw^Yj 

0 = Sw^ (x 4- w^) {x 4- Zw) = 1 28^® 

4 - ^{Z‘-yy{llaP — 27w^) — 32 ^^;®^“ 

— xy^ {^^y) + 

— xy^ (z-^y) 4- 2wz^ 

= 2w (z^ — 

Hence the condition 4!AG — B^=^0 of a pinch-point is {z^--8w^y = 0, so that the pinch- 
points (if any) would be at the points x~-w = 0, y + z = Q, z ^-- = 0 ; or say at x, y, z, w 
= 1, — 2V2, 2V2, 1. But these values give L, My iV'=12, 12, —16; values which 
satisfy the equations L^'-l2w^M=0y LM+9w^JSF=^0y 4J(f® 4- 3ZiV" = 0, and as the points 
in question are obviously not on the line 3/ = 0, w = 0, they lie on the ninthic 
component of the cuspidal curve, being in fact points /S', and not pinch-points. 

The line y = 0, w^O qua nodal line would have every point a pinch-point, but 
being part of the cuspidal curve, no point thereof is regai'ded as a pinch-point; that 
is, in regard to this line also we have /=0. And therefore for the entire nodal curve 
/ = 0. 
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115. The cuspidal ninthic curve is a unicursal curve, the equations of which can 
be very readily obtained by considering it as the reciprocal of the spinode torse; we 
in fact have 


cc : y i z : w^ZW+2XY : 2YZ + X^ : TfZ+P-3^" : ZX, 

or substituting for X, F, Z, W their values (=16^, 4id + lQd\ 16d\ -5 -8^-16^) 
and omitting a common factor 160^ we find for the cuspidal curve 

aj : y : z : w = 30 + 24<6^ ^ 166^ : 24(9^ + 32(9® : -4-48^^ : 16(9* 

(values which verify the equation Xo)-^ Ty + Zz + Ww = 0); the spinode curve being 
thus of the order =9 as mentioned. 

For ^ = 00 we have the singular point (y = 0, z — 0, w = 0) (reciprocal of torsal 
biplane), and in the vicinity thereof oc : y : z : w—1 : — 2^® : therefore 



For 0 = 0 we have the singular point x = 0, y = 0, w=0 (reciprocal of the other 
biplane), and in the vicinity thereof x : y : z : w = — ^6 : —60^ : 1 : —4^, therefore 



116. The section of the surface by the plane z = 0 is an interesting curve. 
Writing z=0 in the equation of the surface, I find that the resulting equation may 
be written 

( 64 ^^;®, 144 ^^?^^;^ + 7 &x^ + + 27 ^?^, 3 /® — 32ocwf = 0 , 

where observe that 

64^^® {w^ + 7 + ooy'^) -- (^2xvFf = \_w {vf^ +2!l(xP)-\-x (3/- — 32a?w)] ; 

so that the curve has the four cusps + 21aP‘ = 0, — 32am = 0 ; the plane z = 0 

intersects the cuspidal ninthic curve in the point (y = 0, z = 0, w^O) counting 5 times, 
and in the last-mentioned four points: in fact, writing in the equations of the ninthic 
curve z = 0, that is 1 + 120^ = 0, we find x, y, w = %0, 160®, and thence 

w3 + 27a;® = ^0‘-‘(l + 120^)=O, y^-32xw = 0. 

The curve has also nodes at the points (y=0, x-\-'W = 0] y = 0, x — w = 0), viz. 
these are the intersections of the plane z = 0 with the nodal lines (y — z^O, x + w=:0} 
and (y + z = 0y x — w = 0\ and it has at the point (^ = 0, *2^ = 0) (intersection of its 
plane with the cusp-nodal line 3/ = 0, w = and quintic intersection with the cuspidal 
ninthic) a singular point = 2 cusps + 7 nodes ; hence the curve has cusps = (4 + 2 =) 6 ; 
nodes (2 + 7 =) 9 ; or 2 nodes + 3 cusps = 36 ; class = 6, as it should be. 

C. VI. 
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Section VIII = 12 — 3(?2. 

Article Nos. 117 to 125. Equation Y^-\-Y(X + Z+W)-\-4saXZW=0. 


117. The diagram of the lines and planes is 


Lines. 


05 Ot rfa CO fcO I— ‘ CO| 001 <»| ^ 00 






J 

A 
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118. 

!=1, 

Take as the roots of the equation (m 

then the planes are 

X==0, 

— 1)2 = so that nii -h m, 

[ 7] ■ 



F = 0, 

[ 8] 



Z =0, 

[ 9] 



Y+Z +X = 0, 

[ 12] 



Y+X+ Tf=0, 

[ S4] 



Y+Z+ F = 0, 

[ 56] 



r=:(7?li-l)X, 

[ 13] 



Y = («ia — 1) X; 

[ 24] 



Y=(mi~l)Z, 

[ 16] 



F = (jMi - 1) Z, 

[ 25] 



Y=(mi-l)W, 

[ 46] 



F= (ms — 1) W, 

[ 35] 



F=0, 

[789] 



Y + X + Z+ F=0, 

[^^] 

119. 

And the lines are 





equations may be ■written 

(7) x = o, r=o 

(8) Z=Q, 7 = 0 

(9) TF=0, 7=0 

(7) 7 + ^ + X=0, r=o 

(8) 7+X+T7 = 0,^=0 

(9) 7 + X+)7=0, X=0 

(1) 7= («ii- 1) X =(m2- 1)X 

( 2 ) 7=={nH-l)X=(rtH-\)Z 

(3) 7= (wia — 1) F' = (mi— 1) X 

(4) 7=(mi-l) ]r=(OT2-l)X 

(5) 7=(mi-l)X=(»is-l) IT 

(6) 7=(jns-l)X =(mi-l) nr 
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120. The three transversals are each facultative ; p 3; tf =^0. 

121. Hessian surface. The equation is 

4iaXZW {3Y-\-X-\-Z+W)+7HX^ + Z^-\-W^- 2XZ - 2X TT ~ 2^ F) = 0. 

The complete intersection with the cubic surface is made up of the lines (]r=0, 
X-0), (F=0, Z-0), (F = 0, F=0) (the axes) each twice, and of a sextic curve which 
is the spinode curve ; o*' = 6. 

The spinode curve is a complete intersection 2x3; the equations may in fact be 
written 

F*+ F2(X + F4- F) + 4aXFF=0, 

3P + 4F (X + F-f F)h-4(XF+XF + FF) = 0; 

the nodes D, G, A are nodes (double points) of the curve, the tangents at each node 
being the nodal rays. 

Each of the transversals is a single tangent of the spinode curve ; in fact for 
the transversal F + F + X — O, F=0, these equations of course satisfy the equation of 
the cubic surface ; and substituting in the equation of the Hessian, we have 
F® (X — F)® = 0. But F + F + X = 0, F = 0, F = 0 is a point on the axis F = 0, F = 0, 
not belonging to the spinode curve ; we have only the point of contact F + X + F = 0, 
F= 0, X — F= 0. Hence /S' = 3. 


Reciprocal Surface, 

122. The equation is found by means of the binary cubic, 
aT {T-^yTTf^ (T- xU){T~- zU){T -w U\ 
viz. writing for shortness 

^ ^XZ -{-OGW + ZWy 

S =xzwi 

this is a binary cubic (*][T, Uy, the coefficients whereof are 

3 (a + 1), - 2ay - af + y, - 33, 

and the equation is hence found to he 
4ay ( f - 0 f + yy - B ) 

+ {(127 -^) t ~ (8/37 + 368) 2/= + (30/38 + 87“) f - m^By + 278“} 

+ 2a {(67“ - /3“7 - 9/38) ^ + (12^‘8 - 2/87“ - 1878) y + 27* + 278“ - 9^678} 
- 0S“7“ + 18/878 - 4^*8 - 47“ - 278“) = 0 ; 
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or substituting for 7, 8 in the first and last lines their values 

+ Z 0)2 + XW + ZW, XZW\ 

this is 

4ay {y - (y - z) {y - lo) 

+ {(127 - /30 y" - {Wy + 36S) f + (30^38 + 87=) y '^ - 3678^ + 278*^} 

+ 2a {(672 - /3"7 - 9y3S) + (12^8 - 2^7" - I87S) ^ + 27^ + 278® - 9/378} 

— (x — z'f (x — wy {z — wf = 0 . 

123. The nodal curve is made up of the lines {y = x=^z\ {y = x = w), {y~z — w)^ 
reciprocals of the three transversals. 

To show this I remark that, writing 

= {oc-y) + {z-y) + {w- y\ 

7 = (^ - y) (>2^ - y) + (^ - y) y) + (^ - y) (w - y\ 

B' ={x-y){z-y)(w -y), 
the equation of the surface may be written 
4ay {y -x)(y- z) (y - w) 

+ a® {y® (12y3'S' - 7'®) + ^ . 187'8' + 278'®} 

+ 2a {y (- 6 / 3 '® 8 ' 4 - 2^'y'^ + 9 ^ 8 ') + 27 '^ + 278 '® -- 9/3'yB'] 

— (x — zy (x — wy (z — wf = 0 , 

whence observing that 7' is of the order 1 and 8' of the order 2 in (^r — y\ (z — y) 
conjointly, each term of the equation is at least of the second order in (ic — 3/), {z — y) 
conjointly; or we have y = x — z, a nodal line; and similarly the other two lines are 
nodal lines. 

124. The foregoing transformed equation is most readily obtained by reverting to 
the cubic in T, TJ, viz. writing p—x--y, r^Z'-y, s^w — y, and therefore x=^y + py 
jsz=iy-\-ry w = y-\-s, the cubic function (putting therein 7= V+yU) becomes 

a(F+2/D')F® + (F-p?7)(F-rCr)(F-sl7); 

writing /3', 7', 8' = ^ + r + 5, jpr +_p5 + rs, prs, the coefficients are (3 (a 4- 1), ay - ;8', 7', — 38'), 
and the equation of the surface is thus obtained in the form 

27 (a + If 8'® 

+ 18 (a + 1) (ay — /S') 7'8' 

+ 4(a + l)7'® 

— 4 (ay — 8' 

- (ay --/S')® 7'® =0, 

which, arranging in powers of a, and reversing the sign, is the foregoing transformed 
result. 
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125. The cuspidal curve is given by the equations 

3(a + l). — 2ay — /S, af + ’i =0, 

- 2a.y — /8, ay^ + 7, -S 

or say by the equations 

3 (a + 1) (ay® + y) - (2ay + ^)® = 0, 

that is 

a (a — 3) y® + 4,a^y — 3 (a + 1)7=0, 

and 

— 3 (a + 1) 3 + (2ay + /3) (ay® + 7) = 0, 

consequently o' = 6. It is to be added that the cuspidal curve is a complete inter- 
section, 2x3. 

Section IX = 12 — 253. 

Article Nos. 126 to 136. Equation WX^ + (a, b, c, F)® = 0. 

126. The diagram of the lines and planes is 
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127. Writing (a, h, c, d^X, Yy = -d (f,X - Y) (f,X - Y) (f,X -Y), the planes are 

-^=0, [0] 
z =0, [ 7] 

Tr = 0, [ 8] 

f,X-Y=0, [14] 

/,Z-F=0, [25] 

/.Z-F=0. [.36]; 

and the lines are 

F=0, (0) 

/i^-F=0, (1) 

/,Z-F=0, F=0, (2) 

/3Z-F=0, F=0, (3) 

/iZ-F = 0, F-0, (4) 

/,Z-F=0, F = 0, (5) 

/3Z-F=0, F-0, (6). 

128. There is no facultative line; p'=:6' = 0, ^' = 0; and hence also yQ' = 0. 

129. Hessian surface. The equation is 

X {ZW(cX + dT) — BX (ac — ad— he, hd — (f\X, F)®}==0, 

so that the Hessian breaks up into the plane Z = 0 (axial or common biplane) and 
into a cubic surface. 

The complete intersection of the Hessian with the cubic surface is made up of 
the line Z = 0, F= 0 (the axis) four times ; and of a system of four conics, which is 
the spinode curve ; c' = 8. 

In fact combining the equations 

WXZ+{a, 6, c, d5;Z, F)« = 0 

and 

ZF(cZ + dF) — 3Z(ctc — 6^ ad — ho, hd — (f$X, F)2 = 0, 

these intersect in the axis once, and in a curve of* the eighth order which breaks up 
into four conics ; for we can from the two equations deduce 

{a, b, c, rf$Z, 7y(cX + dY)+3X^ac-b\ ad-bc, bd-<^%X, F)^ = 0, 

that is 

(4ac~36^ ad, bd, cd, d^\X, F)^ = 0, 

a system of four planes each intersecting the cubic XZW + (a, b, c, d?§JX, F)® = 0 in 
the axis and a conic; whence, as above, spinode curve is four conics. 

It is easy to see that the tangent planes along any conic on the surface pass 
through a point, and form therefore a quadric cone; hence in particular the spinode 
torse is made up of the quadric cones which touch the surface along the four conics 
respectively. 
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Reciprocal Surface. 

130. The equation is obtained by means of the binary cubic 
X {xX + y7y + 4!ZW {a, b, c, d\X, Y)\ 
viz. calling this {f^X, F)® the coefficients are 

(3^ + 12a^ty, ^xy y^-^l^czw, 12dzw). 

The equation is found to be 

432 (a^d^ — 6abcd + 4(zc® + 46®cZ — 36-c^) z^uf 
+ 216 [(acZ® — Shed + 2c®) x^ + (— 2acd- + 4i¥d — 25c®) ocy + {— aid + 2ac® — 5®c) 3/®] z^w'^ 

+ 9 - 12cd(x^y + (106c2 + 8c®) - (4ad + 85c) xy^ + (4ac - 5®) f\ zw 

— 3 /® (da^ — Sex^y + Sbooy^ — ay^) = 0 . 

The section by the plane ^c = 0 (reciprocal of B^^B) is the line w = 0j .y = 0 (reciprocal 
of edge) three times, and the lines w — 0, — 3c^®2/ + 35^® — txy® = 0 (reciprocals of the 

biplanar rays). And similarly for the section by the plane z = 6 (reciprocal of = G), 

The section by the plane 3/ = 0 is made up of the lines (y^O, ^ = 0), (2/ = 0, ^(/ss^O) 
each once, and of two conics, y = 0, 

16 {a?d^ — 6a6ccZ + 4ac® + 45®cZ — 86®c®) 

+ 8 {ad^ — Zbed + 2c®) x^zw 

+ d^a^=^6. 


131. 

132. 


There is not any nodal curve; 5' — 0. 

Cuspidal curve. The equations may be written 

3^ + 12azw, 2ocy + 12bzWj y® + 12c^tc 
2xy + 1 2bzw, y® + 1 2c^w, 1 2dzw 


= 0 . 


Forming the equations 

{bd — c® ) . 144ts:®tc®^+ 2 {dxy — cj/®) . 122^^ — j/* = 0, 

{ad — 5c) . 144^®24;® + (^da^ — 2cxy — by^) . 12-2r'j^ — 2xf^ = 0, 


these are two quartic surfaces having in common the lines {y = 6, ^^; = 0), {y = 0, z — 0): 
attending to the line (3^ = 0, .3^=0), this is on the second surface an oscular line, 

z = surface it is a nodal line, the one tangent plane being 

6{bd — (^)w.z+dxz.y==0, the other tangent plane being z — 6, but the line being in 

regard to this sheet an oscular line, ^= ^^^ 3/®. Hence in the intersection of the 

two surfaces the line counts (1 + 3=) 4 times; similarly the line 3/ = 0, w^O counts 
(1 + 3 =) four times ; and there is a residual intersection of the order (16 — 4 — 4 =) 8, 
which is the cuspidal curve; c' = 8. 
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133. The cuspidal curve is a system of four conics; in fact from the preceding 
equations widtten in the forms 

(Jbd — 2 {dxy — cy% — y^^2zw, 1)^ = 0, 

{ad — 6c, Sdic® — 2cxy — hy^, — 1)® = 0, 

eliminating zw, we obtain 

( 3 Q)d — c% 

2 (— ad^ — Zbod + 4c®), 

^ 6 {acd + h^d — 26c®), x, yY “ 

6 (6c — ad) 6, 
a?d-h\ 

which shows that the cuspidal curve lies in four planes, and it hence consists of four 
conics; these are of course the reciprocals of the quadric cones which touch the cubic 
surface along the four conics which make up the spinode curve. 

134. The equation of the surface, attending only to the terms of the second order 

m V z w vs. 2'ld?oif‘zv} = 0\ it thus appears that the point y = 0, s=0, w=0 (reciprocal 
of the’ plane X=0) (which is oscular along the axis joining the two bmodes, or 
BB-axis) is a binode on the reciprocal surface, the biplanes teing ^ = 0, these 

are the planes reciprocal to the binodes (X = 0, F=0, W=0) and (X-0, } -0, .Z 0) 
of the cubic surface ; we have thus B' = 1. 

It is proper to remark that the binode y = 0, z=0, w = 0 is not on the cuspidal 
curve, as its being so would probably imply a higher singularity. 

135. A simple case, presenting the same singularities as the general one, is wlmn 
a = d b = o = 0: to di'minish the numerical coefficients assume a = d = ^, the cubic 
surface is thus 12 X.^F + X’+ F»=0, and the equation of the reciprocal surface, 
multiplying it by 4, becomes 

+ Qx^z^^ 

+ {dx^ — 12a^y) zw 

— 42 /® — 2 /®) = 0 , 

viz. this is the surface 

42/8 

— ^sy^x (ic® + Bzw) 

+ zw (3a^ + zwY = 0 

considered in the Memoir “ On the Theory of Eeciprod Sur&cee.” The 
is, .8 there shown, eomposed of the fonr comes y-0, Ste-+«n.--0 end 

enditisthete8hownthatthetwopomtB(«-0,y-0,«-0),(«-0,y 0 i» 0). 

«mh reckoned eight times, are to be consider*! as off-point, of the reciprocal *n^e. 

C. VI. 
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136. The like investigation applies to the general surface, and we have thus 
= 16 ; the points in question are still the points (/» = 0, = 0, 5 == 0), (a? = 0, t/ — 0, -w; = 0) , 

viz. these are the points of intersection of the surface by the line = 0, y =- 0), which 
points are also the common points of intersection of the four conics which compose 
the cuspidal curve, that is, they are quadruple points on the cuspidal curve ; it does 
not appear that the points are on this account, viz. qua quadruple points of the 
cuspidal curve, off-points of the surface, nor does this even show that the points should 
be reckoned each eight times. As already remarked, the singularity requires a more 
complete investigation. 


Section X = 12 — ^4 — 

Article Nos. 137 to 143. Equation WXZ +(X Z){Y^ — 
137. The diagram of the lines and planes is 
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138. The planes are and the lines are 


X 

=0, 

[0] 

X = 0, 

F=0. 

(0) 

z 

= 0, 

[3] 

X = 0, 

Z =0, 

(3) 

X 

-F=0, 

[11'] 

X-F=0, 

Z =0, 

(1) 

X +Y=0, 

[221 

X+ F=0, 

F = 0, 

(2) 

W 

= 0, 

[S'] 

X-F=0, 

17=0, 

(!') 

X+Z =0, 

[1'21 

Xh-F = 0. 

W=0, 

(2') 




X -j- F — 0, 

1F=0, 

(12). 


139. The facultative lines are the edge counting twice, and the mere line ; 

140. Hessian surface. The equation is 

X(X-^Z)(ZW-hSX^^X^+ FHZ-^)=^ = 0. 

The complete intersection with the surface consists of the line (X = 0, F = 0), the 
axis, four times ; the line (X = 0, Z = 0), the edge, twice ; and a sextic curve, which 
is the spinode curve ; c' = 6. 

Writing the equations of the surface and the Hessian in the form 

X(ZW+Y^)^X^ + ^(7^-X^) = 0, 

X(X + Y) (ZW+ Y^) 4- SX) {^X^ + Z(Y^^ X^)} = 0, 

we see that the equations of the spinode curve may be written 

ZW+ 7^ = 0, 

- Z" + if(F2^X0 = 0, 

viz. the curve is a complete intersection, 2x3. 

There is at a triple point ^ = = ; and at a double point, 

the tangents coinciding with the nodal rays 17 = 0, Y^ — X^ Q. 

The edge and the mere line are each of them single tangents of the spinode 
curve. But the edge counting twice in the nodal curve, its contact with the spinode 
curve will also count twice, that is, we have ^'=2.1 + 1, =3. 

Reciprocal Surface. 

141. The equation is obtained by means of the binary cubic 

4<w^X{X + Zy^4^wZ{X-\^Z){xX-^zZ)^y^XZ^] 
or calling this Zy, the coefficients are 

(12'^^;^ 8^^;® + 4wa7, 4iW^ + 4mX'-{‘^wz l^wz), 


54—2 
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and thence the equation is found to be 

\_y- — (a; — zY\ 

+ [(2x ~ oz) 2/^ — 2 (a? — 2z) (os — z)^] 

+ 8w^ + (o:f^ — osz + 6z^) — 2o(^ (as — zY\ 

+ {(2x + 8z) — 2x^ (x + z) y^] 

+ 2 /^( 2 /"-^) = 0 , 

where the section by the plane ^^; = 0 (reciprocal of binode) is 2 /^ = 0 , viz. this 

is the line w = 0,y-0 (reciprocal of the edge) four times, and the lines w = 0,y^-x^=0 
(reciprocals of the biplanar rays). 

The section by the plane .^ = 0 is found to be (y^ — x^)(y^ + 4!xw + 4iw^f = 0j viz. this 
is the two lines z — 0, y^ — a^ — 0 (reciprocals of the nodal rays), and the conic -e = 0 , 
+ 4 i 0 (nu + 4 ^(;® = 0 (reciprocal of the nodal cone WX + = 0 ) twice. 

142. Nodal curve. The equation shows that the line y = 0 , x—z=^0 (reciprocal of 
the line TT = 0 , X + ^ = 0 ) is a nodal line on the surface. 

It also shows that the line y=^0, w = 0 (reciprocal of the edge) is a tacnodal line 
(= 2 nodal lines) on the surface ; in fact attending only to the lowest terms in y, w, 
we have 

— c(^[iQ(x — zyw^-\‘8(x’\- z) wy^ + = 0 , 

that is, 

4(a)-g)zg + '^^'^ y°= 0 , 

Va: + Nz 

two values, w — Ay^, w— By^, which indicates a tacnodal line. 

The nodal curve is thus made up of the line 2 /= 0 , x-~z=^0 once, and the line 
^ = 0 , w=0 twice ; &' = 3. 

143. Cuspidal curve. The equations 

12w\ + 4iwx, + ^wx + ^wz + =0 

+ ^wx, -h 4m' + 4m + y^, \2wz 

give 

(4iW + 2a;)® — 3 (4w® + 4m + 4m + j/®) = 0, 

— ^8w^z 4 - (2%u + x) (4ivf + 4m + 4m + 3 /®) = 0 , 
or, as these are more simply written, 

4z^;® + 4wa; — 12m -h 4a;® — 3y® = 0, 

4- 12^af — 28-ii;®^ 4-«^ (4a;® 4- 4a;^ 4- 2^®) 4- a;y® == 0, 
so that the cuspidal curve is a complete intersection 2 x 3 ; c' = 6. 
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Section XI = 12 — 

Article Nos. 144 to 149. Equation WXZ+ Y^Z + = 

144. The diagram of the lines and planes is 



where the equations of the lines and planes are shown in the margins of the diagram. 

145. The edge is a facultative line counting three times; this will appear from 
the discussion of the reciprocal surface. Therefore p' = &' = 3; ^' = 1. 

146. Hessian surface. This is 

Z{WXZ+ Y^-Z-ZX^^ZZ^)==0, 

breaking up into Z — 0, the oscular biplane, and into a cubic surface (itself a surface 
XI = 12 — £g). The complete intersection with the cubic surface is made up of the 
line X = 0, Z=^0 (the edge) six times, and of a residual sextic (= 3 conics), which is 
the spinode curve ; c' = 6. 

The equations of the sextic are in fact X2’-f X® = 0, + = so that this con- 

sists of three conics, each in a plane passing through the edge. 

The edge touches each of the three conics at the point X=0, ^=0, F=0; but 
it must be reckoned as a single tangent of the spinode curve, and then counting it 
three times, /S' = 3. 
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Reciprocal Surface, 

147. The equation is obtained by means of the binary cubic 

(12^4;^ — 12^^;®][^, Xy, 

viz. it is 

432w;« 

4- 7 2uj^z (4fM0 4- f) 

— 64w^z^ 

4- (4a!w 4- 

— z- (4om 4- = 0, 

or, completely developed, it is 

w«.432 
4- . 2%^xz 

4- . 7 2y^.2: 4- 64ic® — 64^^ 

4- . 4Sx^y- — 16a^^- 

4- w . 12a;y^ — ^ayy^z- 
+ 2 /^( y ^-^0 = 0 ; 

the section by the plane ^ = 0 (reciprocal of is w=0, y = 0 (reciprocal of edge) four 
times, together with w = 0, — ^^=0, reciprocals of the two rays. 


148. The nodal curve is the line y = 0, -it; = 0 (reciprocal of edge counting 
as three lines); ^' = 3. In fact the form of the surface in the vicinity is given by 

^ ~ y 2 ^ j yy/ — 2/3^ viz. there are two sheets osculating along the line in question, 

that is intersecting in this line taken three times. 


149. For the cuspidal curve we have 


giving 


1 2w^, 4zWy f 4 - 4o(yt\) 
4zw, 



12m/ 4- Sf — 4z^ = 0, 
36w^ 4- 4wxz + fz=:0; 


or multiplying the first by 3z and subtracting the second, we have 108w® 4- 4^ = 0. 
Hence the equations are 

^ 4- 27-m;^ = 0, 

12m/ + 3f — 4z^ = 0, 


viz. the cuspidal curve is made up of three conics lying in planes through the line 

ir=0, ?^ = 0. 


The curve may be put in evidence by writing the equation of the surface in the 

form 

(3y2 4- 6^2 + \2m), 24z, IG^Sy^ ~ 4.^® 4- 12(m3, ^ 4- = 0, 

where 


16 (3y®4- 5^^ -h 12o(w) — 144<sr^= 16 (3y® — 4^ 4- Vlocvi), 
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Section XII = 12 — 11^. 

Article Nos. 150 to 156. Equation W{X + Y XTZ=0. 

160. The diagram of the lines and planes is 



161. The planes are The lines are 

X +Y+Z=0, [0] X = 0, Y+Z = 0, (1) 

Z=0, [1] Y = 0, Z +X==0, (2) 

F=0, [2] X=0, X + F=0, (3) 

Z =0, [3] X = 0, W = 0, (10 

1F = 0, [r2'3'] F = 0, F = 0, (20 

Z={), W = 0, (30. 

162. The three mere lines are each facultative : p' = 6' = 3 ; i' = 1. 

153. Hessian surface. The equation is 

(Z+ Y+Zy{X^+Y^ + Z^-2YZ-2ZX-2XY)=:0, 

viz. the surfece consists of the uniplane X + Y+ Z = 0 twice, and of a quadric cone 
having its vertex at Ug, and touching each of the planes Z = 0, F= 0, Z = 0. 
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The complete intersection with the cubic surface is made up of the rays each twice 
and of a residual sextic, which is the spinode curve; < 7 '== 6. 

The equations of the spinode curve are 

+ 72 + 2 X 7 = 0 , 

viz. the curve is a complete intersection, 2x3. 

Each of the mere lines is a single tangent (as at once appears by writing for 
instance 17 = 0, X = 0, which gives (7— Z)2=0); that is, y8' = 3. 

Reciprocal Surface, 

154, The equation is found by means of the binary cubic 
4^{T-xU){T--yTT){T-zV)^wT^U, 

viz. writing for shortness 

^ = aj + y + ^, 

7 =yz^- zx-\~xy, 

8 ^xyz, 

then the cubic function is 

(12, H ~12S][7, ^7)^ 

and the equation of the reciprocal surface is found to be 

432 82 
+ 64 ff 

— {w — 4/3)* 8 
4- 72 (iy — 4/3)78 

— { w -- 4^)2 72 = 0 ; 

expanding, this is 

— 8 

+ -la*. 12^8- 72 

+ 8 ^.- 6 / 3 * 84/372 + 978 

4 16 (4/3*8 - /3V - 18y878 4 47 * 4 278^) = 0 ; 

or substituting for /3, 7, 8 in the first and last lines, this is 

. — xyz 
4 

4 8w . — 6^8*8 4 /8y^ + OyS 
4 16(y—z)^(z^ xy (x — 7/)2 = 0 

(where y, B = iis+y+z, yz + zie+my, ooyz). The section by the plane w = 0 (reciprocal 
of the unode) is made up of the lines w = 0, y — z=0-, w = 0, 0-® = O; w = 0, x—y=0 
(reciprocals of the rays) each twice. 

155. The nodal curve is at once seen to consist of the lines (y = 0, ^ = 0), (^ = 0, a; = 0), 
(« = 0, y = 0), reciprocals of the facultative lines ; in fact, in regard to (y, z) conjointly 
y is of the order 1, and S is of the order 2; hence every term of the equation is 
of the order 2 in y, and the like as to the other two lines: 6' = 3 as above. 
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156. For the cuspidal curve we have 

12 , ^y — 4/3. 


w — 4jS, 


or say 


47 

47 , -12s 


= 0 , 


487 — { w -- 4/3)® = 0, 

36S + 7 — 4i8) =» 0, 

whence the cuspidal curve is a complete intersection 2x3; c' = 6. 

Section XIII = 12 - £3 — 20 ^- 

Article Nos. 157 to 164. Equation F®(F + X + -^ = 0. 

157. The diagram of the lines and planes is 
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A 

MEMOIR 

The planes are 

Z =0, 

[1] 

7=0, 

[2] 

7 = 0, 

[056] 

7 + Z =0, 

[5] 

7 + 7 =0, 

[6] 

7-F=0, 

[34] 

Z + 7 + 7 = 0, 

[12] 

F = 0, 

[0] 


169. The taransversal is fiicultative; 
160. The Hessian surface is 


CUBIC SURFACES. 

The lines are 

Z = 0, F=0, (5) 

Z =0, 7=0, (6) 

7 = 0, 17 = 0, (0) 

X=0, 7 + ^=0, (1) 

7 = 0, 7+Z = 0, (2) 

Tf=7=-7, (3) 

17=7 Z, (4) 


17=0; Z + 7+7 = 0, (012) 

,' = &' = 1, i' = 0. 


[412 


FZ7 (3 7 + Z + 7) + 7^^ - -S')' = 0. 

The complete intersection with the surface is made up of the line 7=0, Z = 0 
(OjB-asds) three times ; the line 7=0, 7=0 {OB-asis) three times ; line 7=0, F= 0 
((7(7-axis) twice, and of a residual quartic, which is the spinode curve; <r' = 4. 

161. Representing the two equations by 17=0, 11=0, we have 

(37+Z + 7) U-H= 7“(3P + 47Z + 477 + 4Z7), = JlfP suppose, 

and 

27 (Z + 7) 17+ g-S" = 9 FZ7 (3 7+ 4Z + 47) + 36 7^ (Z^ + Z7 + 7^ + 27 7=> (Z + 7) ; 

but 

(-9 (Z + 7) 7+ 16Z7) M = 

64Z2^ + 28 7Z7 (Z + 7) - 7^ (36Z2 + 28Z7 + 367^) - 27 7^ (Z + 7), 

whence 

27 (Z+7) 17+9fl' + (-9Z7-977+16Z7)Jf 

= 7Z {127^ + 287Z + 7+ 64Z7+ 9F(37+ 4Z + 47)} ; 
or, as this may also be written, 

277»(Z + 7)17 +0Y^H 

+ (-97Z-977+16Z7)(37+Z + 7) U + (97ZT7- 16Z7) fl”, 

that is, 

{- 97 (Z + 7)^ + 487Z7 + 16Z7 (Z + 7)} 17 + {9 7=> + 9 7Z + Z - 1 6Z7} H 
= 7“7Z 1127“ + 287(7+ Z) + 64Z7+ 9F(37+ 4Z + 47)} = 0 ; 
and we thus obtain the equation of the residual quartic, or spinode curve, in the form 
37“+ 47(Z + 7)+ 4Z7 = 0, 

127“ + 287 (Z + 7) + 64Z7+ 9 F (37+ 4Z + 47) = 0. 
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The spinode curve is thus a complete intersection, 2x2; and since the first surface 
is a cone having its vertex on the second surface, we see moreover that the spinode 
curve is a nodal quadriquadric. Instead of the last equation we may write more 
simply 

4F(X + ^) + 16XZ+3Tf(3F+4Z + 42) = 0. 

The equations of the transversal are 1F=0, X4-F + ^=0, and substituting in 
the equations of the spinode curve we obtain firom each equation (X — Zy = 0, that is, 
the transversal is a single tangent of the spinode curve ; 0' = 1. 

Reciprocal Surface. 

162. The equation of the cubic is derived from that belonging to VI = 12 — £3— (>2 
by writing therein a==6 = 0, c = |-, (i=l. Making this change in the formulae for the 
reciprocal surface of the case just referred to, we have 

L = 3/2 + 4 (it? 4- -sr) ey, 

M—^oc{y + 2w), 

N =■ — 4»2, 

P = 16^*5® ( 3 / + w — ic — ; 

and substituting in the equation 

DP + - 9zLMN- 27zhuX^ = 0, 

the equation divides by or throwing this out, the equation is 

( 3/2 + 4ianv + Aszwy {y + w — OG — z) 

— SoGZ ( 3 / + %wy 

+ 9xz ( 3/2 4 4iam + ^zw) ( 3 / + 2w) 

- 27ai^z^ = 0 ; 

reducing, this is 

. 16 (a? — zy 

y^ix^z) 

2y (aP — 4ixz -{■ z^) 

^ + {cG 4" z^ (2^ “ z^ (— X 4" 2^^) 

+ w ( 'if 

4- ^'if{x + z) 

•< — 23/2 (4£c 2 + 23iJ?^ 4 4^) 

4 ZQccyz {x 4 
%7a^z^ 

+ y‘{y-oo){y-z) = 0. 



55—2 
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The section by the plane (reciprocal of is ^ = 0, 3/ = 0 (the edge) three 

times; and = y — x — (reciprocals of the (75-axes). 

163. Nodal curve. This is the line y^x^z\ wherefore 6' = 1. To put the line 
in evidence, write for a moment x — y + a, z^y-i-y, then the equation is readily con- 
verted into 

7)2 

-{- f — y (qP — 4a7 -f 7^) 

(a -f- 7) (2a — 7) (— a + 27) 

+ w ^ 3/2(a2— 10a7 + 72) 

—18yay(a + y) 

27aV 

+ fay^O, 

which, each term being at least of the second order in a, 7(=^» — y, ^ — y), exhibits the 
nodal line in question. 

164. Cuspidal curve. Multiplying by 27, the equation may be written 
Cly — dx — 8z — 5Wf — y + 6w, —'W^^’^lQyw^l2xW’-12zw + lQw^, 

— 20y2 + 24iyx + 24iyz — 27xz - 8yw -h IQw^y = 0, 

where 

4sw (7y -Sx- 3^f— + (- y + Qwf = y® 4* 16y'Zo — 12{x-^z)w + 16-10^ ; 

and we have thus in evidence the cuspidal curve, 

y2 4 16y^ — 12 (a? -h-s^) ^ 4 16vj^ = 0, 

— 20y^ 4 24y (x + z)-- 27 xz — 8yw 4 16?o^ = 0, 

which is a complete intersection, 2x2, or quadriquadric curve ; c' = 4. 
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Section XIV = 12 - - G,,. 

Article Nos. 165 to 171. Equation WXZ + + YX‘^ = 0. 

165. The diagram of the lines and planes is 
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• 
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o 

o 

II 
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• 

• 
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where the equations of the planes and lines are shown in the margins. 

166. The edge is a facultative line, as will appear from the discussion of the 

reciprocal surface : p' = 6' = 1 ; = 0. 

167. Hessian surface. The equation is 

WXZ^ + Y^Z^ - ZX^YZ + Z'* = 0. 

The complete intersection with the surface is made up of the line X = 0, F = 0 
(the axis) five times, the line X=0, Z = 0 (the edge) four times, and a skew cubic, 
the equations of which may be written 

Z, F, TV =0. 

Z, -5F 

In fact from the equations C7’=0, H = 0 we deduce jET— .Z'Z 7=Z®(Z® + 4FF) = 0; and 
if in Z7=0 we write Z® = 4FZ, it becomes ^(ZTF+5F^) == 0; and then in oU=0, 
writing 5F® = — ZTT, we have 

5 TVZ^ + Z(^XW) + oX^Y= X (5ZF+ 4^Tr) = 0. 




438 A MEMOIR ON CtTBIC SUBPAGES. [412 

168. I say that the spinode curve is made up of the edge X = 0, Z=0 once, 
and of the cubic curve ; and therefore cr' = 4. 

In fact in the reciprocal surface the cuspidal curve is made up of the skew cubic, 
and of a line the reciprocal of the axis, being a cusp-nodal line, and so counting 
once as part of the cuspidal curve: the pencil of planes through the line is thus 
part of the cuspidal torse; and reverting to the original cubic surface, we have the 
axis as part of the spinode curve : I assume that it counts once. 

The edge is a single tangent of the spinode curve; /3' = 1. 

Reciprocal Surface. 

169. The equation is obtained by means of the binary cubic 

(Xx + Zz) X ( YZ — wXy^j 

or, as this may be written, 

y^ + ^ocw, \%zw\X, Zy. 

The equation is in the first instance obtained in the form 

lOSw^z^ 

— 

-h (y® -f 4 ot;) 

q- w'^ (y® + 4i!xwy 

— '?<;y ( 2 /- + 4i{xwy = 0 ; 

but the last two terms being together = ^^00 {y^ + 4^xwy, the whole divides by 
and it then becomes 

— Swy^z 

+ 2wyz (y^ 4 - Asxtu) 

4 - iv (y^ 4 - 4ixwy = 0 ; 

or, expanding, it is 

w\ 27 z^ 

4 “ . SQxyz 4 - 

+ 14; . y^z-\- 8aPy^ 

-I- ocy^ =: 0. 

The section by the plane w == 0 (reciprocal of B^) is it; = 0, y = 0 (reciprocal of 
edge) four times, together with w = 0, x = 0 (reciprocal of biplanar ray). 

The section by the plane z=i0 (reciprocal of G^) is x (y® 4- 4iw)® = 0, viz. this . is 

z — 0, y® 4- 4!Xw = 0 (reciprocal of nodal cone) twice, together with z = 0j a? = 0 (reciprocal 
of nodal ray). 

170. Nodal curve. This is the line 10 = 0, y = 0, reciprocal of edge. The equation 

in the vicinity is 2/ ~ ^ ± ^ ^ showing that the line is a cusp-nodal 

line counting once in the nodal and once in the cuspidal curve : wherefore V = 1. 
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171. Cuspidal curve. The 'equation of the surface may be written 
(ooj — y, Zw^2xw — y-y Qzw -f ZxyY = 0, 

where . 3^ — 2 /® = l^xw — y®. This exhibits the cuspidal curve 12a?^ — 3 ^^ = 0, ^zw + Sict/ = 0, 
breaking up into the line w — O, y^O (reciprocal of edge) and a skew cubic; the line 
is really part of the cuspidal curve, or c' = 4. 

The equations of the cuspidal cubic may be written in the more complete form 


12a?, y, z 
yy Wy - 8a? 


= 0 . 


Section XV = 12— f/y. 

Article Nos. 172 to 176. Equation WX^ + XZ^ 

172. The diagram of the lines and planes is 



Csi X 

li II II 

5^ JP ’P 

a 5 s3 

11 II II 

o o o 

CO to M 

Lines are 

XY = 12-Uy. 

Planes are 

col H* 
X 

J-l 

II 
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•<ll 

1x10 = 10 

1x16=16 


X=C) 21 

Z=Q 23 

1x40=40 


• 


Uniplane. 

lx 5= 6 

2 45 

’ 

• 



Plane touching along 
the single ray. 



Mere line. 

Single ray. 

Torsal ray. 



where the equations of the lines and planes are shown in the margins, 

173. The mere line is facultative: p' = 6' = l; ^' = 0. 

174. The Hessian surface is 

X^{XZ-- 72 ) = 0 , 

Yiz. this is the uniplane X = 0 twice, and a quadric cone having its vertex at iJy. 
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The complete intersection with the surface is made up of X = 0, Y^O (torsal 
ray) six times ; X = 0, Z (single ray) twice ; and of a residual quartic, which is 

the spinode curve; a'==4i. 

The equations of the spinode curve are XZ—Y^ = 0, XW'{-2Z^=0i the first 
surface is a cone having its vertex on the second surface ; and the curve is thus a 
nodal quadriquadric. 

The mere line is a single tangent of the spinode curve; yS'=l. . 

Reciprocal Surface, 

175. The equation is obtained by means of the binary cubic 

(- S2/^ 2yz, A^ayiv, Qyw^X, Y)\ 
viz. throwing out the factor y, the equation is 

vP‘ (— 64fl3®) ■\‘W 4- + 27^/^) + 16?/^^ = 0. 

The section by the plane = 0 (reciprocal of is = 0, = 0 (reciprocal of 

torsal ray) three times, and = 0, y = 0 (reciprocal of single ray) twice. 

Nodal curve. This is the line (r = 0, y=0, reciprocal of the mere line: 6' = 1. 
Cuspidal curve. The equation of the surface may be written 
(64r, —16^, — 4- 3^, 9y^ + 45^2?)® = 0, 

where 

4 . 64^ (— Zw) — 256^^ = — 266 {z^ 4- %(cu}). 

This exhibits the cuspidal curve 4- ^sow = 0, 9y'^ + ^zx = 0, where the surfaces are 
each of them cones; the vertex of the second cone is on the first cone, and the two 
cones have at this point a common tangent plane; the curve is thus a cuspidal 
quadriquadric. 

176. {The equation 

(64ii?, — 16^, — *dw\z^ -h ^xw, 9y^ + iizxy = 0 
resembles that of a quintic torse, viz, the equation of a quintic torse is 
( a?, — ^z, Sio\z^ — 2wx, — ^zx)^ = 0, 

which equation, writing ^y for y, — 2x for x, and |w for w, becomes 
(— 2a?, — 4-s’, Qw\z- + Zxw, 9y- 4- 4^0?)^ = 0, 
or, what is the same thing, 

( 0?, 2^, —^V}\z^+Zxw, 9y2 4- 4^a?)- = 0 ; 

and developing, this is 

a^.w- 

+ ir® . — ^z'Hv 
+ a? . — ISy^zw 4- ^ 

— 273 /^ + 2yV = 0 , 

which, however, differs from the equation of the reciprocal surface, not only in the 
numerical coefficients, but by the presence of a term xzf^,] 
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Article No. 177 to 180. Equation W (XT-^ XZ+ YZ)-hXYZ =0. 
177. The diagram of the lines and planes is 



where the equations of the lines and planes are shown in the margins. 
C. VI. 
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178. The transversals are each facultative ; p' =b' = S; — 1. 

179. Hessian surface. The equation is 

4iXTZW-(X+Y+Z+ W)(WXY+ WXZ+ WYZ+XYZ) = 0, 
or, what is the same thing, 

X^ (YZ +YW+ ZW) 

+ Y^(ZW ^ZX +WX) 

+ Z^- {WX+WY+XY) 

+ W^(XY +XZ + YZ ) = 0. 

The complete intersection with the cubic surface is made up of the six axes each 
twice, and there is no spinode curve ; cr' = 0, whence also /S" = 0. 

Reciprocal Surface, 

180. The equation is immediately obtained in the irrational form 
or rationalizing, it is 

4“ + 'ly® — ^yz — ^zoc — ^xy — — 2yw — 2zwy — Q^xyzw = 0 ; 

so that this is in fact Steiner’s quartic surface. 

Nodal curve. This consists of the lines x — y^^Q, z — ; x — z — 0, y — w =^0; 

^ — w = y — z — 0; so that 6' = 3. 

To put any one of these, for instance the line x — y^O, ^ — w = 0, in evidence, we 
may write the equation of the surface in the form 

[(a? — yf -{-(z — wf '-2(x ’\-y)(z + — Q^yzw = 0, 

that is 

[(jc - yy + (^ — wy} {{x — yf + (z — wy—4i(x + y) {z + « 4 ;)} 

+ 4 [(a; + yf {z + wf — lQxyzw\ = 0, 

or finally 

{ — yy + (^ — wf} {(x — yf •^{Z’-wy — 4! (x-h y) (^ + w)} 

+ 4 {(ir — yy (z — wy + 4ixy (z — wy + 4!Z1jU (x — yf] = 0, 

where each term is at least of the second order in a? — y, z — w. 

There is no cuspidal curve; c'=0. 



412] 


A MEMOIB ON CUBIC SUEFACES. 


443 


Section XVII = 12 — 2S3 — (7„. 

Article Nos. 181 to 185. Equation WX^+ XY^+ Y^ = 0. 

181. The diagram of the lines and planes is 
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■where the equations of the lines and planes are sho-wn in the margins. 

182. There is no facultative line; h'=p' = 0, t' = 0. 

183. The Hessian surface is 

X (WXY+ SYXW + XY^) = 0, 

viz. this breaks up into X = 0 (the common biplane), and into a cubic surface. 

56—2 
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The complete intersection with the cubic surface is made up of -X’=0, F =0 
(£jB-axis) four times, of F= 0, Z=0 and F= 0, W=0 (C/J5-axes) each three times ; and 
of a residual conic, which is the spinode curve ; = 2 . The equations of the spinode 

curve are — = 4 X+ 37 = 0 ; viz. it lies in a plane passing through the 

BB-Sixis ; since there is no facultative line, /3^ = 0 . 


Reciprocal Surface. 


184. The equation is found to be 


or say this is 


(y^ + 4}zwy — xy^ — Mxyzw -f = 0, 

— 36a;y + zw + 3 /® ( 2 / — ^) = 0 . 


The section by plane w—Q (reciprocal of B^^D) is 0 , {y — x)^ 0 , viz. this is 
the line ay = 0 , y = 0 (reciprocal of edge) three times, and the line ay = 0 , 3 /— = 0 
(reciprocal of ray) once ; and the like as to section by plane ^ = 0 . 

The section by plane x^Q (reciprocal of A) is ^ = 0, ( 3 /^ + 42;ay)^ = 0, viz. this 

is the conic (reciprocal of nodal cone) twice. 


There is no nodal curve ; 6 ' = 0. 


185. Cuspidal curve. The equation of the surface may be written 
(1, — y, — \2zw, 9a; — 8y)^ = 0, 

where 4^.1.Zzw — y^ = — {y^ — l'2iZw)\ and there is thus a cuspidal conic y®“- 12 ^ay = 0 , 
9a? — 8y = 0 : wherefore c' = 2 . 

Attending only to the terms of the second order in y, z, w, the equation becomes 
a^zw — O; that is, the point y = 0 , ^ = 0 , w = 0 (reciprocal of the common biplane) is a 
binode of the surface ; or there is the singularity B' == 1 . 
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Section XVIII = 12 — £4 — 2 ( 72 * 


Article Nos. 186 to 189. Equation TTX.Z' + (X + ^) = 0 . 
186. The diagram of the lines and planes are 
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where the equations of the lines and planes are shown in the margins. 

187. The mere line is facultative; the edge is also facultative counting twice (this 
will appear from the discussion of the reciprocal surface) : V = p' = S, if = 1. 
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188. The Hessian surface is 

(X + Z) WXZ+ (x-zy P = 0. 

The complete intersection with the cubic surface is F=0, .2^=0 and F=0, X =0 
(the GB-a,xes) each four times ; = 0, FT = 0 twice ; and X = 0, -2=0 (the 

edge) twice. There is no spinode curve, or' = 0 ; wherefore also = 0. 


Reciprocal Surface. 

189. The equation is obtained from the binary quadric 4iw{X + Z){Xx-\- Zz) + y^XZy 
or say 

{^wXi 4w; (x + is;} + Swz'^X, 2)-. 

The equation is thus 

(y^ + 4iwx 4 - 4iWzy — Qi^w-xz = 0 , 

or in an irrational form 

iy + 2 VS -\-2i\/wz = 0. 

The section by the plane w == 0 (reciprocal of B^) is w = 0, y — 0 (reciprocal of edge) 
four times. 

The section by the plane z = 0 (reciprocal of 0^=0) is -8? = 0, + 4;wx = 0 (reciprocal 

of nodal cone) twice ; and similarly for the section by a? = 0 (reciprocal of G 2 = A), 

Nodal curve. Writing the equation in the form 

+ 8wy^ {z + x} + 16^^ (x — zy = 0, 

we have a nodal line y = 0, = 0, reciprocal of the mere line : 

and writing the equation in the form 

4 (fx ± fzy 

we have y = 0, ^ = 0 (reciprocal of edge), a tacnodal line counting as two lines ; &' = 3, 
There is no cuspidal curve; c' = 0. 
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Section XIX = 12 — — G. 2 - 

Article Nos. 190 to 198. Equation WXZ Y^Z = 0, 

190. The diagram of the lines and planes is 
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where the equations of the lines and planes are shown in the margins. 

191. The axis is a facultative line counting three times (as will appear from the 
reciprocal surface); p' = 6' = 3, ^'=1. 

192. The Hessian surface is 

Z(WXZ+ 7"^- 3Z») = 0, 
viz. this is the oscular biplane Z =0 and a cubic surface. 

The complete intersection with the cubic surface is made up of Z — 0, Z = 0 
(the edge) six times, and Z 0, 7=0 (the axis) six times. There is no spinode curve, 
<7' = 0; whence also y8' = 0. 

Reciprocal Surface, 

193. The equation is at once found to be 

64izw^ + Of + 4muy = 0 . 
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The section by the plane (reciprocal of -Bg) is w= 0, y — 0 (reciprocal of 

edge) four times. The section by the plane s = 0 (reciprocal of O 2 ) is ^ = 0, j/® + = 0 

(reciprocal of nodal cone) twice. 

Nodal curve. The equation gives 




showing that the line w = 0 , 3 / = 0 (reciprocal of edge) is an oscnodal line counting as 
three lines ; b' = 3. 

There is no cuspidal curve; c'== 0 . 


Section XX = 12— ZJg- 

Article Nos. 194 to 197. Equation X^W-i- XZ--h 3'"® = 0. 

194. The diagram of the lines and planes is 



where the equations of the line and plane are shown in the margins. 

195. There is no facultative line; 6 ' = p' = 0, t' = 0. 

196. The Hessian surface is X®F= 0 , viz. this is the uniplane X = three times, 
and the plane F =0 through the ray. The complete intersection with the cubic 
surface is made up of X = 0 , 3^=0 (the ray) ten times, and of a residual conic, which 
is the spinode curve; <r' = 2 . 

The equations of the spinode conic are F= 0, XW-h viz. the plane of the 

conic passes through the ray. Since there is no facultative line, j8' = 0 . 
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Redprooal Surface, 

197. The equation is at once found to be 

27 {z^ + ^amy — = 0. 

The section by the plane w = 0 (reciprocal of the TJnode) is w = 0, z = 0 (reciprocal 
of ray) four times. 

There is no nodal curve ; = 0. But there is a cuspidal conic, y = 0, + 4!a)w = 0. 

The point y = 0, z = 0, w=0 (reciprocal of the uniplane X = 0) is a point which 
must be considered as uniting the singularities =1, = 2. 

I give in an Annex a further investigation in reference to this case of the cubic 
surface. 

Section XXI = 12 — 

Article Nos. 198 to 201. Equation WXZ + F® = 0. 

198. The diagram of the lines and planes is 



where the equations of the lines and planes are shown in the margins. 

199. There is no facultative line; p' = b' = 0, f = 0 , 

200. The Hessian surface is XF^Tr=0, the common biplane and the other 
biplanes each once. The complete intersection with the surface consists of the axes 
each four times; there is no spinode curve, <r'==0; whence also ^'=0. 

C. VI. 


57 
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Reciprocal Surface. 

201. This is — f — viz. it is a cubic surface of the form XXI =:= 12 — 

There is no nodal curve, V = 0, and no cuspidal curve, d = 0. Moreover B = 3. 

Article No. 202. Synopsis for the foregoing sections. 

202. I annex the following s 3 aiopsis, for the several cases, of the facultative lines 
(or node-couple curve) and of the spinode curve of the cubic surface ; also of the 
nodal curve and the cuspidal curve of the reciprocal surface. It is to be observed 
that in designating a curve, for instance, as 18 = 4x5 — 2, this means that it is a 
curve of the order 18, the partial intersection of a quartic surface and a (juintic 
surfece, but without any explanation of the nature of the common curve 2 which 
causes the reduction, viz. without explaining whether this is a conic or a pair of lines, 
and so in other cases ; this may be seen by reference to the proper section of the 
Memoir. 



Facultative lines. 

Nodal curve. 

Spinode curve. 

Cuspidal curve. 

1=12 

27 

27 

12=3x4 

24=6x4 

n=i2-<72 

15 

15 

12=3x4 

18=4x5-2 

in=i2-B3 

9 

9 

12 = 3x4 

16=4x5-4 

IV=12-2C2 

7 

7 

10=3x4-2 

12=4x4-2-2 

V=12-B4 

7= 5+ edge twice 

7=5+ rec. of edge twice, 
rec. of edge iacnodal 

10 = 3x4-2 

12 = 4x4-4 

II 

1 

a 

3 

9=3x4-3 

10=4x4-4-2 

Yn=12-B5 

3=2+edge 

3=2+rec. of edge, 
rec. of edge is cuspnodal 

9 = edge + unicursal 
8-thic 

10= rec. of edge + 
unicursal 9-thic, 
rec. of edge is cuspnodal 

Vin=12-3(72 

3 

3 

6=2x8 

6=2x3 

IX=12-2B3 

none 

none 

8=4 conics 

8=4 conics 

X=12-B4-C2 

3 = l+edge twice 

3=1+ rec. of edge twice, 
rec. of edge is tacnodal 

6 = 2x3 

6 = 2x3 

Xl = 12-Bg 

3= edge 3 times 

3= rec. of edge 3 times, 
rec. of edge is oscnodal 

6=3 conics 

6=3 conics 

Xn=12- C7e 

3 j 

3 

6=2x3 

6=2x3 

Xni=12-B3-2C2 

1 

1 

1 

4 = 2x2, nodal qua- 
driquadric 

4=2x2 quadriquadric 

XIV=12-B3->C73 

l=edge 

1= rec. of edge, j 

rec. of edge is cuspnodal 

4=8 + edge 

4=3+ rec. of edge, 
rec. of edge is cuspnodal 

XV=12-U7 

1 

1 

4=2 X 2, nodal qna- 
driquadric 

4=2x2 cuspidal qua- 
driqua(£dc 

XVI=12-4C2 

3 

3 

none 

none 

xyn=i2~2B3-C2 

none 

none 

2= conic 

2= conic 

XVin=12^ ^4-2(72 

8=1 +edge twice 

1+ rec. of edge twice, 
rec. of edge ta.cnodaJ 

none 

none 

XIX=12-B3~a3 

3=aixis 8 times 

3= rec. of axis 3 times, 
rec. of axis oscnodal 

none 

none 

XX=12-Z78 

none 

none 

1 

2= conic 

2= conic 

XXI=12-3B3 

none 

1 

none 

j none 

none 


I pass now to the two cases of cubic scrolls. 
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Article No. 203. Section XXII =^(1, 1). Equation X^W+Y^Z==:0. 

203. As this is a scroll there is here no question of the 27 lines and 45 planes; 

there is a nodal line X = 0, F— 0, (6 = 1) and a single directrix line, IF = 0. 

The Hessian surface is X^F® = 0; the complete intersection with, the cubic surface 
is made up of X =0, F= 0 (the nodal line) eight times, and of the lines X = 0, Z =0, 
and F= 0, TT = 0, each twice. 

The reciprocal surface is oc^z — y^ — O; viz. this is a like scroll, XXII = >S(1, 1); 
c' = 0, 6' = L 

Article No. 204. Section XXIII = 8 (IT 1). Equation X (XW-h TZ) + F» = 0. 

204. This is also a scroll ; there is a nodal line X = 0, F= 0, and a single directrix 
line united therewith. 

The Hessian surface is X^ = 0; the complete intersection with the cubic surface is 
X = 0, F — 0 (the nodal line) twelve times. 

The reciprocal surface is w (cow + yz) — z® = 0 ; viz. this is a like scroll, XXIH = 8 (1, 1) ; 
c' = 0, 6' = 1. 

Anneco containing Additional Researches in regard to the case XX = 12— JJg; equation 

FX® + X.Z^+F®=:0. 

Let the surface be touched by the line (a, 6, c, f, g, li), that is, the line the 
equations whereof are 

( 0, /i, a JX, F, Z, F) = 0. 

- K 0 , /, 6 

9 . -/, 0, c 

— a, — 6, — c, 0 

Writing the equation in the form cTF. cX^ + X (cF)® + c^F® = 0, and substituting for 
oTT, cZ their values in terms of X, F, we have 

(- gX +/F) cX® + X (aX + 6F)® + c^F® = 0, 

that is 

( — eg , 2ab + cf, 6®, o^%X, F)® = 0, 

or say 

(S(a^ — cg), 2ab + cf, Sd^^X, F)®=0, 

viz. the condition of contact is obtained by equating to zero the discriminant of the 
cubic function. We have thus 

27c* (a" -c^)" 

+ 46® (a® — eg) 

+ 4c® (2a6 + cfy 

— 6* (2a6 + c/y 

— 186V (a® — eg) (2a6 + c/^) = 0, 


57—2 
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viz. this is 

+ 27 

- 4a»6» 

+ 30 a^lfcf 
— Sia^d^g 
+ 36 al^cg 
+ 24 ab(ff^ 

+ 4 b^h 

- 

+ 18 b^c^fg 
+ 27 

+ 4 

which is the condition in order that the line (a, b, c, f, g, h) may touch the surface 
X^W + XZ^+Y^=0-, and if we unite thereto the conditions that the line shall pass 
through a given point (a, y3, 7, 8), we have in effect the equation of the circumscribed 
cone, vertex (a, jS, 7, 8). 

Writing (/, g, h, a, h, c) in place of (a, b, c, f, g, h), we obtain 

2lf*h? 

- 4/y 

+ 30/yAa 

- 54 

+ SQfg^hb 
+ 24 fgh^a? 

+ ^g^c 

- Ig^o? 

+ 18 g%^oih 
+ 27 Up 

+ 4 Ua? = 0 

as the condition that the line (a, 6, c, /, g, h) shall touch the reciprocal surface 
27 (4as«; + z“)® + 64y®ia = 0 ; 
and if we consider a, b, 0 , f, g, h as standing for 

yy-fiz, az-yw, ^x — ay, Sx — ctw, hy — ^w, Sz-yw, 
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( 0 , 

-ct, 


K - g, 
0, / 

-6, - C, 


a l[a, /3, 7, S)=0, 


c 

0 


then the equation in (a, 6, c, /, h) is that of the circumscribed cone, vertex 
(a, y3, 7 , S); the order being (as it should be) a' =6. 


The cuspidal conic is g = 0, 4}xw + z^ = 0, and we at once obtain a^—4}cg = 0 as 
the condition that the line (a, 6, c, f, g, h) shall pass through the cuspidal cone. 
Hence attributing to (a, &, c, f, g, h) the foregoing values, we have 

— 4c^ = 0 


for the equation of the cone, vertex (a, y, S), which passes through the cuspidal 
conic; this is of course a quadric cone, c =2. I proceed to determine the intersections 
of the two cones. 

Representing by @ = 0 the foregoing equation of the circumscribed cone, and putting 
for shortness 

X - 27h^ (p - hh) - 2/ {2fg + ah\ 

I find that we have identically 

@ — (/3 — hK) X + (^ — — ^fgh^) — ^cg) — {^2fg% H- l&aghF) (q/H- hg -\-ch) = 0: 

whence in virtue of the relation 0 /*+ cA= 0, we see that the equations @ = 0, 
— 4<cg = 0, are equivalent to 

(/2 — bh)X = 0, a® — 4iCg = 0, 

or the twelve lines of intersection break up into the two systems’ 

= 0 , — 4}cg = 0 , 

and 

(X=) 27hUf^-hh)--2g^(2fg + ah) = 0, a^-4^cg = 0. 

To determine the lines in question, observe that we have 

( 0 , h, -g, a\(L, y, S) = 0; 

-K 0, /, & I 

g, -f, 0, c 

— a, —6, — c, 0 
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and we can by the first three of these express a, 6 , c linearly in terms of /, ff, h\ 
the equations 0 , a® — 4 c <7 = 0 , 27 (y*^ — bh) — 2 ^® ( 2 /^ + = 0 become thus 

homogeneous equations in (/, h); the equations may in fact be written 

8 =^ (a® - 4 c£^) = (t^ + 4aS) f - 4;SSA/= 0 , 

S (/2-.6/i) = S/2-aA- + 7¥=0> 

8Z = 27k^ (8/^ - + yhf) + (l3h- - ygh - 2 S/ 9 r) = 0, 

viz. interpreting (/, 7 i) as coordinates in piano, the first equation represents a conic, 

the second a pair of lines, and the third a quartic. 

We have identically 

{2y88/- ( 7 ^ + 4a8) g + ^yhY - 4/S^S ( 8 /^ - a]i^ + ylif) 

= {rf + 4aS) {(y q- 4a8) — 4;SSA/} ; 

and it thus appears that the two conics touch at the points given by the equations 

S/— «A^ + 7¥= 0 , 

*■ 2/S^— {rf -{- 4a8) g + ^yh = 0 : 

we have moreover 

— (72 + 4a8) (/9A2 — ygh — 2^) = 4/38 — ali^ + yhf) 

+ (- 28/- yh) [ 2 ^ 8 /- ( 7 ® + 4 a 8 ) 5 r + ^ 37 ^], 

hence at the last-mentigned two points — + ygh + 2Zfg is = 0 ; and the quartic = 0 

thus passes through these two points. 

The conic (a® — c^) = 0 and the quartic JT = 0 intersect besides (as is evident) in 
the point gr = 0 , reckoning as two points, since it is a node of the quartic; and 

they must consequently intersect in four more points: to obtain these in the most 
simple manner, write for a moment 

^l =-(72 + 4aS)/ + /3*/i^ 

then we have identically 

16/3^8/ ( 8/2 - ah? + yhf) - = - [(72 + 4a8) / + + 4/8^/ {yh + 2hf)\ 

= -{(/ + 4a8) / + ^h? - 2^ygh - 2/38/^} {(/ + 4aS) / + + 2^ygh 4 - 4^8/^}, 

= - S (a^ - 4 c5') {(t^ + 4a8) + 2^7^7i + 4/35^} ; 

and moreover 

2/3 {^h? - 28 / 5 r - ygh) - fl = (/ + 4a8) / + _ 2 / 37 ^/i - 4/38/^ = 8 (a^ - 4c^). 

Hence when a® — 4c^ = 0 , we have 


02 o 

s/2 - a/i* + yhf^ lejsv ’ ~ = 2^ ’ 
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and substituting these values in the equation X = 0, it becomes 

viz. multiplying by 16/9=S, and omitting the factor fl, this is 

21h^D. + \&,Bhf = Q, 

- 27 (7“ + 4aS) + 27/3'^ = 0, 
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or finally 


a pencil of four lines, each passing through the point g — 0, h = Q, and therefore inter- 
secting the conic 

(ry2 _j- — 2l3ygh — 4}^Bhf= 0 

at that point and at one other point ; and we have thus four points of intersection, 
which are the required four points. 

Recapitulating, the conic — 4icg = 0 meets the sextic (/^ — bh) X == 0 in the two 
points 

^Bf^-ah^ + yhf= 0 , 

\ 2y8^— (7^ + 4a8) g -f ^yh = 0 

each three times, in the point = 0, A = 0 twice, and in the four points 

(IQ^Bg* - 27 (t^ + 4aS) g%^ + 27/3“^^ = 0, 

+ 4aS) g^ + — 2$ygh — 0 

each once. Or reverting to the proper significations of (a, &, c, /, g, A), instead of 
points we have 2 lines each three times, a line twice, and 4 lines each once; the 
line 5^ 0, A = 0, that is, g^O, A = 0, a = 0, being, it will be observed, the line 

V Z U) 

^ ~ drawn from (a, /3, y, B) to the point y-0, ^ = 0, w; = 0, which is the 

P y o 

reciprocal of the uniplane X = 0 : the twelve lines are the a'c' lines of intersection of 
the circumscribed cone a' with the cuspidal cone c', viz. a'c' = [a'c'] + 3cr' + ; [a'c'] = 4 

referring to the last-mentioned four lines ; <7' = 2 to the two lines ; and = 2 to the 
line 5^ = 0, A = 0, a = 0, which it thus appears must in the present case be reckoned 
twice. 
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A MEMOIE ON ABSTRACT GEOMETRY. 

[From the Philosophical Transactions of the Royal Society of London, vol. clx. (for 
the year 1870), pp. 51 — 63. Eeceived October 14, — Read December 16, 1869.] 

I SUBMIT to the Society the present exposition of some of the elementary principles 
of an Abstract 7 ?i-dimensional Geometry. The science presents itself in two ways, — as a 
legitimate extension of the ordinary two- and three-dimensional geometries ; and as a 
need in these geometries and in analysis generally. In fact whenever we are concerned 
with quantities connected together in any manner, and which are, or are considered as 
variable or determinable, then the nature of the relation between the quantities is 
frequently rendered more intelligible by regarding them (if only two or three in nixmber) 
as the coordinates of a point in a plane or in space : for more than three quantities 
there is, from the greater complexity of the case, the greater need of such a repre- 
sentation; but this can only be obtained by means of the notion of a space of the 
proper dimensionality; and to use such representation, we require the geometry of such 
space. An important instance in plane geometry has actually presented itself in the 
question of the determination of the number of the curves which satisfy given con- 
ditions: the conditions imply relations between the coeflBcients in the equation of the 
curve; and for the better understanding of these relations it was expedient to consider 
the coefficients as the coordinates of a point in a space of the proper dimensionality. 

A fundamental notion in the general theory presents itself, slightly in plane geometry, 
but already very prominently in solid geometry; viz. we have here the difficulty as to 
the form of the equations of a curve in space, or (to speak more accurately) as to the 
expression by means of equations of the twofold relation between the coordinates of a 
point of such curve. The notion in question is that of a A-fold relation, — as dis- 
tinguished from any system of equations (or onefold relations) serving for the expression 
of it, and as giving rise to the problem how to express such relation by means of 
a system of equations (or onefold relations). Applying to the case of solid geometry 
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my conclusion in the general theory, it may be mentioned that I regard the twofold 
relation of a curve in space as being completely and precisely expressed by means of 
a system of equations (P=0, Q = 0, ... T=0\ when no one of the functions P, 
is a linear function, with constant or variable integral coefiScients, of the others of 
them, and when every surface whatever which passes through the curve has its equation 
expressible in the form U = AP + BQ . . . + KT, with constant or variable integral 
coefiScients, A, B, ... K. It is hardly necessary to remark that all the functions and 
coefificients are taken to be rational functions of the coordinates, and that the word 
integral has reference to the coordinates. 


Article Nos. 1 to 36. General Explanations; Relation, Locus, dec. 

1. Any m quantities may be represented by means of m + 1 quantities as the 
ratios of m of these to the remaining (m H- l)th quantity, and thus in place of the 
absolute values of the m quantities we may consider the ratios of m + 1 quantities. 

2. It is to be noticed that we are throughout concerned with the ratios of the 
m + 1 quantities, not with the absolute values ; this being understood, any mention of 
the ratios is in general unnecessary; thus I shall speak of a relation between the 
m+1 quantities, meaning thereby a relation as regards the ratios of the quantities ; 
and so in other cases. It may also be noticed that in many instances a limiting or 
extreme case is sometimes included, sometimes not included, under a general expression; 
the general expression is intended to include whatever, having regard to the subject- 
matter and context, can be included under it. 

3. Postulate. We may conceive between the m + 1 quantities a relation Q). 

4. A relation is either regular, that is, it has a definite manifoldness, or, say, it 
is a A- fold relation ; or else it is irreg^dar, that is, composed of relations not all of 
the same manifoldness. As to the word " composed,” see post, No. 14. 

5. The ratios are determined (not in general uniquely) by means of a m-fold relation ; 
and a relation cannot really be more than m-fold. But the notion of a more than 
m-fold relation has nevertheless to be considered. A relation may be, either in mere 
appearance or else according to a provisional conception thereof, more than m-fold, and 
be really m-fold or less than m-fold. Thus a relation expressed by m + 1 or more 


1 The whole difficulty of the subject is (so to speak) in the analytical representation of a relation; 
without solving it, the theories of the tezt cannot be exhibited analytically with equivalent generality; and 
I have for this reason presented them in an abstract form without analytical expression or commentary. 
But it is perfectly easy to obtain analytical illustrations; a onefold relation is expressed by an equation P=sO; 
and (although a ^-fold relation is not in general expressible by k equations) any k independent equations 
P=0, <3=0, &Q. constitute a &-fold relation. Thus, No. 4, an instance of an irregular relation is, MP=0, 
MQ=0, viz. this is satisfied by the satisfaction either of the onefold relation Jf=0, or of the twofold 
relation P=0, Q = 0. And post, Nos. 14 and 21, the relation composed of the two onefold relations P=0 and 
<3 = 0 is the onefold relation P(3=0; the relation aggregated of the same two relations is the twofold relation 

p=o, g=o. 

C. VI. 


58 



458 


A MEMOIR ON ABSTRACT GEOMETRY. 


[413 


equations is in general and pHmd facie more than m-fold ; but if the equations are 
not independent, and equivalent to mi or fewer equations, then the relation will be 
771 -fold or less than ? 7 i-fold. Or the given relation may depend on parameters, and so 
long as these are arbitrary be really more than m-fold ; but the parameters may have 
to be, and be accordingly, so determined that the relation shall be m-fold or less than 
77 z--fold. A more than 7 ?^-fold relation is said to be superdeterminate. 

6. A system of any number of onefold relations, whether independent or dependent, 
and if more than m of them, whether compatible or incompatible, is termed a ' Plexus/ 
viz. if the number of onefold relations be = 0, then the plexus is ^-fold. A ^-fold 
plexus constitutes a relation which is at most ^-fold, but which may be less than 
5-fold. 

7. Every relation whatever is expressible, and that precisely , by means of a plexus ; 
but for the expression of a A-fold relation we may require a more than i-fold plexus. 

8. Postulate. We may conceive a m-dimensional space, the indetermination of the 
ratios of m -f 1 coordinates, and locus in quo of the point, the unique determination of 
these ratios. More generally we may conceive any number of spaces, each of its own 
dimensionality, and existing apart by itself. 

9. Conversely, any m-fl quantities may be taken as the coordinates of a point in 
a m-dimensional space, 

10. The m-fl coordinates may have a ^-fold relation; it appears {ante, No. 5) 
that the case k>m, or where the relation is more than m-fold, is not altogether 
excluded ; but this is not now under consideration. The two limiting cases A = 0 and 
k = m will be presently mentioned ; the remaining case is k >0<mi the system of 
points the coordinates of which satisfy such a relation constitutes a &-fold or (m — ky 
dimensional locus. And k is the manifoldness, m — k the dimensionality, of the locus. 

11. If k — m, that is, if the ratios are determined, we have the point-system, 
which, if the determination be unique, is a single point. The expression “ a locus 
may extend to include the point- system, and therefore also the point. If ^=0, that is, 
if the coordinates are not connected by any relation, we have the original m-dimensional 
space. 

12. We may say that the m-dimensional space is the locus in quo not only of 
the points in such space, but of the locus determined by any relation whatever between 
the coordinates; and in like manner that any (m — i)dimensional locus in such space 
is a (772- — Ar)dimensional space, a locus in quo of the points thereof, and of every locus 
determined by a relation between the coordinates, implying the A-fold relation which 
corresponds to the (m — A)dimensional locus. 

lo. There is not any locus corresponding to a relation which is really more than 
771-fold ; hence in speaking of the locus corresponding to a given relation, we either 
assume that the relation is not more than 7 ?i-fold, or we mean the locus, if any, 
corresponding to such relation. 
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14. Any two or more relations may be composed together, and they are then 
factors of a single composite relation ; viz. the composite relation is a relation satisfied 
if, and not satisfied unless, some one of the component relations be satisfied. 

15. The foregoing notion of composition is, it will be noticed, altogether different 
from that which would at first suggest itself. The definition is defective as not 
explaining the composition of a relation any number of times with itself, or elevation 
thereof to power; which however must be admitted as part of the notion of composition. 

16. A A-fold relation which is not satisfied by any other A;-fold relation, and 

which is not a power, is a prime relation. A relation which is not prime is composite, 
viz. it is a relation composed of prime factors each taken once or any other number of 
times ; in particular, it may be the power of a single prime factor. Any prime factor 
is single or multiple according as it occurs once or a greater number of times. 

17. A relation which is either prime, or else composed of prime factors each of 

the same manifoldness, is a regular relation; a ^-fold relation is ex vi termini regular. 
An irregular relation is a composite relation the prime factors whereof are not all of 
the same manifoldness. 

18. A prime ^-fold relation cannot be implied in any prime ^-fold relation different 

from itself. But a prime A-fold relation may be implied in a prime more-than-/fc-fold 

relation, — or in a composite relation, regular or irregular, each factor whereof is more 
than A;-fold ; and so also a composite relation, regular or irregular, each factor whereof 
is at most *-fold, may he implied in a composite relation, regular or irregular, each 
factor whereof is more than A:-fold. In a somewhat different sense, each factor of a 
composite relation implies the composite relation. 

19. A composite relation is satisfied if any particular one of the component relations 
is satisfied; but in order to exclude this case we may speak of a composite relation as 
being satisfied distrihutively ; viz. this will be the case if, in order to the satisfaction of 
the composite relation, it is necessary to consider all the factors thereof, or, what is the 
same thing, when the reduced relation obtained by the omission of any one factor what- 
ever is not always satisfied. And when the composite relation is satisfied distrihutively, 
the several factors thereof are satisfied alternatively ; viz. there is no one which is 
throughout unsatisfied. 

20. A composite onefold relation is never distrihutively implied in a prime A;-fold 
relation — that is, a prime A-fold relation implies only a prime onefold relation, or at 
least only implies a composite onefold relation improperly, in the sense that it implies 
a certain prime factor of such composite onefold relation. Oonvei-sely, every ^;-fold rela- 
tion which implies distrihutively a composite onefold relation is composite. 

21. Any two or more relations may be aggregated together into, and they are then 
constituents of, a single aggregate relation; viz. the aggregate relation is only satisfied 
when all the constituent relations are satisfied. The aggregate relation implies each of 
the constituent relations. 


58—2 
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22. There is no meaning in aggregating a relation with itself; such aggregation 
only occurs accidentally when two relations aggregated together become one and the 
same relation ; and the aggregate of a relation with itself is nothing else than the 
original relation. 

23. A onefold relation is not an aggregate, but is its own sole constituent ; a 
more than onefold relation may always be considered as an aggregate of two or more 
constituent relations. The constituent relations determine, they in fact constitute, the 
aggregate relation ; but the aggregate relation does not in any wise determine the con - 
stituent relations. Any relation implied in a given relation may be considered as a 
constituent of such given relation. 

24. The aggregate of a ifc-fold and a Z-fold relation is in general and at most a 
(A + Z)foId relation; when it is a (A-fZ)fold relation, the constituent relations are 
independent, but otherwise, viz. if the aggregate relation is, or has for factor, a less 
than {k 4- Z)fold equation, the constituent relations are dependent or interconnected. 

25. Passing from relations to loci, we may say that the composition of relations 
corresponds to the congregation of loci, and the aggregation of relations to the inter- 
secti<yn of loci. 

26. For, first, the locus (if any) corresponding to a given composite relation is 
the congregate of the loci corresponding to the several prime factors of the given 
relation, the locus corresponding to a single factor being taken once, and the locus 
corresponding to a multiple factor being taken a number of times equal to the 
multiplicity of the factor. 

27. And, secondly, the locus (if any) corresponding to a given aggregate relation 
is the locus common to and contained in each of the loci corresponding to the several 
constituent relations respectively; or, what is the same thing, it is the intersection of 
these several locL 

28. It may be remarked that a ^7-fold locus and a Z-fold locus where k-\-l>m 
(or where the aggregate relation is more than m-fold) have not in general any common 
locus, 

29. Any onefold relation implied in a given ^;-foId relation is said to be in 
involution with the A-fold relation, and so in a system of onefold relations, if any 
relation be implied in the other relations, or, what is the same thing, in the relation 
aggregated of the other relations, then the system is said to be in involution ; a system 
not in involution is said to be asyzygetic. 

30. Consider a given ^;-fold relation, and, in conjunction therewith, a system of any 
number of onefold relations each implied in the given i-fold relation. We may omit 
from the system any relation implied in the remaining relations, and so successively 
until we arrive at an asyzygetic system. Consider now any other onefold relation 
implied in the given jfc-fold relation; this is either implied in the system of onefold 
relations, and it is then to be rejected, or if it is not implied in the system, it is to 
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be added on to and made part of the system. It may happen that, in the system 
thus obtained, some one relation of the original system is implied in the remaining 
relations of the new system; but if this is so the implied relation is to be rejected; 
the new system will in this case contain only as many relations as the original system, 
and in any case the new system will be asyzygetic. Treating in the same manner 
every other onefold relation implied in the given A;-fold relation, we ultimately arrive 
at an asyzygetic system of onefold relations, such that every onefold relation implied 
in the given A-fold relation is implied in the asyzygetic system. The number of onefold 
relations will be at least equal to k (for if this were not so we should have the given 
A;-fold relation as an aggregate of less than k onefold relations) ; but it may be greater 
than k, and it does not appear that there is any [assignable] superior limit to the 
number of onefold relations of the asyzygetic system. 

31. The system of onefold relations is a precise equivalent of the given A^-fold 
relation. Every set of values of the coordinates which satisfies the given ^b-fold relation 
satisfies the system of onefold relations ; and reciprocally every set of values which 
satisfies the system of onefold relations satisfies the given A;-fold relation. But if we 
omit any one or more of the onefold relations, then the reduced system so obtained is 
not a precise equivalent of the given A?-fold relation; viz. there exist sets of values 
satisfying the reduced system, but not satisfying the given A;-fold relation. 

32. In fact consider a A-fold relation the aggregate of less than all of the onefold 
relations of the asyzygetic system, and in connexion therewith an omitted onefold 
relation; this omitted relation is not implied in the aggregate, and it constitutes with 
the aggregate not a (A + l)fold, but only a ^;-fold relation. This happens as follows, 
viz. the omitted relation is a factor of a composite onefold relation distributively implied 
in the aggregate ; hence the aggregate is composite, and it implies distributively a 
composite onefold relation composed of the omitted relation and of an associated onefold 
relation ; that is, the aggregate will be satisfied by values which satisfy the omitted 
relation, and also by values which (not satisfying the omitted relation) satisfy the 
associated relation just referred to. 

33. Selecting at pleasure any k of the onefold relations of the asyzygetic system, 
being such that the aggregate of the k relations is a &-fold relation, we have a com- 
posite Ar-fold relation wherein each of the remaining onefold relations is alternatively 
implied; viz. each remaining onefold relation is a factor of a composite onefold relation 
implied distributively in the composite A-fold relation. Hence considering the k-\-l 
onefold relations, viz. any -h 1 relations of the asyzygetic system, each one of these is 
implied alternatively in the aggregate of the remaining k relations ; and we may say 
that the fc + 1 onefold relations are in convolution, 

34. More generally any ^ + 1 or more, or all the relations of the asyzygetic system 
are in convolution, that is, any relation of the system is alternatively implied in the 
aggregate of the remaining relations, or indeed in the aggregate of any k relations 
(not being themselves in convolution) of the remaining relations of the asyzygetic 
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system. It may be added that, besides the relations of the system, there is not any 
onefold relation alternatively implied in the asyzygetic system. 

35. The foregoing theory has been stated without any limitation as to the value 

of h, and it has I think a meaning even when A is >m\ but the ordinary case is 
Considering the theory as applying to this case, I remark that the last proposition, viz. 
that no reduced system is a precise equivalent of the given ^-fold relation, is generally 
true only on the assumption of the existence or quasi-existence of sets of values 
satisfying a more than m-fold relation. For let A be and, on the contrary, assume, 

as we usually do, that it is not in general possible to satisfy a more than m-fold relation 
between the coordinates ; the number of relations in the system may be > m + 1 ; and if 
this is so, then selecting any m -F 1 relations of the system, it may very well happen 
that the given ^;-fold relation is not satisfied by any sets of values other than those 
which satisfy the m -h 1 relations, — that is, that the m -h 1 relations are a precise 
equivalent of the given A-fold relation. But even in this case the consideration of the 
entire system of the onefold relations is not the less advantageous; and I say in 
general that the given A-fold relation has for its precise and complete equivalent the 
asyzygetic system of onefold relations. 

36. {In illustration of the foregoing Nos. 29 to 35, I remark that, for the functions 
or equations P=0, Q = 0, JS = 0, &c., if we have identically AP-\‘BQ-\- (7P + ... =0, where 
the factors B, C, ... are integral functions of the coordinates, and where some one of 
these factors, say, is a constant (or if we please =1), then the system of functions 
or equations is in involution; or, to speak more accurately, the function or equation 

P = 0 is in involution with the remaining functions or equations Q = 0, P = 0, 

But when the factors A, P, (7, ... are no one of them constant, then we have a con- 
volution. If P = 0 is in involution with the remaining equations Q = 0, P = 0, , 
then P = 0 is implied in these equations, and the relations (Q = 0, P = 0, ...) and 
(P=:0, Q = 0, P — 0,...) are equivalent to each other. But in the case of a convolution 
where 

AP BQ -f- CR 4* . . • = 0, 

then the relation the equations Q^O, P = 0, . . . imply AP = 0, that is, -4=0 or else 
P = 0; or, what is the same thing, the relation (Q= 0, P = 0, ...) is a relation composed 
of the two relations (-4=0, Q=0, P = 0,...) and (P-0, Q = 0, P = 0,...). In the 
Mold relation expressed by the more than k equations (P=0, Q = 0, P = 0, ...), selecting 
any k of these equations which are not in convolution, and uniting thereto any one of 
the remaining equations, we have a convolution of i-hl equations; and when a A-fold 
relation is precisely expressed by means of a system of k or more equations (P = 0, 
Q=0, ...), then every equation fl = 0 implied in the given relation, or, what is the 
same thing, the equation of any onefold locus passing through the locus given by 
the Mold relation is in involution with the equations P==0, Q = 0, ..., that is, we 
have identically O = 4.P-1- PQ + C/Pq- ... , -4, P, C7, ... being integral functions of the 
coordinates.} 
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Article Nos. 37 to 42. Qmal Relation; Order. 

37. A A?- fold relation may be linear or omal. If h — m, the corresponding locus 
is a point ; ii k<m the locus is a Z;-fold, or (m — i)dimensional omaloid ; the expression 
omaloid used absolutely denotes the onefold or (m — l)dimensional omaloid ; the point 
may be considered as a m-fold omaloid. 

38. A m-fold relation which is not linear or omal is of necessity composite, com- 
posed of a certain number M of m-fold linear or omal relations; viz. the m-fold locus 
corresponding to the m-fold relation is a point-system of M points, each of which may 
be considered as given by a separate m-fold linear or omal relation ; each which relation 
is a factor of the original m-fold relation. The given m-fold relation, and the point- 
system corresponding thereto, are respectively said to be of the order M. 

39. The order of a point-system of M points is thus but it is of course 

to be borne in mind that the points may be single or multiple points; and that if 
the system consists of a point taken a times, another point taken /3 times, &c., then 
the number of points and therefore the order M of the system is considered to be 
= a-l-^ + ... . 

40. If to a given ^;-fold relation (h < m) we unite an absolutely arbitrary 
(m — A?)fold linear relation, so as to obtain for the aggregate ^a m-fold relation, then 
the order M of this m-fold relation (or, what is the same thing, the number M of 
points in the corresponding point-system) is said to be the order of the given A;-fold 
relation. The notion of order does not apply to a more than m-fold relation. 

41. The foregoing definition of order may be more compendiously expressed as 
follows: viz. 

Given between the m -h 1 coordinates a relation which is at most m-fold ; then if 
it is not m-fold, join to it an arbitrary linear relation so as to render it m-fold; 
we have a m-fold relation giving a point-system; and the order of the given relation 
is equal to the number of points of the point-system. 

42. The relation aggregated of two or more given relations, when the notion of 

order applies to the aggregate relation, that is, when it is not more than m-fold, is 
of an order equal to the product of the orders of the constituent relations ; or, say, 
the orders of the given relations being‘s, the order of the aggregate relation 

is = . . . 


Article Nos. 43 and 44. Paramebrio Relations. 

43. We have considered so far relations which involve only the coordinates (rr, y, ...) Q); 
the coeflScients are purely numerical, or, if literal, they are absolute constants, which 
either do or do not satisfy certain conditions; if they do not, the relation assumed in 
the first instance to be A-fold is really *-fold, or, as we may express it, the relation is 

1 The only exception is ante, No. 5, where, in illustration of the notion of a more than m-fold relation, 
mention is made of “parameters.” 
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really as well as formally ^-fold; if they do satisfy certain relations in virtue whereof 
the formally A- fold relation is really less than A-fold, say, it is (A — Z)fold, then the relation 
is in fact to he considered al initio as a (A?~Z)fold relation: there is no question of 
a relation being in general Wold and becoming less than i?-fold, or suffering any other 
modification in its form ; and the notion of a more than m-fold relation is in the 
preceding theory meaningless. 

44 . But a relation between the coordinates {oc, y, ...) may involve parameters, and 
so long as these remain arbitrary it may be really as well as formally i-fold; but when 
the parameters satisfy certain conditions, it may become (k — Z)fold, or may suffer some 
other modification in its form. And we have to consider the theory of a relation 
between the coordinates {x, y, ...), involving besides parameters which may satisfy certain 
conditions, or, say simply, a relation involving variable parameters. If the number of 
the parameters be m', then these parameters may be regarded as the ratios of mf 
quantities to a remaining m' -f 1 th quantity, and the relation may be considered as 
involving homogeneously the m' + l parameters {x\ y', ...)• And these may, if we please, 
be regarded as coordinates of a point in their own m'-dimensional space, or we have 
to consider relations between the m + 1 coordinates {x, y, ...) and the m' + l (parameters 
or) coordinates {x\ y', ...). It is to be added that a relation may involve distinct sets 
of parameters, say, we ^ have besides the original set of parameters, a set of m” + \ 
parameters {x", y", ...) involved homogeneously. But this is a generalization the 
necessity for which has hardly arisen. 


Article Nos. 45 to 55. Quantics, Notation, &c. 

45. A homogeneous function of the coordinates (x, y, . . . ) is represented by a 
notation such as 

(where (») indicates the coefiScients and ( • ) the degree), and it is said to he a 
quantic; and in reference to the quantic the quantities or coordinates (x, y, ...) are 
also termed fadents. More generally a quantic involving two or more sets of coordi- 
nates, or facients, is represented by the similar notation 

y, y', 

46. The quantic is unipartite, bipartite, tripartite, &c., according as the number of 

sets is one, two, three, &c. 5 and with respect to any set of coordinates, it is binary, 
ternary, quaternary,.*, (m + I)ary, according as the number of the coordinates is two, 

three, four, or and it is linear, quadric, cubic, quartic, , according as the 

degree in regard to the coordinates in question is 1 , 2 , 3 , 4 , .... 

47. A quantic involving two or more sets of coordinates, and linear in regard to 

each of them, is said to be tantipartite ; or, in particular, when there are only two 
sets, it is said to be lineo-linear ; we may even extend the epithet lineo-Hnear to the 
case of any number of sets. 
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48. Instead of the general notation 


we may write 


2/. •••)*■' y', ...)'=’••• 


where the coefficients are now indicated by (a,...), and the degrees are ••• 

49. In the cases where the particular values of the coefficients have to be attended 
to, we write down the entire series of coefficients, or at least refer thereto by the 
notation (a,...); and it is to be understood that the coefficients expressed or referred 
to are each to be multiplied by the appropriate numerical coefficient, viz. for the term 
,,, this numerical coefficient is 






50. It is sometimes convenient not to introduce these numerical multipliers, and 
we then use the notation 


y,...Y(x', y',...Y'..., 
or 

(a,...\x, y', 


In particular (a, 6 , yY, (a, 6 , c, d^x, yf &c. denote respectively 

ax^ + 2bxy + cif, 

ax^ + 8bafy + Scxy^ + dy^, 

&c, ; 


but (a, 6, c\x, y)\ (a, b, c, d'^x, y)\ &c. denote 

aa^ + bxy + cy®, 

ax^ + bxy + cxy^ + dy®, 
&c., 


and so (a, 6, c, /, y, h^x, y, zy and (a, 6, c, /, g, h^x, y, zy denote respectively 


and 


aa^ + by^’i- cz^ + 2fyz 4- 2gzx + 21ixyy 
a^+&y®+c^+ gzx-\~ hxy. 


51. To show which are the coefficients that belong to the several terms respectively, 
it is obviously proper that the quantic should be once written out at full length; 
thus, in speaking of a ternary cubic function, we say let U=(a, ».,'^x, y, zy 

= h 0, /, y, h i y, h y, ^y 

= + 5y® + oz^ 

+ 3 {fy’^z 4 - gz^x + bcdy + lyz^ ^-jzod^ + kxy^) 

+ Qlxyzy 

and the like in other cases. 

c. VI. 59 
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52. A onefold relation between the coordinates is expressible by means of an 
equation of the form 

3 ^,...)^*^ = 0 . 

53. The expression '"an equation” used without explanation may be taken to mean 
an equation of the form in question, viz. the equation obtained by putting a quantic 
equal to zero ; the quantic is said to be the nilf actum of the equation. We may 
consequently say simply that a onefold relation between the coordinates is always 
expressible by an equation. 

54. It is frequently convenient to denote the quantic or nilfactum by a single 

letter, and to use a locution such as '‘the equation TJ=^{*'^so, 2 / . == 0,” which really 

means that the single letter TI stands for the quantic t/, so that we are 

afterwards at liberty to write f7'=0 as an abbreviated expression for y, — 0. 

We may also speak of the equation or function !7= 0, meaning thereby the equation 
i7 = 0, or the function TJ. 

55. A i-fold relation between the coordinates is (as has been shown) equivalent 
to a system of h or more onefold relations ; each of these is expressible by an equation 
?7=0, and the A-fold relation is thus expressible by a system of k or more such 
equations. Bepresenting by ((C/)) the system of functions which are the nilfacta of 
these equations respectively, the ^:-fold relations may be represented thus, ((C7))=0; or 
more completely, the relation being &-fold, and the number of equations being = 5 , by 
the notation 

((I7)5)(Mold) = 0. 

We may also speak of the system or relation ((t7)) = 0, meaning thereby the system of 
functions ((?7)), or the relation ((?7))=0. 


Article Nos. 56 to 62. Resultant, Discriminant, <&c, 

56.. In the case k>m, a given &-fold relation between the m + 1 coordinates 
(x, y,..-) and the parameters «?/, ...) leads to a (^-m)fold relation between the 
parameters. This is termed the resultant relation of the given ^-fold relation, or when 
the additional specification is necessary, the resultant relation obtained by elimination 
of the coordinates {x, y, ...). 

57. Consider a Wold relation between the m^l coordinates {x, y, ...) and the 
coordinates {x, y^, If k'l^m, then, considering the {x, y, as coordinates 
and the {x*, y', ...) as parameters, we have corresponding to the given relation a A-fold 
locus in the ?n-space; and so if then, considering the {x, y', ...) as coordinates, 

but the {x, y, ...) as parameters, we have corresponding to the given relation a Wold 
locus in the m'-space. 
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58. If k>m, but if the (A; — m)fold resultant relation is satisfied, then the given 
A?“fold relation becomes a m-fold linear relation between the coordinates (a?, 2^,...)? 

is consequently satisfied by a single set of values of the coordinates. Hence, considering 
the given A-fold relation as implying the (k — m)fold resultant relation, the A;-fold relation 
will represent a single point in the 7?i-space, say, the commm point. 

59. A m-fold relation, or the locus, or point-system thereby represented, may have a 

double or nodal point, viz. two of the points of the point-system may be coincident. 
More generally a ^-fold relation {k m), or the locus thereby represented, may have a 
double or nodal point; for let the relation if less than m-fold be made m-fold by 

adjoining to it a linear (m — i;)fold relation satisfied by the coordinates of the point 

in question but otherwise arbitrary, then, if the point in question be a double or nodal 
point of the m-fold relation, or of the point-system thereby represented, the point is 
said to be a double or nodal point of the original /?-fold relation, or of the locus 

thereby represented. 

60. A given-fold relation (k :[> m) between the m + 1 coordinates, or the locus 

thereby represented, has not in general a nodal point. But if the relation involve the 
m'+l parameters {x', y", ...), then, if a certain onefold relation be satisfied between the 
parameters, there will be a nodal point. The onefold relation between the parameters 
is the discriminant relation of the given A-fold relation. 

61. In the case in question, i m, the discriminant relation is the resultant 
relation of a (m-i-l)fold relation which is the aggregate of the given A-fold relation 
with a certain relation called the Jacobian relation, or when the distinction is required, 
the Jacobian relation in regard to the {x, y , ...). 

62. Consider a &-fold relation {kh^m, m') between the m-f 1 coordinates (x, y, ...) 

and the m'-f-l coordinates {x\ y', ...). It has been seen that to a given set of values of 
the (x\ or, say, to a given point in the m'-space, there corresponds a Ay-fold locus 

in the m-space, and that to a given set of values of the {x, y, ...), or to a given 

point in the m-space, there corresponds a A-fold locus in the m'-space. The A-fold 

locus in the m'-space may have a nodal point; this will be the case if there is 

satisfied between the {x, y, ...) a certain one-fold relation, the discriminant relation of 
the given Ay-fold relation in regard to the (x\ y', ...). This onefold relation represents 
in the m-space a onefold locus, the envelope of the Ay-fold loci in the m-space corre- 

sponding to the several points of the m'-space. The property of the envelope is that 
to each point thereof there corresponds in the m'-space a Ay-fold locus having a nodal 
point. 


Article Nos. 63 — 69. Cmsecutive Points; Tangent Omals. 

63. As the notions of proximity and remoteness have been thus far altogether 
ignored, it seems necessary to make the following 

Postulate. We may conceive a point consecutive (or indefinitely near) to a given 
point. 


59—2 
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64. If the coordinates of the given point are (x, y, ...)» those of the consecutive 
point may be assumed to be (x+Sx, y + Sy, ...), where Sx, Sy, ... are indefinitely small 
in regard to (x, y, ...). 

65. It may be remarked that, taking the coordinates to be (x + Xj y+ F, ...), there 

is no obligation to have (Z, 7,...) indefinitely small; in fact whatever the magnitudes 

of these quantities are, if only Z : 7 : . . . = ^ y , then the point -h Z, y -1- 7, . . . ) 
will be the very same with the original point, and it is therefore clear that a con- 
secutive point may be represented in the same manner with magnitudes, however 
large, of Z, 7,... But we may assume them indefinitely small, that is, the ratios 

: y+Sy,..., where Sx, Sy, ... are indefinitely small in regard to (x, y, ...), will 

represent any set of ratios indefinitely near to the ratios (x : y, ...)• 

The foregoing quantities (Bx, Sy, ...) are termed the increments. 

66. Consider a A-fold relation between the m-hl coordinates (x, y, ...), the 

increments (Bx, By,...) are connected by a linear A?- fold relation. 

The linear A-fold relation is satisfied if we assume the increments proportional to the 
coordinates — this is, in feict, assuming that the point remains unaltered. We may write 
{Bx, By, ...) — {x, y, ...), since in such an equation only the ratios are attended to. But 
it may be preferable to write (Bx, By, ...) = 'k(x, y, ...). In particular if k=m, then the 
increments are connected by a linear m-fold relation ; that is, the ratio of the increments 
is uniquely determined ; and as the relation is satisfied by taking the increments 
proportional to the coordinates, it is clear that the values which the linear m-fold relation 
gives for the increments are in fact proportional to the coordinates: viz. there is not 
in this case any consecutive point. 

67. Considering the A;-fold relation as belonging to a A;-fold locus in the w-space, so 
that (x, y, ...) are the coordinates of a point on this locus, then if in the linear fe-fold 
relation between the increments these increments are replaced by the coordinates (x, y, ...) 
of a point in the m-space, then considering the original coordinates (x, y, ...) as para- 
meters, the locus of the point (x, y, ...) is a A;-fold omal locus: it is to be observed 
that, by what precedes, the linear A-fold relation is satisfied by writing therein the 
values X : y,...=x : y, ..., that is, the Ar-fold omal locus passes through the original 
point (x, y, ...); the A-fold omal locus is said to be the tangent-omal of the original 
A-fold locus at the point (x, y, ...), which point is said to be the point of contact 

68. If in the original Wold locus we replace (x, y, ...) by (x, y, .-X combine 
therewith the A-fold linear relation, we have between the coordinates (x, y, ...) a 2A;-fold 
relation (containing as parameters the coordinates {x, y, ...)); these parameters satisfy 
the original Wold relation, and in virtue hereof the 2A;-fold relation (whether 2k is 
or is not greater than m) is satisfied by the values x, j,...—x : y and not only 
so, but the point in question is a nodal or double point on the 2A;-fold locus. It 
also follows that the tangent-omal locus, considering in the A?-fold linear relation 
{x, y, .*.) as parameters satisfying the original Wold relation, has for its envelope the 
Wold locus. 
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69. We thus arrive at the notion of the double generation of a A-fold locus, viz. 

such locus is the locus of the points, or, say, of the ineunt-points thereof; and it is 

also the envelope of the tangent-omals thereof. We have thus a theory of duality; 

I do not at present attempt to develope the theory, but it is necessary to refer to 

it, in order to remark that this theory is essential to the systematic development of 
a m-dimensional geometry; the original classification of loci as onefold, twofold,... 
(m— l)fold is incomplete, and must be supplemented with the loci reciprocally connected 
with these loci respectively. And moreover the theory of the singularities of a locus 
can only be systematically established by means of the same theory of duality; the 
singularities in regard to the ineunt-point must be treated of in connexion with the 

singularities in regard to the tangent-omal. These theories (that is, the classification 

of loci, and the establishment and discussion of the singularities of each kind of locus), 

vast as their extent is, should in the logical order precede that for which other reasons 

it may be expedient next to consider, the theory of Transformation, as depending on 
relations involving simultaneously the m + 1 coordinates (a), y, ...) and the 
coordinates (x' y\ . . .). 
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ON POLYZOMAL CURVES, OTHERWISE THE CURVES 

^/ T7 'J V &c. = 0. 


[From the Transactions of the Royal Society of Edinburgh, vol. xxv. (1868), 
pp. 1 — 110. Bead 16th December 1867.] 

If U, V, &c., are rational and integral functions (*5^, y, zf, all of the same 
degree r, in regard to the coordinates {x, y, z), then V CT + ^/F -h &c. is a polyzome, 
and the curve V?7 + VF-f&c. = 0 a polyzomal curve. Each of the curves \/?7=0, 
V F = 0 , &c. (or say the curves = 0 , F= 0, &c.) is, on account of its relation of 
circumscription to the curve V^+VF+&c. =0, considered as a girdle thereto (foJ/xa), 
and we have thence the term ""zome” and the derived expressions “polyzome” 
“zomal,” &c. If the number of the zomes VCT, VF, &c. be =i/, then we have a 
i/-zome, and corresponding thereto a z/-zomal curve ; the curves Z7= 0, F= 0, &c., are 
the zomal curves or zomals thereof. The cases z/ ~ 1, z/ = 2, are not, for their own 
sake, worthy of consideration ; it is in general assumed that v is = 3 at least. It is 
sometimes convenient to write the general equation in the form V'iZ7+&c. = 0, where I, 
&c. are constants. The Memoir contains researches in regard to the general i^-zomal 
curve; the branches thereof, the order of the curve, its singularities, class, &c. ; also 
in regard to the y-zomal curve VZ(@ + £O)4-&c. = 0, where the zomal curves @+i<I) = 0, 
all pass through the points of intersection of the same two curves 0 = 0, <E> = 0 of 
the orders r and r-s respectively; included herein we have the theory of the 
depression of order as arising from the ideal factor or factors of a branch or branches. 
A general theorem is given of “the decomposition of a tetrazomal curve,” viz. if the 
equation of the curve be v'ZE7'+ VmF+ then if Z7, F, TT, T are in 
involution, that is, connected by an identical equation a?7+bF-fcTr+dy = 0, and if 

Z, m, n, p, satisfy the condition ^‘^^ + ”+'^ = 0, the tetrazomal curve breaks up into 
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two trizomal curves, each expressible by means of any three of the four functions 
TJ, V, W, T\ for example, in the form Vi'Z7+ VmrF’+ 0. If, in this theorem, 
we take = 0, then the original curve is the trizomal ^IVU + VmF + VnW =0, T is 

any function = — g (aCT + bF+cTT), where, considering Z, m, n as given, a, b, c are 


quantities subject only to the 


condition - + — + - = 0, and we have the theorem of 
a b c 


“ the variable zomal of a trizomal curve,” viz. the equation of the trizomal 
VZC/'+^/mF+V?iTr=0, may be expressed by means of any two of the three functions 
U, V, TT, and of a function T determined as above, for example in the form 
^VU + whence also it may be expressed in terms of three new 

functions T, determined as above. This theorem, which occupies a prominent position 
in the whole theory, was suggested to me by Mr Casey’s theorem, presently referred 
to, for the construction of a bicircular quartic as the envelope of a variable circle. 


In the z/-zomal curve Vi (@ q- i<I>) + &c. = 0, if 0 = 0 be a conic, <I> = 0 a line, 
the zomals 0 + Z<I> = 0, &c. are conics passing through the same two points 0 = 0, 
= 0, and there is no real loss of generality in taking these to be the circular points 
at infinity — that is, in taking the conics to be circles. Doing this, and using a special 
notation 21° = 0 for the equation of a circle having its centre at a given point A, 
and similarly 21=0 for the equation of an evanescent circle, or* say of the point Ay 

we have the v-zomal curve VZ2l° + &;c. = 0, and the more special form VZ2l + &c. = 0. 

As regards the last-mentioned curve, VZ2l -h &c. = 0, the point A to which the equation 
21 = 0 belongs, is a focus of the curve, viz. in the case z' = 3, it is an ordinary focus, 

and in the case z/ > 3, it is a special kind of focus, which, if the term were required, 

might be called a foco-focus ; the Memoir contains an explanation of the general 
theory of the foci of plane curves. For i' = 3, the equation Vi2[ -f Vm93 + = 0 is 

really equivalent to the apparently more general form Vi2l° q- Vm53° -f VnS° = 0. In fact, 
this last is in general a bicircular quartic, and, in regard to it, the before-mentioned 
theorem of the variable zomal becomes Mr Casey’s theorem, that “the bicircular quartic 
(and, as a particular case thereof, the circular cubic) is the envelope of a variable 
circle having its centre on a given conic and cutting at right angles a given 

circle.” This theorem is a sufficient basis for the complete theory of the trizomal 

curve q- Vm®° q- Vw^ = 0 ; and it is thereby very easily seen that the curve 

VZ2i° q- VmS® q- V^i^ = 0 can be represented by an equation ^/VW q- Vm'S' V n%' = 0. 
But for z/>3 this is not so, and the curve VMq-&c. = 0 is only a particular form of 
the curve VZ2l° q- &c. =0 ; and the discussion of this general form is scarcely more 
difficult than that of the special form q- &c. = 0, included therein. The investi- 

gations in relation to the theory of foci, and in particular to that of the foci of the 
circular cubic and bicircular quartic, precede in the Memoir the theories of the trizomal 
curve VM° q- Vm33° + VtiS® = 0, and the tetrazomal curve V?2l° q- Vm35° q- V?^®° q- V]p2)° = 0, 
to which the concluding portions relate. I have accordingly divided the Memoir into 
four parts, viz. these are— Part I., On Polyzomal Curves in general; Part II., Subsidiary 



472 


ON POLYZOMAL CURVES. 


[414 


Investigations ; Part III, On the Theory of Foci ; and Part IV., On the Trizomal and 
Tetrazomal Curves where the zomals are circles. There is, however, some necessary 
intermixture of the theories treated of, and the arrangement will appear more in 
detail from the headings of the several articles. The pai'agraphs are numbered con- 
tinuously through the Memoir. There are four Annexes, relating to questions which it 
seemed to me more convenient to treat of thus separately. 

It is right that I should explain the very great extent to which, in the com- 
position of the present Memoir, I am indebted to Mr Casey’s researches. His Paper 
On the Equations and Properties (1) of the System of Circles touching three circles 

in a plane ; (2) of the System of Spheres touching four spheres in space ; (3) of the 

System of Circles touching three circles on a sphere ; (4) on the System of Conics 
inscribed in a conic and touching three inscribed conics in a plane,” was read to the 
Eoyal Irish Academy, April 9, 1866, and is published in their Proceedings.” The 
fundamental theorem for the equation of the pahs of circles touching three given 
circles was, previous to the publication of the paper, mentioned to me by Dr Salmon, 
and I communicated it to Professor Cremona, suggesting to him the problem solved 
in his letter of March 3, 1866, as mentioned in my paper, ^^Investigations in connexion 
with Casey’s Equation,” Quarterly Math. Journ. vol. viii. 1867, pp. 334 — 341, [395], and 
as also appears. Annex No. IV of the present Memoir. 

In connexion with this theorem, I communicated to Mr Casey, in March or 
April 1867, the theorem No. 164 of the present Memoir, that for any three given 

circles, centres A, B, G, the equation -h (7-4 VS® + = 0 (where BC, CA, 

AB, denote the mutual distances of the points A, B, G) belongs to a Cartesian. 

Mr Casey, in a letter to me dated 30th April, 1867, informed me of his own mode 

of viewing the question as follows : — The general equation of the second order 

(a, 6, c, /, g, h\oL, /3, 7)- — 0, where a, /8, 7 are circles, is a bicircular quartic. If we 
take the equation (a, &, c, /, g, ya, v)- = 0 in tangential coordinates (that is, when 

fu, V are perpendiculars let fall from the centres of a, )S, 7 on any line), it denotes 

a conic; denoting this conic by F, and the circle which cuts a, 7 orthogonally by 
I proved that, if a variable circle moves with its centre on F^ and if it cuts J 
orthogonally, its envelope will be the bicircular quartic whose equation is that written 
down above;” and among other consequences, he mentions that the foci of F are the 

double foci of the quartic, and the points in which J cuts F single foci of the quartic, 

and also the theorem which I had sent him as to the Cartesian, and he refers to 
his Memoir on Bicircular Quartics as then nearly finished. An Abstract of the 
Memoir as read before the Royal Irish Academy, 10th February, 1867, and published 
in their Proceedings, pp. 44, 45, contains the theorems mentioned in the letter of 
30th April, and some other theorems. It is not necessary that I should particularly 
explain in what manner the present Memoir has been, in the course of writing it, 

added to or altered in consequence of the information which I have thus had of 

Mr Casey’s researches; it is enough to say that I have freely availed myself of such 
information, and that there is no question as to Mr Casey’s priority in anything which 
there may be in common in his memoir on Bicircular Quartics and in the present 
Memoir. 
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Part I. (Nos. 1 to 55). — On Polyzomal Curves in General. 

Article Nos. 1 to 4. Definition and Preliminary Remarks. 

1. As already mentioned, ?7, F) &c. denote rational and integral functions y, 
all of the same degree r in the coordinates (Xj y, ^), and the equation 

VF-f&c. = 0 

then belongs to a polyzomal curve, viz., if the number of the zomes VCT, VF”, &c. is 
= V, then we have a z/-zomal curve. The radicals, or any of them, may contain rational 
factors, or be of the form PVQ; but in speaking of the curve as a z/-zomal, it is 
assumed that any two terms, such as PVQ + PVQ, involving the same radical VQ, 
are united into a single term, so that the number of distinct radicals is always = v ; 
in pai'ticular (r being even), it is assumed that there is only one rational term P. 
But the ordinary case, and that which is almost exclusively attended to, is that in 
which the radicals VP", VF, &c. are distinct irreducible radicals without rational factors. 

% The curves P" = F = 0, &c. are said to be the zomal curves, or simply the 
zomals of the polyzomal curve V i7 + V F + &c. = 0 ; more strictly, the term zomal would 
be applied to the functions ?7, F, &c. It is to be noticed, that although the form 
V27+VF+&C. = 0 is equally general with the form VmF+ &c. = 0 (in fact, in 

the former case, the functions 27, F, &c. are considered as implicitly containing the 
constant factors Z, m, &c., which are expressed in the latter case), yet it is frequently 
convenient to express these factors, and thus write the equation in the form ^/lU -i- v'mF-h&c. 
For instance, in speaking of any given curves ?7 = 0, F = 0, &c., we are apt, disregarding 
the constant factors which they may involve, to consider U, F, &c. as given functions : 
but in this case the general equation of the polyzomal with the zomals 27= 0, F = 0, 
&c., is of course V^27+ ^/mV + &c. = 0. 

3. Anticipating in regard to the cases z/ = 1, z/ = 2, the remark which will be 
presently made in regard to the r-zomal, that V + \fV + &c. = 0 is the curve represented 
by the rationalised form of this equation, the monozomal curve V 27 = 0 is merely the 
curve 27=0, viz., this is any curve whatever 27=0 of the order r; and similarly, the 
bizomal curve VIT + vT" = 0 is merely the curve 27 - F = 0, viz. this is any curve 
whatever XI = 0, of the order r ; the zomal curves = 0, F= 0, taken separately, are 
not curves standing in any special relation to the curve in question 0 = 0, but 27= 0 
may be any curve whatever of the order r, and then F = 0 is a curve of the same 
order r, in involution with the two curves 0 = 0, 27 = 0 ; we may, in fact, write the 
equation 0 = 0 under the bizomal form */U + VO + 27 = 0. In the case r even, we 
may, however, notice the bizomal curve P + VF = 0 (P a rational function of the degree 
-^) ; the rational equation is here 0= 27 — P^ = 0, that is 27=0 + P^, viz., P is any 
curve whatever of the order and U = 0 is a curve of the order r, touching the 
given curve 0 = 0 at each of its intersections with the curve P = 0. I further 

C. YT. 60 
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remark that the order of the i/-zomal curve V y-f- &c. = 0 is = 2*^“® r ; this is right in 
the case of the bizomal curve V!7+Vy=0, the order being =?", but it fails for the 
monozomal curve Vi[7=0, the order being in this case r, instead of as given by 
the formula. The two unimportant and somewhat exceptional cases v=l, v=2, are 
thus disposed of, and in all that follows (except in so far as this is in fact applicable 
to the cases just referred to), v may be taken to be =3 at least. 

4. It is to be throughout understood that by the curve V [T + V F + &c. = 0 is 
meant the curve represented by the rationalised equation 

Norm FF-4- &c.) = 0, 

viz. the Norm is obtained by attributing to all but one of the zomes V27, v^F, &c., 
each of the two signs -f, — , and multiplying together the several resulting values of 
the polyzome ; in the case of a i/-zomal curve, the number of factors is thus = 2*'”^ r 
(whence, as each factor is of the degree the order of the curve is 
= as mentioned above). I expressly mention that, as regards the polyzomal curve, 

we are not in any wise concerned with the signs of the radicals, which signs are and 
remain essentially indeterminate ; the equation F Z7 + V F + &c. = 0, is a mere symbol for 
the rationalised equation, Norm (V Z7 + VF + &c.) = 0. 


Article Nos. 5 to 12. The Branches of a Polyzomal Curve. 

5. But we may in a different point of view attend to the signs of the radicals ; 

if for all values of the coordinates we take the symbol J and consider JU, JV, 
&c. as signifying determinately, say the positive values of V J7, f F, &c. ; then each of 
the several equations ± ± V F+ &c. = 0, or, fixing at pleasure one of the signs, 

suppose that prefixed to JU, then each of the several equations ^(7 ± v^F ± &c. = 0, 
will belong to a branch of the polyzomal curve : a i/-zomal curve has thus 2*^^ 
branches corresponding to the 2*'~^ values respectively of the polyzome. The separation 

of the branches depends on the precise fixation of the significations of f U, s/V, &c., 
and in regard hereto some further explanation is necessary, 

6. When U is real and positive, s/U may be taken to be, in the ordinary sense, 
the positive value of fU, and so when U is real and negative, JU may be taken 

to be = i into the positive value of V — i7; and the like as regards JV, &c. The 
functions U, F, &c. are assumed to be real functions of the coordinates; hence, for 
any real values of the coordinates, !7, F, &c. are real positive or negative quantities, 

and the significations of JUy JV, &c. are completely determined. 

7. But the coordinates may be imaginary. In this case the functions TJ, F, &c. 
will for any given values of the coordinates acquire each of them a determinate, in 
general imaginary, value. If for all real values whatever of a, yQ, we select once for 
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all one of the two opposite values of Va + calling it the positive value, and 

representing it by Jot + then, for any particular values of the coordinates, U being * 
= the value o^ JU may be taken to be ^J~oL^i\ and the like as regards 

JVj &c. sfU, JV i have thus each of them a determinate signification for any 

values whatever, real or imaginary, of the coordinates. The coordinates of a given 
point on the curve V Z7 + + &c. = 0, will in general satisfy only one of the equations 

JU ± JV ± &c. — 0 ; that is, the point will belong to one (but in general only one) of 
the branches of the curve ; the entire series of points the coordinates of which 
satisfy any one of the 2’''"^ equations, will constitute the branch corresponding to that 
equation. 

8. The signification to be attached to the expression V a + should agi'ee with 
that previously attached to the like symbol in the case of a positive or negative 
real quantity ; and it should, as far as possible, be subject to the condition of 

continuity, viz., as a + y8^ passes continuously to a! + so Va -i- should pass con- 
tinuously to Va'4-^'z; but (as is known) it is not possible to satisfy universally this 
condition of continuity; viz., if for facility of explanation we consider (a, as the 
coordinates of a point in a plane, and imagine this point to describe a closed curve 

surrounding the origin or point (0, 0), then it is not possible so to define Va -f 

that this quantity, varying continuously as the point moves along the curve, shall, 
when the point has made a complete circuit, resume its original value. The signi- 

fication to be attached to Va + is thus in some measure arbitrary, and it would 
appear that the division of the curve into branches is affected by a corresponding 
arbitrariness, but this arbitrariness relates only to the imaginary branches of the curve: 
the notion of a real branch is perfectly definite. 

9. It would seem that a branch may be impossible for any series whatever of 

points real or imaginary. Thus, in the bizomal curve V Z7 + VF" = 0, the branch 
^/lJ + V F = 0 is impossible. In fact, for any point whatever, real or imaginary, of the 
curve, we have U=V, and therefore V CT* = VF ; the point thus belongs to the other 

branch VcT — V F = 0, not to the branch V i7 + = 0 ; the only points belonging to 

the last-mentioned branch are the isolated points for which simultaneously V i7 = 0, 
^^V = 0 ; viz., the points of intersection of the two curves 17= 0, F= 0. 

10. It is not clear to me whether the case is the same in regard to the branch 
V If + V T + ^/"W = 0 of a trizomal curve. In fact, for each point of the curve 

VF^- V^= 0 we have (CT- F- and therefore, U- F- ± 2vTv'W'; 

there may very well be points for which the sign is + ; that is, points for which 

F+ TF + 2\/F VW, and for these points we have + = VF-f- VTF; for real values 

of the coordinates the sign on the left hand must be + (for otherwise the two sides 

60—2 
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would have opposite signs), but there is no apparent reason, or at least no obviously 
apparent reason, why this should be so for imaginary values of the coordinates, and 

if the sign be in fact — , then the point will belong to the branch 4-VT^+V1^ = 0. 

11. But the branch in question is clearly impossible for any series of real points; 
so that, leaving it an open question whether the epithet ‘"impossible” is to be under- 
stood to mean impossible for any series of real points (that is, as a mere synonym of 
imaginary), or whether it is to mean impossible for any series of points, real or 
imaginary, whatever, I say that in a v-zomal curve some of the branches are or may 
be impossible, and that there is at least one impossible branch, viz., the branch 

VF+ VF +&C. =0. 

12. For the purpose of referring to any branch of a polyzomal curve it will be 
convenient to consider V as signifying determinately + V 27, or else — V Z7 ; and the 
like as regards VF, &c., but without any identity or relation between the signs pre- 
fixed to the V^, VF, &c., respectively; the equation VCT’q- VF+ &c. = 0, so understood, 
will denote determinately some one (that is, any one at pleasure) of the equations 

VTT ± + &c. = 0, and it will thus be the equation of some one (that is, any one at 

pleasure) of the branches of the polyzomal curve — all risk of ambiguity which might 
otherwise exist will be removed if we speak either of the curve V 27 + V F, &c. = 0, or 
else of the branch V27+ VF-f&c. = 0. Observe that by the foregoing convention, when 
only one branch is considered, we avoid the necessity of any employment of the sign +, 
or of the sign — ; but when two or more branches are considered in connection with 
each other, it is necessary to employ the sign — with one or more of the radicals 
V V F, &c. ; thus in the trizomal curve V 27 + V F -i- ^^W = 0, we may have to consider 
the branches V27+VF+V1F==0, V{7-i-VF— V1F=0 ; viz., either of these equations 
apart from the other denotes any one branch at pleasure of the curve, but when 
the branch represented by the one equation is fixed, then the branch represented by 
the other equation is also fixed. 


Article Nos. 13 to 17. The Points corwmon to Two Branches of a Polyzomal Curve. 


13. I consider the points which are situate simultaneously on two branches of 
the z/-zomal curve V27 + VF + &C. = 0. The equations of the two branches may be taken 
to be 


VF + &c. -f (VF -f &c.) = 0, 
VF + &c. — (V F -h &c.) — 0, 


viz., fixing the significations of VF, VF, VF, &a in such wise that in the equation 
of one branch these shall each of them have the sign +, we may take VF, &c. to 
be those radicals which, in the equation of the other branch, have the sign -f, and 
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V &c. to be those radicals which have the sign — . The foregoing equations break 
up into the more simple equations 

V J7 + &c. = 0, V TT + &c. = 0, 

which are the equations of certain hranches of the curves + &c. = 0, and \/W -h &c. = 0, 
respectively, and conversely each of the intersections of these two curves is a point 
situate simultaneously on some two branches of the original z/-zomal curve + V F + &c. = 0. 
Hence, partitioning in any manner the z^-zome + &c. into an ot-zome, Vl7 = &c. 

and a ^-zome V IF + &c. (ot + yS = v), and writing down the equations 

VT7 4- &c. = 0, V TT -f &c. = 0 

of an a-zomal curve and a yS-zomal curve respectively, each of the intersections of 
these two curves is a point situate simultaneously on two branches of the z^-zomal 
curve ; and the points situate simultaneously on two branches of the i^-zomal curve 
are the points of intersection of the several pairs of an a-zomal curve and a /3-zomal 
curve, which can be formed by any bipartition of the i^-zome. 

14. There are two cases to be considered : — First, when the parts are 1, v — 1 (i^ — 1 is > 1, 
except in the case z/ = 2, which may be excluded from consideration), or say when the 
z^-zome is partitioned into a zome and antizome. Secondly, when the parts a, yS, are 
each >1 (this implies z/ = 4 at least), or say when the z'-zome is partitioned into a 
pair of complemmtary parazomes, 

15. To fix the ideas, take the tetrazomal curve ^fU +VF“1-VTF+VT=0, and 
consider first a point for which Vi7=0, VF*i-VlF+Vy=0. The Norm is the product 
of (2®=) 8 factors; selecting hereout the factors 

VF+VF-f VF + Vr, 

let the product of these _ __ 

= ^7-(^/F+VT^+^/^)2 

be called F, and the product of the remaining six factors be called G; the rationalised 
equation of the curve is therefore FQ — 0, The derived equation is GdF^FdQ^O^ 
at the point in question Vir=0, VF+ V'F-f Vr= 0; G and dG are each of them 
finite (that is, they neither vanish nor become infinite), but we have 

J?=0, dF=dU-{'^^^/W+^T){dV-^^rV ^dW^^/W+dT-^\/T), =dU, 

and the derived equation is thus QdU=0, or simply dU=0, It thus appears that 
the point in question is an ordinary point on the tetrazomal curve ; and, further, that 
the tetrazomal curve is at this point touched by the zomal curve CT = 0. And similarly, 
each of the points of intersection of the two curves VZ7=0, VF+aAf'+VT^O, is an 
ordinary point on the tetrazomal curve ; and the tetrazomal curve is at each of these 
points touched by the zomal curve Z7 = 0. 
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16. Consider, secondly, a point for which =0, VlF + ^2^=0; to forra the 

Norm, taking in this case the two factors 

vf+vt+vf+vt; 

VF+VF-VF-V^ 

let their product 

= ( VF + VF)2 - (^/W + vTy 

be called F, and the product of the remaining six factors be called 0 ; the rationalised 
equation is FGf = 0, and the derived equation is FdG 4- GdF = 0. At the point in 
question G and dQ are each of them finite (that is, they neither vanish nor become 
infinite), but we have 

dF^{\/U'{-'/V)(dU-r^ + dV^^^V)--(^^W+^)(dW-^^+dT-^^T), = 0 , 

that is, the derived equation becomes identically 0 = 0; the point in question is thus 
a singular point, and it is easy to see that it is in fact a node, or ordinary double 
point, on the tetrazomal curve. And similarly, each of the points of intersection of 
the two curves V i7+ VF =0, V TT + = 0 is a node on the tetrazomal curve. 

17. The proofs in the foregoing two examples respectively are quite general, and 
we may, in regard to a i^-zomal curve, enunciate the results as follows, viz., in a 
vzomol curve, the points situate simultaneously on two branches are either the inter- 
sections of a zomal curve and its antizomal curve, or else they are the intersections 
of a pair of complementary parazomal curves. In the former case, the points in 
question are ordinary points on the v-zomal, but they are points of contact of the 
v-zomal with the zomal; it may be added, that the intersections of the zomal and 
antizomal, each reckoned twice, are all the intersections of the z/-zomal and zomal. 
In the latter case, the points in question are nodes of the z/-zomal; it may be added, 
that the z/-zomal has not, in general, any nodes other than the points which are thus 
the intersections of a pair of complementary parazomals, and that it has not in general 
any cusps. 


Article Nos. 18 to 21. Singularities of a v-zomal Curve. 

18. It has been already shown that the order of the v-zomsl curve is = 2*^ r. 
Considering the case where i; is =3 at least, the curve, as we have just seen, has 
contacts with each of the zomal curves, and it has also nodes. I proceed to determine 
the number of these contacts and nodes respectively. 

19. Consider first the zomal curve F=0, and its antizomal VF+V^+&c. = 0, 

these are curves of the orders r and 2^r respectively, and they intersect therefore 
in 2*^?^ points. Hence the j;-zomal touches the zomal in points, and reckoning 

each of these twice, the number of intersections is =2*^r“, viz., these are all the 
intersections of the v-zomal with the zomal JJ ^0. The number of contacts of the 
z;-zomal with the several zomals U=0, F = 0, &c., is of course — 2*^® r^v. 
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20. Considering next a pair of complementary parazomal curves, an a-zomal and 
a /S-zomal respectively (a + 0 = v\ these are of the orders 2*"“® r and 2^”^ r respectively, 
and they intersect therefore in = 2*^ r® points, nodes of the z^-zomal. This 

number is independent of the particular partition (a, and the z/-zomal has thus 
this same number, of nodes in respect of each pair of complementary parazomals; 

hence the total number of nodes is ~ into the number of pairs of complementary 

parazomals. For the partition (a, /3) the number of pairs is = [z/]*' -f- [a]® [/3]^, or when 
a = /3, which of course implies v even, it is one-half of this ; extending the summation 
from a — 2 to oc = v — 2, each pair is obtained twice, and the number of pairs is thus 
= IM*" -r [a]® ; the sum extended from a = 0 to a=i/ is (1 + 1)'', = 2*^, but we 

thus include the terms 1, v, v, 1, which are together — 21 / 4 - 2 , hence the correct value 
of the sum is = 2*' — 22 / - 2, and the number of pairs is the half of this = 2^^ — i/ — 1. 
Hence the number of nodes of the i/-zomal curve is = (2*'“”^ — v—1) 2*^ r®. 


21. The i/-zomal is thus a curve of the order 2*'”^r, with (2*^^ — v — 1) 2*^7-® 
nodes, but without cusps; the class is therefore 


and the deficiency is 


= 2*^r[(i;-hl)r-2], 


= 2^r[(2/4-l)r-6]4-L 


These are the general expressions, but even when the zomal curves Z7 =: 0, F= 0, &c., 
are given, then writing the equation of the v-zomal under the form VZ?74-'V^^^F4-&c. = 0, 
the constants I : m : &c., may be so determined as to give rise to nodes or cusps 
which do not occur in the general case; the formulae will also undergo modification 
in the particular cases next referred to. 


Article Nos. 22 to 27. Special Case where all the Zomals have a Common Point or 

Points, 

22. Consider the case where the zomals ?7 = 0, F= 0 have all of them any 
number, say k, of common intersections — ^these may be referred to simply as the common 
points. Each common point is a 2^-tuple point on the i/-zomal curve; it is on each 
zomal an ordinary point, and on each antizomal a 2^"'®-tuple point, and on any a-zomal 
parazomal a 2®”®-tuple point. Hence, considering first the intersections of any zomal 
with its antizomal, the common point reckons as 2*^^ intersections, and the h common 
points reckon as 2^®i? intersections; the number of the remaining intersections is 
therefore = 2*^® (r^ — jfc), and the zomal touches the z/-zomal in each of these points. 
The intersections of the zomal with the z/-zomal are the i-common points, each of 
them a 2*^-tuple point on the z/-zomal, and therefore reckoning together as 2^h 
intersections ; and the 2*^® (r® - h) points of contact, each reckoning twice, and therefore 
together as 2*^(r®-A) intersections (2‘^A;+ 2 *^( 7 ^ = =r.2'^r); the total 

number of contacts with the zomals ?7=0, V=0, &c., is' thus — K)v. 
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23. Secondly, considering any pair of complementary parazomals, an a-zomal and 

a ^-zomal, each of the common points, being a 2«-2-tuple point and a 2'3-^-tuple point 
on the two curves respectively, counts as = 2*'"^ intersections, and the h common 

points count as ^T’^h intersections ; the number of the remaining intersections is there- 
fore = 2*^(r2->fc), each of which is a node on the v~zomdl curve; and we have thus 
in all 2*'-^ (2*'~^ — j; - 1) (r^ - A) nodes. 

24. There are, besides, the k common points, each of them a 2*^-tuple point 

on the j^-zomal, and therefore each reckoning as -2^^ double 

points, or together as (2®*^® — 2*^®) ^ double points. Reserving the term node for the 
above-mentioned nodes or proper double points, and considering, therefore, the double 
points (dps.) as made up of the nodes and of the 2*^-tuple points, the total number 
of dps. is thus 

-2*^®) a?, 

= 2*^^ (2^^ -v-1) r® H- {(z^ + 1) 2*^ - 2^^“®} k ; 

or finally this is 

= 2’'”* {(2"^^ — z/ - 1) r® -1- (z/ — 1)} ; 

so that there is a gain = 2*^^ (z^ — 1) ^ in the number of dps. arising from the k 

common points. There is, of course, in the class a diminution equal to twice this 
number, or 2*^®(i; — 1)^; ; and in the deficiency a diminution equal to this number, or 
2^ {v - 1) h 

25. The zomal curves ^7= 0, F = 0, &c., may all of them pass through the same 

points ; we have then A = r®, and the expression for the number of dps. is 

— (2®^® — 2*^®) r®, viz., this is — ^ 2*^ (2*^ — 1) r®. But in this case the dps. are nothing 

else than the r® common points, each of them a 2*^-tuple point, the z/-zomal curve 
in fact breaking up into a system of 2*'"^ curves of the order each passing through 
the r® common points. This is easily verified, for if ® = 0, = 0 are some two curves 

of the order r, then, in the present case, the zomal curves are curves in involution 
with these curves ; that is, they are curves of the form l@ 4- == 0, m& + m'<I> = 0, &c., 

and the equation of the z'-zomal curve is 

VZ© -{- l^<p + V m@ + m'4> 4- &c. == 0. 

The rationalised equation is obviously an equation of the degree 2^ in ©, <I>, giving 
therefore a constant value for the ratio ©:<!>; calling this g, or writing © = we 

have 

VZjd- I'-h ^mg + m' + &C, =0, 

viz., the rationalised equation is an equation of the degree 2*^® in g, and gives there- 
fore 2^^® values of g. And the z^-zomal curve thus breaks up into a system of 2^“® 
curves each of the form © — == 0, that is, each of them in involution with the 

curves © = 0, 0 = 0. The equation in g may have a multiple root or roots, and the 
system of curves so contain repetitions of the same curve or curves; an instance of 
this (in relation to the trizomal curve) will present itself in the sequel ; but I do not 
at present stop to consider the question. 
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26. A more important case is when the zomal curves are each of them in 

involution with the same two given curves, one of them of the order r, the other of 
an inferior order. Let @ = 0 be a curve of the order r, = 0 a curve of an inferior 
order r — s] L = 0, M= 0, &c., curves of the order s ; then the case in question is 
when the zomal curves are of the form @ + == o, @ + M<^ = 0, &c., the equation of 

the j/-zomal is 

Vr^eTXS) + Vm (@ 4- M<i>) -1- &c. = 0, 

where Z, m, &c. are constants. This is the most convenient form for the equation, and 
by considering the functions i, Mj &c. as containing implicitly the factors m""^, &c. 
respectively, we may take it to include the form + Vm® -h + &c. = 0, 
which last has the advantage of being immediately applicable to the case where any 
one or more of the constants Z, m, &c. may be = 0. 

27. In the case now under consideration we have the r(r — s) points of inter- 

section of the curves @ = 0, <& = 0 as common points of all the zomals. Hence, putting 
in the foregoing formula ]c = r (r^s), we have a i^-zomal curve of the order 2*^r, 
having with each zomal 2^~^rs contacts, or with all the zomals 2^r$v contacts, having 
a node at each of the 2^*rs intersections (not being common points @ = 0, <I>=0) 
of each pair of complementary parazomals ; that is, together (2*^“^ — v—l)rs nodes, 

and having, besides, at each of the r(r— 5 ) common points, a 2*^-tuple point, counting 
as 2 ^"“® — 2*^^ dps., together as (2®*^® — 2*'“®)r(r — 5 ) dps. ; whence, taking account of the 
nodes, the total number of dps. is = 2^ r [(2*^^ — 2) r — ( 1 / — 1) s]. 


Article Nos. 28 to 37. Depression of Order of the v-zomal Curve from the Ideal Factor 

of a Branch or Branches, 


28. In the case of the r (r — 5 ) common points as thus far considered, the order 

of the i/-zomal curve has remained throughout = 2^r, but the order admits of 

depression, viz., the constants Z, m, &c., and those of the functions Z, ikf, &c., may be 
such that the Norm contains the factor the i/-zomal curve then contains as part 

of itself (<1>“ == 0) the curve = 0 taken o) times, and this being so, if we discard 

the factor in question, and consider the residual curve as being the i/-zomal, the order 
of the j^-zomal will be = 2^'^r — <» (r — s), 

29. To explain how such a factor presents itself, consider the polyzome 

VZ (@ + i<E>) -1- &c., or, what is the same thing, Vr + &c., belonging to any 
particular branch of the curve, we may, it is clear, take V@ -f- &c. each in a fixed 

signification as equivalent to V@ -h £4^, &c., respectively, and the particular branch will 
then be determined by means of the significations attached to VZ, Vm, &c. Expanding 
the several radicals, the polyzome is 






+ &C.; 


C. VI. 
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or, what is the same thing, it is 

V 0 (vT+ &c.) + (i Vi 4- &c.) — ^ Vi 4'&Jc.) + &c. 

which expansion may contain the factor O, or a higher power of <1^. For instance, if 
we have VTh- & c.==0, the expansion will then contain the factor <I> ; and if we also 
have ZVi + &c, = 0 (observe this implies as many equations as there are asyzygetic 
terms in the whole series of functions Z, M, &c. ; thus, if Z, if, &c., are each of them 
of the form aP + hQ + cR, with the same values of P, Q, P, but with different values 
of the coefficients a,b,c, then it implies the three equations aVi + &c. = 0, i VZ -1- &c. = 0, 
c vT-h &c. = 0 ; and so in other cases), if I say ZVT4-&C. be also =0, then the 
expansion will contain the factor <1^^, and so on ; the most general supposition being, 
that the expansion contains as factor a certain power of <1>. Imagine each of the 

polyzomes expanded in this manner, and let certain of the expansions contain the 

factors &c., respectively. The produce of the expansions is identically equal to 

the product of the unezpanded polyzomes — that is, it is equal to the Norm ; hence, 
if a + yS H- &c. = CO, the Norm will contain the factor 

30. It has been mentioned that the form VZ(@ + Z3>) is considered as including the 

form VZ@ -pZ^, that is, when Z = 0, the form VZ3>. If in the equation of the i^-zomal curve 
there is any such term — for instance, if the equation be VZ<I> + Vm(@ &c. = 0, 

the radical VZO contains the factor but if Z contains as factor an odd or an 
even power of then VZ4> will contain the factor <I>* where a is either an integer, 
or an integer -fj. Consider the polyzome VZ$ + Vm (0 + + &c., belonging to any 

particular branch of the curve; the radical VZ4> contains, as just mentioned, the factor 
<1>% and if the remaining terms Vm(@ -f + &c., are such that the expansion 

contains as factor the same or any higher power of then the expansion of the 

polyzome VZ<> + Vm (0 + 4 - &c., belonging to the particular branch will contain the 

factor <!>“'; and similarly we may have branches containing the factors <I>“, <I>^, &c., 
whence, as before, if co = a 4- /3 4- &c., the Norm will contain the factor ; the only 
difference is, that now a, /3, &c., instead of being of necessity all integers, are each 
of them an integer, or an integer 4- i; of course, in the latter case the integer may 
be zero, or the index he It is clear that co must be an integer, and it is, in 

fact, easy to see that the fractional indices occur in pairs ; for observe that a being 
fractional, the expansion of Vm (@ 4-v!^<l^) 4- &c., will contain not 4>“, but a higher power, 

where a-^q is an integer; whence each of the polyzomes VZ$ 4 (V??^(@ + 4- &c.) 

will contain the factor 

31. Observe that in every case the factor presents itself as a factor of the 

expansion of the polyzome corresponding to a particular branch of the curve ; the 

polyzome itself does not contain the factor <t>“, and we cannot in anywise say that the 
corresponding branch contains as factor' the curve 4)» = 0 ; but we may, with great 
propriety of expression, say that' the ' branch ideally contains the aarm <£>» = 0 ; and this 
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bGitig so, the general theorem is, that if we have branches ideally containing the curves 
<!)«== 0, <t>^ — 0, &c. respectively, then the v-zomsl curve contains not ideally but actually 
the factor = 0 {co — a -jr ^ -h &c.), the order of the z/-zomal being thus reduced from 
2v—2^ to — CO (r — s) I and conversely, that any such reduction in the order of the 
i^-zomal arises from the factors <I>® = 0, = 0, &c., ideally contained in the several 

branches of the i;-zomal. 

32. It is worth while to explain the notion of an ideal factor somewhat more 
generally ; an irrational function, taking the irrationalities thereof in a determinate 
manner, may be such that, as well the function itself as all its differential coefficients 
up to the order a — 1, vanish when a certain parameter ^ contained in the function 
is put = 0 ; this is only saying, in other words, that the function expanded in ascending 
powers of <I> contains no power lower than <I>®; and, in this case, we say that the 
irrational function contains ideally the factor The rationalised expression, or Norm, 
in virtue of the irrational function (taken determinately as above) thus ideally con- 
taining <I>“, will actually contain the factor ; and if any other values of the 
irrational function contain respectively <I>^, &c., then the Norm will contain the factor 

<J)a+/3-|- &C- 


33. A branch ideally containing <I)® = 0 may for shortness be called integral or 
fractional, according as the index cl is an integer or a fraction; by what precedes 
the fractional branches present themselves in pairs. If for a moment we consider 
integral branches only, then if the i/-zomal contain <I>~0, this can happen in one way 
only, there must be some one branch ideally containing <E>=0; but if the v-zomal 
contain <I>°==0, then this may happen in two ways, — either there is a single branch 
ideally containing = 0, or else there are two branches, each of them ideally con- 
taining <I> = 0. And generally, if the z/-zomal contain = 0, then forming any partition 
CO = a. + 0 + &c. (the parts being integral), this may arise from there being branches 
ideally containing <1>“ = 0, & = 0, &c. respectively. The like remarks apply to the case 
where we attend also to fractional branches, — thus, if the v-zomoX contain ^ = 0, this 
may arise (not only, as above mentioned, from a branch ideally containing <I> = 0, but 
also) from a pair of branches, each ideally containing <>^ = 0. And so in general, if 
the j/-zomal contain = 0, the partition <» == a 4- ^ + &c. is to be made with the parts 
integral or fractional (= J or integer 4- -J- as above), but with the fractional terms in 
pairs ; and then the factor = 0 may arise from branches ideally containing O® = 0, 
4>^=:0, &c. respectively. 

34, Any zomal, antizomal, or parazomal of a z^-zomal curve, (@ 4- X^) 4- &c. = 0, 

is a polyzomal curve (including in the term a monozomal curve) of the same form 
as the i/-zomal ; and may in like manner contain <I> = 0, or more generally, = 0, 
viz., if o) = a 4- 4- &c. be any partition of (o as above, this will be the case if the 

zomal, antizomal, or parazomal has branches ideally containing =0, = 0, &c. 

respectively. It is to be observed that if a zomal, antizomal, or parazomal contain 
<|) = 0, or any higher power = 0, this does not in anywise imply that the zomal 
contains even <I> = 0. But if (attending only to the most simple case) a zomal and its 
antizomal, or a pair of complementary parazomals, each contain $ = 0 inseparably (that 

61—2 
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isj through a single branch ideally containing ^ = 0), then the z^-zomal will have two 
branches^ each ideally containing = 0, and it will thus contain = 0. In fact, if in 
the zomal and antizomal, or in the complementary parazomals, the branches which 
ideally contain <I> = 0 are 

+ X<I>) 4- &c. =0, V7h(® + iV'<I>) -i- &c. = 0 

respectively (for a zomal, the -}-&c. should be omitted, and the first ecjuation be written 
vT(@~+X5>) = O), then in the i/-zomal there will be the two branches 

(VZ (@+X$) + &c.) ± (Vn (@ + jy"®) 4* &c.) = 0, 
each ideally containing <I> = 0. 

Conversely, if a v-zomol contain = 0 by reason that it has two branches each 
ideally containing 3> = 0, then either a zomal and its antizomal will each of them, or 
else a pair of complementary parazomals will each of them, inseparably contain <I> = 0. 

35. Reverting to the case of the z^-zomal curve 

\/r(@TX5) 4- &c. = 0, 

which does not contain = 0, each of the r (r — 5 ) common points @ = 0, <I> = 0 is a 
2*^-tuple point on the v-zomal; each of these counts therefore for 2*'"^ intersections 
of the i/-zomal with the curve <I>=0, and we have thus the complete number 
2^-2 — of intersections of the two curves, viz., the curve $ = 0 meets the i^-zomal 

in the r{r — s) common points, each of them a 2’"“2-tuple point on the v-zomal, and 
in no other point. 

36. But if the r-zomal contains = then each of the r^r — s) common points 
is still a 2*^-tuple point on the aggregate curve ; the aggregate curve therefore 
passes 2*^ times through each common point; but among these passages are included 
(o passages of the curve $ == 0 through the common point. The residual curve — say 
the i/-zomal — passes therefore only 2*^ — a> times through the common point ; that is, 
each of the r(T — s) common points is a (2*^^ — o)) tuple point on the j/-zomal The 
curve 4> = 0 meets the j;-zomal in {2*^2r — ct)(r — 5)}(r— 5 ) points, viz., these include 
the r* (r — 5 ) common points, each of them a (2*^ — w) tuple point on the z;-zomal, and 
therefore counting together as — co) r {r — s) intersections; there remain consequently 
(m>s{t — s) other intersections of the curve @ = 0 with the z/-zomal. 

37. In the case where the i^-zomal contains the factor = 0, then throughout 
excluding from consideration the r{r — s) common points @ = 0, <I> = 0, the remaining 
intersections of any zomal with its antizomal are points of contact of the zomal with 
the v-zomal, and the remaining intersections of each pair of complementary parazomals 
are nodes of the v-zomal, it being understood that if any zomal, antizomal, or parazomal 
contain a power of = 0, such powers of 0 = 0 are to be discarded, and only the 
residual curves attended to. The number of contacts and of nodes may in any 
particular case be investigated without difficulty, and some instances will present 
themselves in the sequel, but on account of the different ways in which the factor 
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= 0 may present itself, ideally in a single branch, or in several branches, and the 
consequent occurrence in the latter case of powers of <J> = 0 in certain of the zomals, 
antizomals, or parazomals, the cases to be considered would be very numerous, and 
there is no reason to believe that the results could be presented in any moderately 
concise form ; I therefore abstain from entering on the question. 


Article Nos. 38 and 39. On the Trizomal Curve and the Tetrazomal Curve. 

38. The trizomal curve 

a/cT -j- V f+v^=o 

has for its rationalised form of equation 

F^ + F^-2FF-2Ffr-2C7F=0; 
or as this may also be written, 

(1, 1, 1, -1, -1, F 1F)^ = 0; 

and we may from this rational equation verify the general results applicable to the 
case in hand, viz., that the trizomal is a curve of the order 2 r, and that 

Z 7 = 0 , at each of its intersections with F — TF = 0 , 

F= 0 , „ „ Tf-.Z7=0, 

Tf= 0 , „ „ ?7-F=0, 

respectively touch the trizomal. There are not, in general, any nodes or cusps, and 
the order being = 2 r, the class is = 2 r ( 2 r — 1 ). 

39. The tetrazomal curve 

Vt7+ VF+V'F + V'T =0 
has for its rationalised form of equation 

( ^72 4 . Fa + + ys 2 f7F- 2 !71F - 2 f7r - 2 VW - 2 FT - 2 WTy - 64 TJVWT = 0, 

and we may hereby verify the fundamental properties, viz., that the tetrazomal is a 

curve of the order 4r, touched by each of the zomals ?7= 0 , F = 0 , TF= 0 , T = 0 in 

2 r® points, viz., by 27 = 0 at its intersections with VI7+VTF + VT= 0 , that is, 
F^-f T^— 2 FTr— 2 FT — 2TrT= 0 ; (and the like as regards the other zomals), and 
having nodes, viz., these are the intersections of (V? 7 +V'F= 0 , VlF-hVT== 0 ), 
,(\/ jj 4 VW = 0 , VF + \/T = 0 ), (V 27 + VT= 0 , V F + V TF = 0 ), or, what is the same thing, 
the intersections of (27— F= 0, TT— T= 0 ), (17— IF— 0 , F— T== 0 ), ( Z7 — T = 0 , F— 1F= 0 ). 
There are not in general any cusps, and the class is thus = 4 r (4r — 1 ) — 6 r^, = lOr^— 4r*. 
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Article Nos. 40 and 41. On the Intersection of two v-Zomals having the same 

Zomal Curves. 

40. Witiiout going into any detail, I may notice the (Question of the intersection of 

two i;-zomals which have the same zomal curves — say the two trizomals V?7+ Vy+ 0, 

4vn + fmV -f ^nW = 0, or two similarly related tetrazomals. For the trizomals, writing 
the equations under the form 

+ a/7+ fW = 0, VZ Vm V 7+ Vw V F = 0, 

then, when these equations are considered as existing simultaneously, we may, without 
loss of generality, attribute to the radicals VZ7, V7, VT7, the same values in the two 
equations respectively ; but doing so, we must in the second equation successively 
attribute to all but one of the radicals a/J] Vm, Vw, each of its two opposite values. 
For the intersections of the two curves we have thus 

flj : V7 : V^ = Vm — \ — \ 

viz., this is one of a system of four equations, obtained from it by changes of sign, 
say in the radicals and Each of the four equations gives a set of points; 
we have thus the complete number, = 4?*^, of the points of intersection of the two 
curves. 

41. But take, in like manner, two tetrazomal curves;, writing their equations in 

the form _ 

fU + ^7 + V F + VT = 0, 

VZ VF + Vw V 7+ V F+ Vp A/r = 0, 

then VU’, V7, VF, VT may be considered as having the same values in the two 
equations respectively, but we must in the second equation attribute successively, say 
to Vm, fp, each of their two opposite values. For the intersections of the two 
curves we have _ _ _ 

(\/ m — V7) — )a/F + (Vjp — Vr ) = 0, 

. + (Vyi— Vm) VF + (Vp — Vm) 0, 

viz., this is one of a system of eight similar pairs of equations, obtained therefrom by 
changes of sign of the radicals Vm, fn, V^. The equations represent each of them a 
trizomal curve, of the order 2r; the two curves intersect therefore in 4r® points, and 
if each of these was a point of intersection of the two tetrazomals, we should have 
in all 8x4r®— intersections. But the tetrazomals are each of them a curve of 
the order 4r, and they intersect therefore in only 16r® points. The explanation is, 
that not all the 4r® points, but only 2r^ of them are intersections of the tetrazomals. 
In fact, to find all the intersections of the two trizomals, it is necessary in their two 
equations to attribute opposite signs to one of the radicals VF, we obtain 2r^ 

intersections firom the equations as they stand, the remaining 2r^ intersections from the 
two equations after we have in the second equation reversed the sign, say of a/21 



414] 


ON POLYZOMAL CUEVES. 


487 


Now, from the two equations as they stand we can pass back to the two tetrazomal 
equations, and the first-mentioned 2r^ points are thus points of intersection of the 
two tetrazomal curves — from the two equations after” such reversal of the sign of 
we cannot pass back to the two tetrazomal equations, and the last-mentioned 
points are thus not points of intersection of the two tetrazomal curves. The number 
of intersections of the two curves is thus 8 x as it should be. 


Article Nos. 42 to 45. The Theorem of the Decomposition of a Tetrazomal Curve, 
42. I consider the tetrazomal curve— 

^lU \/nW + '^pT= 0, 

where the zomal curves are in involution, — that is, where we have an identical relation, 

aC7‘+ hV + cW + dr=0; 
and I proceed to show that if Z, m, n, p satisfy the relation 


4 

a 


s-«. 


the curve breaks up into two trizomals. In fact, writing the equation under the form 

(Vzf7 + VmF + VnWy-'pT =0f 

and substituting for T its value, in terms of U, V, TT, this is 

(Zd -|-]pa) U -h (md H- ph) V + (?^d +pc) W 

-1- 2 V ?7^r^d V VW 4- 2 VriZd f WU 4- 2 VZmd V JJV = 0 ; 

or, considering the left-hand side as a quadric function of (VCT", VF, VlF), the condition 
for its breaking up into factors is 

Zd-l-^a, dVZm, d^ln | = 


that is 


or finally, the condition is 


d Vml , md 4-_pb, d V mn 
d , d'^/nm, nd^-po, 

p^ (Zbcd 4- mcda 4- wdab 4-f>abc) = 0, 


a 


f + ^+ 

b c 




43. Multiplying by Zd-l-pa, and observing that in virtue of the relation we have 

abd 

(Zd -J- p&) (md -f j>b) = Zmd“ pn , 

c 

. acd 

(Zd 4- pB) (^d 4-jpc ) = Ind? - pm, 
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the equation becomes 


^(M+^a) VjT’+dVZmV^+d =^p{h‘Jn'\/V — , 


or as this is more conveniently written 


((Vi + ^) vir + + Virr)' = ^ f (i^ > 

an equation breaking up into two equations, which may be represented by 


where 




^ =Vn 


ViJJ2 = Vm + /y/ 


Vn, =V« 

where, in the expressions for VT, &c., the signs of the radicals 

VI, Vm, V«, yy/ ^ 


a ^ 

b^ T' 


may be taken determinately in any way whatever at pleasure; the only effect of an 
alteration of sign would in some cases be to interchange the values of (V V^) 

with those of (VZg, V^a). The tetrazomal curve thus breaks up into two trizomals. 


44. It is to be noticed that we have 


a"^ b c" a'^d^Z'^^d 


m db np 

+ b + ^ T 

n a mp 
‘^c’^'bdT 


that is 


and that similarly we have 




b c" ’ 


S — q- !!? = 0 

a b c 
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The meaning is, that, taking the trizomal curve VZiZ7h- V? 2 iTF= 0, this regarded as a 

tetrazomal curve, V f CT satisfies the condition ~ + ^ + — + ^ = 0; 

a D c Cl 

and the like as to the trizomal curve =0. 

45. The equation by which the decomposition was effected is, it is clear, one of 
twelve equivalent equations; four of these are 

(^Vr+-^=, Vm , \/n ,0 

\ dvZ 


0 , VmH — V?i , \/p 

a V??^ 


fvz , 0 , ^fp 

\ b wn 

(VT . Vi . 0 , Vp^-!|)( „ y. 

vrrj, 

and the others may be deduced from these by a cyclical permutation of ({7, V, W), 
(a, b, c), (Z, m, n), leaving T, d, p unaltered. 


) (^u, vir a/F, VrJ= 

j VnW— c VmWj , 

) ( ■■ )■= 

A Ifc Vp^-d 

cda mV / 

) ( •• )■= 


Article Nos, 46 to 51. Applzcatmi to the Trizomal; the Theorem of the Variahle ZomaL 
46. I take the last equation written under the form 

(a b ^rvy = ^ {p + **) vf J , 

which, putting therein p = 0, is 

(a VmCT- b ^IVy = nT, 
which is in fact the trizomal curve, 

&\/mU-hs/lV+f^nT=-0, 


C. VI. 


62 
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viz., the trizomal curve V'Ztr+ v'toF+ 0, —if a, b, c be any quantities connected 
by the equation 

a b c 

(the ratios a, b, c thus involving a single arbitrary parameter); and if we take T a 
function such that aCr+bF+cTr+dir=0; that is, !r = 0, any one of the series of 
curves ai7+bF-fcTr=0, in involution with the given curves fr=0, F=0, 1F=0, — 
has its equation expressible in the form 

a Vm Z7- b \/zT+ Tif = 0 ; 


that is, we have the curve T—O (the equation whereof contains a variable parameter) 
as a zomal of the given trizomal curve A/Zi[7-fVmF+V'7z.lF=0; and we have thus 
from the theorem of the decomposition of a tetrazomal deduced the theorem of the 
variable zomal of a trizomal. The analytical investigation is somewhat simplified by 
assuming jp = 0 initio, and it may be as well to repeat it in this form. 


47. Starting, then, with the trizomal curve 

VZ~C/'+ VmF 4- = 0, 

a?7+ bF-f cF'-fdr=0 


and writing 


as the definition of T, the coefiScients being connected by 


a b 


?-»■ 


the equation gives 

or substituting in this equation for W its value in terms of U, F, T, we have 
{m, 4- cZ) ?7 4- (b?i 4- cm) F 4- 2Q*JlmUV 4- dur= 0, 
which by the given relation between a, b, c, is converted into 


D a 

that is 

shnU + \PlV~2ah^MV =^~nT, 

c 

viz., this is 

(aV^-bVrf)" = — 


a Vmtr- b VIF+ y/~ » 2 ’= 0 . 


•or finally 
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48. The result just obtained of course implies that when as above 

&U+hr+cW+dT=0, i + ^ + ” = o, 

a b c 

the trizomal curve ^7iW=0 can be expressed by means of any three of 

the four zomals U, V, Wj and we may at once write down the four forms 


( ■ ■ 

■ 

/m 

- V > 


■ 

• i 

Vi- 

jmA. 

“V S^c 

/m 

V bi ’ 

V'.. 

• » 

rnA 

V abc 

/Id 

V abc’ 

jmd 

V So’ 

/Si 

V abc’ 

• 


the last of which is the original equation + V7?iF+ = 0. It may be added 
that if the first equation be represented by ^l7iiiV+^n^W ^0 , — that is, if we 
have 


and therefore 


b c'^d “bcU b c> 



or if the second equation be represented by '^IJJ = 0 , — that is, if we 
have 


:-V|. vs;V|.. ''sVi- 


and therefore 


a c <1 


or if the third equation be represented by Vl^+ VwigF+ V^jjT^O, — that is, if we 
have 




and therefore 


a"*" b ■‘'d"^* 


62—2 
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then the equation of the trizomal may also he expressed in the forms 


( . . 

j v% , 


)(V^, VF, VF, VF) = 0, 


/pibc 

V ad ’ 

/Tiibd 

"V ac 


- - 

■ V ad ’ 

/micd 

V ab 


-•Jpl, 

Aiibd /m]Cd 

Vl^’ ~V“aF’ 

• 


( ■ . 


/^igad ^ 

V J 

(VF, vf; VF, ^/T) = 0, 

, 

. , 



/psac 

V hd ’ 

-7^ . 

/ked 
“V ab 


/w.ad 

~V 

I"l^ 

1 

i# 

1 

• 


( ■ . 


jm^d 

"V 1)^ 

) {^, VF, VF, ^/y) = 0. 


vTj , 

Awsad Ahd /— 

V be ’ V ac ’ ’ 


49. These equations may, however, be expressed in a much more elegant form. 
Write 


o'— W h .. q'= (i'=: ^ 

i^jSy (t 8«)’ (a/37)’ 

where, for shortness, (/97S) = (yS — 7) (7 — S) (S — / 3 ), &c. ; (a, yS, 7) being arbitrary quantities : 
or, what is the same thing, 

a : b : c : d = a'(y97S) : -b'(7Sa) : c'(Bal3) : ~d'(ay37). 


Assume 

I : m : n = pa' (yS — 7)^ : aV (7 — a)^ : tc' (a — yS)® ; 

then the equation - + ^ 4* - = 0 takes the form 
a D c 


P {/9 - y) (« - S) + <r (7 - «) (/9 - (a - i8) (7 - S), 
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and the four forms of the equation are found to be 

( . , VT(S-y), Vp(y-/3)) Vc'TF; A/d^) = 0, 

■'^<7— S). . , Vp(S-a), V^Ca— 7 ) 

V^CS-^), Vp(a-S), . , ^/T(l3-a) 

.Vp(0—y), Vcr (7 — a), v'T(a — /3), 

viz., these are the equivalent forms of the original equation assumed to be 

(yS - ry) V + (7 - «) Vo'b'F4- (« - /S) = 0 . 

50. I remark that the theorem of the variable zomal may be obtained as a 

transformation theorem — viz., comparing the equation ^/lU + 'JinV -f- s/nW = 0 with the 
equation 'my 4- = 0 ; this last belongs to a conic touched by the three lines 

^ = ^=0; the equation of the same conic must, it is clear, be expressible in 

a similar form by means of any other three tangents thereof, but the equation of any 
tangent of the conic is aa? + by + c.3r = 0, where a, b, c are any quantities satisfying the 

condition - + — + - = 0 ; whence, writing aaj H- by + c.s + d-ai; = 0, we may introduce w = 0 
a o c 

along with any two of the original zomals = 0, y = 0, sr = 0, or, instead of them, any 
three functions of the form w\ and then the mere change of a?, y, 0 , w into 27, F, TT, T 
gives the theorem. But it is as easy to conduct the analysis with (77, F, IF, T) as 
with (a?, y, z, w), and, so conducted, it is really the same analysis as that whereby the 
theorem is established antSy No. 47. 

51. It is worth while to exhibit the equation of the curve 

\llU ‘sfmV' 

in a form containing three new zomals. Observe that the equation - + ~ + - = 0 is 

a D c 

satisfied by a = l^x> ^ c = n0(j>, if only 0 + <f}'{-x = 0; or say, if 6 = a' a'\ 

a" — a, % = a — a". The equation 

X V((x — a') (a — a") lU {of a") (a' — a) mFq- (a" — a) (of' — a')nW 

4- V(6 - b') {h - b") IU+ (b' - b") {¥ ~ b)mV + (h" - b) (6" --h')nW 

+ x; V(c - c' ) (c - c") 2 27 4- (c' - c'O (c' - c) w F 4 - (c" - c ) (c" - c') IF = 0 

is consequently an equation involving three zomals of the proper form ; and we can deter- 
mine X, fjby V in such wise as to identify this with the original equation ^fTU ■\‘^mV+*JnWy 
viz., writing successively 27 = 0, F = 0, IF = 0, we find 

(a' - a") X + (5' ~ 5") 4- (o' - c") 1 / = 0, 

{a" -a )X4-(6"~6 )a6 4-(c"~o )z/ = 0, 

) X 4" (5 — 2>)a^4'(c — = 
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equations which are, as they should be, equivalent to two equations only, and which 


1 , 1 . 1 

; 

1 , 1 . 1 


1, 1 , 1 

h, h', b" 


c, o' , c" 


a , a, a 

c, c' , c" 


/ tt 

a, a, a 


h , b\ V 


and the equation, with these values of X, v substituted therein, is in fact the 
equation of the trizomal curve v'wrr+ V tiTT = 0 in terms of three new zomals. 

It is easy to return to the forms involving one new zomal and any two of the 
original three zomals. 


Article No. 52. Remark as to the Tetrazomal Ctirve. 

52. I return for a moment to the case of the tetrazomal curve, in order to show 
that there is not, in regard to it in general, any theorem such as that of the variable 
zomal. Considering the form Vmyq- + = 0 (the coordinates y, z, w are 

of coui'se connected by sl linear equation, but nothing turns upon this), the curve is 
here a quartic touched twice by each of the lines a? = 0 , y = 0, z = 0, w=0 (viz., each 
of these is a double tangent of the curve), and having besides the three nodes 
(x=y, z = w)i (x = z, y = w), (x — w, y = ^). But a quartic curve with three nodes, or 
trinodal quartic, has only four double tangents — that is, besides the lines x = 0, y = 0 , 
z = 0, w — 0, there is no line + /3y^yz + Bw^0 which is a double tangent of the 
curve; and writing U, F, W, T in place of y, w, then if !7, F, W, T are 
connected by a linear equation (and, d fortiori, if they are not so connected), there is 
not any curve a ?7 + / 3 F+ 7 lF+ 8 r =0 which is related to the curve in the same way 
with the lines U=0, F= 0 , 1F=0, T=0\ or say there is not (besides the curves 
i7=0, F= 0 , Tr= 0 , T= 0 ), any other zomal aCr+i 8 F+ 7 lF+Sr== 0 , of the tetrazomal 
curve. The proof does not show that for special forms of U, F, W, T there may 
not be zomals, not of the above form aZ 7 +^F+ 7 lF + Sr= 0 , but belonging to a 
separate system. An instance of this will be mentioned in the sequel. 


Article Nos. 53 to 56. The Theorem of the Variable Zomal of a Trizomal Curve resumed, 

53 . I resume the foregoing theorem of the variable zomal of the trizomal curve 
^JTU + VmF+ ^71^=0. The variable zomal !r=0 is the curve ajJ+bF+cTr^O, where 

a, b, c are connected by the equation “ + ? + - = 0 ; that is, it belongs to a single 

a D c 

series of curves selected in a certain manner out of the double series aZ7+bF“|-clF=0 
(a double series, as containing the two variable parameters a : b : c). These are the 
whole series of curves in involution with the given curves U—0, F= 0 , or being 

such that the Jacobian of any three of them is identical with the Jacobian of the three 
given curves; in particular, the Jacobian of any one of the curves aZ7+bF+ cTr= 0,. 
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and of two of the three given curves, is identical with the Jacobian of the three given 
curves. I call to mind that, by the Jacobian of the curves !7=0, F=0, W=0, is 
meant the curve 

J (JJ -- f dzU 

dxW, dyW, dzW 

viz., the curve obtained by equating to zero the Jacobian or functional determinant 
of the functions F, W. Some properties of the Jacobian, which are material as to 
what follows, are mentioned in the Annex No. I. 

For the complete statement of the theorem of the variable zomal, it would be 

necessary to interpret geometrically the condition - 4- ^ = 0, thereby showing how 

a u c 

the single series of the variable zomal is selected out of the double series of the 
curves a![7+bFH-clF=0 in involution with the given curves. Such a geometrical 
interpretation of the condition may be sought for as follows, but it is only in a 
particular case, as afterwards mentioned, that a convenient geometrical interpretation is 
thereby obtained. 

54 Consider the fixed line fl + 0, and let it be proposed to find 

the locus of the (r — 1)® poles of the line fl = 0 in regard to the series of curves 

aCT + bF+cTf — 0, where - + Take (x, v, z) as the coordinates of any one 

a b c 

of the poles in question, then in order that ix, y, z) may belong to one of the 
poles of the line + = 0 in regard to the curve ai74-bF+clF=0, 

we must have 

(ia;(aC/'+bF+clF) : dy(af7+bF+cTr) : 4 (ai7+ bF + cF')=^> : q : r; 
or, what is the same thing, 

: dyO^ : 

and these equations give without difiSculty 

a : b : c = /(F, TT, XI) : J(W, U, XI) : J {U, F, XI), 

whence, substituting in the equation £ + ^ ^ ~ 

I . ^ ■_ . . Vl = 0 

j(F, F, xi)^j(F, V, ay JiTJ, F, a) 

as the locus of the (r — 1)® poles in question. Each of the Jacobians is a function 
of the order 2r — 2, and the order of the locus is thus =4r — 4. As the given curves 
J7=0, F=0, Tr = 0 belong to the single series of curves, it is clear that the locus 
passes through the 3 (r — 1)® points which are the (r — 1)® poles of the fixed line in 
regard to the curves !7 = 0, F=0, F=0 respectively. 
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.55. In the case where the given trizomal is 

Vi (@ + Z4>) + Vto (© + M^) 4- Vm (@ + N^) = 0, 

s = r — 1, that is, where the zomals ® = 0, ® + = Oj ® + i\i^> = 0 are each of 

them curves of the order r, passing through the r intersections of the line 0 = 0 
with the curve ® = 0, then, taking this line 0 = 0 for the fixed line X2 = 0, we have 

/(F, F, a)==j'(@+Jbro, ®+i\^o, o) = o{iif, n ], 

if, for shortness, [M, F]=J{M-N, ®, 0)+ 0/(^1, N, O), and the like as to the other 
two Jacohians, so that, attaching the analogous significations to {iV, L} and [L, M], the 
equation of the locus is 

I ^ _ A 

+ M}-^’ 

where observe that each of the curves [M, iV^} = 0, {iV", Z}=0, [L, M}=^0 is a curve 
of the order 2r-3; the order of the locus is thus =4r-6, and (as before) this 
locus passes through the 3 (r — 1)® points which are the (? — 1)^ poles of the line <I> = 0 
in regard to the curves @ + Z<J>=0, @ + = @ + i\^<l> = 0 respectively. 

.56. In the case r = 2, the trizomal is 

Vr(0 + Z$) + + Vn(® + iV'<&) = 0, 

where the zomals are the conics ® + Z<I> = 0, ® + M3> = 0, ® + iV<I> = 0, each passing 
through the same two points ® = 0, <!> = 0 ; the locus of the pole of the line 0=0, 
in regard to the variable zomal, is the conic 

I m n 

{1^ + pTT} + [lTW] - 

viz., {My i\/'} = 0, {iV', Z} = 0, {Z, if} = 0, are here the lines passing through the poles 
of the line 0 = 0 in regard to the second and third, the third and first, and the first 
and second of the given conics respectively: treating 1, 7?^, n as arbitrary, the locus is 
clearly any conic through the poles of the line 0 = 0 in regard to the three conics 
respectively. The Jacobian of the three given conics is a conic related in a special 
manner to the three given conics, and which might be called the Jacobian conic 
thereof, and it would be easy to give a complete enunciation of the theorem for the 
case in hand. (See as to this, Annex No. I, above referred to.) But if, in accordance 
with the plan adopted in the remainder of the memoir, we at once assume that the 
points ® = 0, = 0 are the circular points at infinity, then the theorem can be 

enunciated under a more simple form — ^viz., if 21° = 0, 8° = 0, (5° = 0 are the equations 
of any three circles, then in the trizomal 

the variable zomal is any circle whatever of the series of circles cutting at right 
angles the orthotomic circle of the three given circles, and having its centre on a 
certain conic which passes through the centres of the given circles. Moreover, if the 
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coefEcients Z, m, n are not given in the first instance, but are regarded as arbitrary, 
then the last-mentioned conic is any conic whatever through the three centres, and 
there belongs to such conic and the series of zomals derived therefrom as above, a 
trizomal curve VZSP + V mss'" 4- V 7i(E° = 0. This is obviously the theorem, that if a 
variable circle has its centre on a given conic, and cuts at right angles a given circle, 
then the envelope of the variable circle is a trizomal curve V Z2[° 4- V m33° 4- V 9^(S°, 
where 81° = 0, 33° = 0, S° = 0 are any three circles, positions of the variable circle, and 
Z, m, n are constant quantities depending on the selected three circles. 


Paet IL (Nos. 57 to 104). Subsidiary Investigations. 

Article Nos. 57 and 58. Preliminary Remarks. 

57. We have just been led to consider the conics which pass through two given 
points. There is no real loss of generality in taking these to be the circular points 
at infinity, or say the points /, J — viz., every theorem which in anywise explicitly or 
implicitly relates to these two points, may, without the necessity of any change in the 
statement thereof, be understood as a theorem relating instead to any two points P, Q. 
I call to mind that a circle is a conic passing through the two points /, J, and 
that lines at right angles to each other are lines harmonically related to the pair of 
lines from their intersection to the points /, J respectively, so that when (J, J) are 
replaced by any two given points whatever, the expression a circle must be understood 
to mean a conic passing through the two given points ; and in speaking of lines at 
right angles to each other, it must be understood that we mean lines harmonically 
related to the pair of lines from their intersection to the two given points respectively. 
For instance, the theorem that the Jacobian of any three circles is their orthotomic 
circle, will mean that the Jacobian of any three conics which each of them passes 
through the two given points is the orthotomic conic through the same two points, 
that is, the conic such that at each of its intersections with any one of the three 
conics, the two tangents are harmonically related to the pair of lines fi:om this inter- 
section to the two given points respectively. Such extended interpretation of any 
theorem is applicable even to the theorems which involve distances or angles — viz., the 
terms “ distance ” and “ angle ” have a determinate signification when interpreted in 
reference (not to the circular points at infinity, but instead thereof) to any two given 
points whatever (see as to this my “Sixth Memoir on Quantics,” Nos. 220, et seq.). 
Phil. Trans., vol. CXLix. (1859), pp. 61 — 90 ; see p. 86 ; [158]. And this being so, the theorem 
can, without change in the statement thereof, be understood as referring to the two 
given points. 

58. I say then that any theorem (referring explicitly or implicitly) to the circular 
points at infinity /, J, may be understood as a theorem referring instead to any two 
given points. We might of course give the theorems in the first instance in terms 
explicitly referring to the two given points — (viz., instead of a circle, speak of a conic 
through the two given points, and so in other instances) ; but, as just explained, this 
is not really more general, and the theorems would be given in a less concise and 

c. VI. 63 
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familiar form. It would not, on the face of the investigations, be apparent that in 
treating of the polyzomal curves 

Vi (@ + L^) 4- Vm (@ + 4- &c. = 0, 

(@ = 0 a conic, 4) = 0 a line, as above), that we were really treating of the curves the 
zomals whereof are circles, and therein of the theories of foci and focofoci as about 
to be explained. And for these reasons I shall consider the two points @ = 0, = 0, 

to be the circular points at infinity J, J, and in the investigations, &c., make use of 
the terms circle, right angles, &c., which, in their ordinary significations, have implicit 
reference to these two points. 

The present Part does not explicitly relate to the theory of polyzomal curves, but 
contains a series of researches, partly analytical and partly geometrical, which will be 
made use of in the following Parts III. and IV. of the Memoir. 


Article Kos. 59 to 62. The Gircidar Points at Infinity ; Rectangular and Circular 

Coordinates, 

59. The coordinates made use of (except in the cases where the general trilinear 
coordinates {x, y, z\ or any other coordinates, are explicitly referred to), will be either 
the ordinary rectangular coordinates y, or else, as we may term them, the circular 
coordinates (= a? 4- iy, — iy respectively, i =: V — 1 as usual), but in either case I 
shall introduce for homogeneity the coordinate z, it being understood that this 
coordinate is in fact =1, and that it may be retained or replaced by this its value, 
in different investigations or stages of the same investigation, as may for the time 
being be most convenient. In more concise terms, we may say that the coordinates 
are either the rectangular coordinates x, y, and z (=1), or else the circular coordinates 
f, 71, and z (= 1). The equation of the line infinity is z — 0; the points /, J are given 
by the equations (x + iy—0, z — 0) and (a; — iy = 0, z = 0), or, what is the same thing, 
by the equations (f== 0 , z = 0) and (-17 = 0 , z=0) respectively; or in the rectangular 
coordinates the coordinates of these points are (— i, 1, 0) and (i, 1, 0) respectively, and 
in the circular coordinates they are (1, 0, 0) and (0, 1, 0) respectively. It is, of course, 
only for points at infinity that the coordinate z is =0 (and observe that for any such 
point the x and y or ^ and coordinates may be regarded as finite) ; for every point 
whatever not at infinity the coordinate z is, as stated above, = 1. 

60. Consider a point A, whose coordinates (rectangular) are (a, a', 1) and (circular) 
(a, ot', 1), viz., a = a4-a'i, a' = a — a'i; then the equations of the lines through A to 
the points /, J, are 

x — az + i(y — a' z) = 0, x—az — i{y-- a' z) = 0 
respectively, or they are 

^ — az—0 , ri'-oiz—O 

respectively. These equations, if (a, a') or (a, a') are arbitrary, will, it is clear, be the 
equations of any two lines through the points 7, 7, respectively. 



ON POLYZOMAL CURVES. 


499 


414] 

61. We have from either of the equations in {x, y, z) 

{x — azy + ( 2 / — a' zf = 0 , 

that is, the distance from each other of any two points {x, y, 1 ), and (a, a\ 1 ) in a 
line through I or J" is = 0. And in particular, if z==0, then ^ = 0 ; that is, the 

distance of the point (a, a\ 1 ) from / or is in each case = 0 . 

62. Consider for a moment any three points P, Q, -4 ; the perpendicular distance 
of P from QA is =2 triangle PQA -r- distance QA ; if Q be any point on the line 
through A to either of the points /, eT", and in particular if Q be either of the points 

J, then the triangle PQA is finite, but the distance QA is = 0 : that is, the 
perpendicular distance of P from the line through A to either of the points /, J, 
that is, from any line through either of these points, is = 00 . But, as just stated, the 
tiiangle PQA is finite, or say the triangles PI A, PJA are each finite; viz., the 
coordinates (rectangular) of P, A being {x, y, z = l), (a, a\ 1 ) or (circular) (f, 77 , z=l), 
(a, a', 1 ), the expressions for the doubles of these triangles respectively are 


X, 

y> 

z 

> 



z 

- i^ 

1, 

0 



1 , 

0 

a, 

a!. 

1 


a, 

d. 

1 


that is, they are (rectangulai- coordinates) x — az’\'i{y — a!z), x — az — i (y — a'z), or 
(circular coordinates) ^-~az, ri-^dz. 

Eepresenting the double areas by P/-4, PJA, respectively, and the squared distance 
of the points A, P, by 21, we have — 

21 = (*» — azy + (y — olzy 

= {^-oLz)(v-a'z), ^PIA.PJA. 


Article No. 63. Antipoints; Definition and Fundamental Properties. 

63. Two pairs of points (A, E) and (Aj, which are such that the lines 
AP, AiBi bisect each other at right angles in a point 0 in such wise that 
OA = OP = i OAi = i OPi, are said to be antipoints, each of the other. In rectangular 
coordinates, taking the coordinates of (AP,) to be (a, 0 , 1 ) and (—a, 0 , 1 ), those of 
(Aj, Pi) will be ( 0 , a^, 1) and ( 0 , — ai, 1 ) respectively, whence joining the points (A, P) 
with the points ( 7 , J), the points Ai, Pi are given as the intersections of the hnes 
A7 and PJ, and of the lines AJ and PJ respectively. Or, what is the same thing, 
in any quadrilateral wherein 7, J are opposite angles, the remaining pairs (A, P) and 
(Ai, Pi) are antipoints each of the other. 

64. In circular coordinates, if the coordinates of A are (a, o', 1), and those of P 
are (y 8 , yS', 1 ), then the equations of 

A7, A J are ^ — oe = 0, tj — a! z = 0, 

P7, P J „ ^ - iSz = 0, 77 - /3'z = 0, 
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■whence the equations of 

AJ, AiJ are f = 0, rf- ^'z = 0, 


65. Considering any point P the coordinates of which are rj, z (=1), let 
35? 2ti, S5i he its squai’ed distances from the points A, B, Ai, Bi respectively; then 
by what precedes 

21 =(^-az)(v-cL'z\ 

33 

2li = (f - az) ( t ) - ^'z), 


and thence 




21.33 = 2(1. 33i; 


that is, the product of the squared distances of a point P from any two points A, B, 
is equal to the product of the squared distances of the same point P from the two 
antipoints uli, Pi. This theorem, which was, I believe, first given by me in the 
Educational Times (see reprint, vol. vi. 1866, p. 81), is an important one in the theory 
of foci. It is to be further noticed that we have 


if K, = {a — a') (/3 — jS'), be the squared distance of the points Ay P, = — squared distance 
of points Aj, Pi, 


Article No. 66. A7itipoints of a Circle. 

66. A similar notion to that of two pairs of antipoints is as follows, viz., if 
from the centre of a circle perpendicular to its plane and in opposite senses, we 
measure off two distances each =i into the radius, the extremities of these distances 
are antipoints of the circle. It is clear that the antipoints of the circle and the 
extremities of any diameter thereof are (in the plane of these four points) pairs of 
antipoints. It is to be added that each antipoint is the centre of a sphere radius 
zero, or say of a cone sphere, passing through the circle: the circle is thus the inter- 
section of the two cone spheres having their centres at the two antipoints respectively. 


Article No. 67. Antipoints in relation to a Pair of Orthotomic Circles. 

67. It is a well-known property that if any circle pass through the points (A, P), 
and any other circle through the antipoints (Ai, Pi), then these two circles cut at 
right angles. Conversely if a circle pass through the points A, P, then all the ortho- 
tomic circles which have their centres on the liue AP pass through the antipoints 
Ai, Pi. In particular, if on AP as diameter we describe a circle and on AiPi as 
diameter a circle, then these two circles — ^being, it is clear, concentric circles with their 
radii in the ratio 1 : i, and as concentric circles touching each other at the points 
(/, J ) — cut each other at right angles; or say they are concentric orthotomic circles. 
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Article Nos. 68 to 71. Forms of the Equation of a Girole, 

68. In rectangular coordinates the equation of a circle, coordinates of centre 
(a, a\ 1) and radius ==a", is 

21° = (ic - azy + (2/ “ a' zy — a' V = 0 ; 

and in circular coordinates, the coordinates of the centre being (a, ol\ 1), and radius 
= a" as before, the equation is 

= (I ^ (xz) ( 7 ) — a'z) — a'^z^ = 0. 

69. I observe in passing, that the origin being at the centre and the radius 

being = 1, then writing also z=lj the equation of the circle is = 1, that is the 
circular coordinates of any point of the circle, expressed by means of a variable para- 
meter 0 , are (o, 1 j , 

70. Consider a current point P, the coordinates of which (rectangular) are 
z (= 1), and (circular) are 97, z (= 1), then the foregoing expression 

21 ° = (^ - azy + ( 2 / - o!zy - a”^z‘^ 

= (1^ — az) (tj — a'z) — a"^z^ 

denotes, it is clear, the square of the tangential distance of the point P from the 
circle 21° = 0. 

71. But there is another interpretation of this same function 21°, viz., writing 
therein z = 1, and then 

21° = (a? - ay + (y - aj + (a"^)^ 

we see that 21° is the squared distance of P from either of the antipoints of the 
circle (points lying, it will be recollected, out of the plane of the circle), and we have 
thus the theorem that the square of the tangential distance of any point P from the 
circle is equal to the square of its distance from either antipoint of the circle. 

Article Nos. 72 to 77. On a System of Sixteen Points. 

72. Take (A, P, (7, JD) any four concyclic points, and let the antipoints of 

(P, (7), (A, P) be (P„ (7,X (A„ A), 

(C, A), (P, P) „ (A, A,), (P„ A), 

(A, P), (C, P) „ (As, P3), (Ca, A), 

then each of the three new sets (Ai, Pi, Ci, Pi), (As, Pg, A, P2X Ps; A, P3) 
be a set of four concyclic points. 

73. Let 0 be the centre of the circle through (A, P, 0, P), say of the circle 0, 
and then, the lines BO, AD meeting in P, the lines GA, BD in P, and the lines 
AP, GD in T, let each of these points be made the centre of a circle orthotomic 
to 0, viz., let these new circles be called the circles P, P, T respectively. 
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As regards the circle R, since its centre lies in BG, the circle passes through 
(jBi, Cl)', and since the centre lies in AD, the circle passes through {A^, D-^, that is, 
the four points (Aj, Gi, Di) lie in the circle R. Similarly (A«, Bs, G^, D^) lie in 

the circle S, and (A3, B^, O3, D3) in the circle T. 

74. The points R, S, T are conjugate points in relation to the circle 0 ; that is, 
ST, TR, R8 ai-e the polars of R, S, T respectively in regard to this circle; and they 
are, consequently, at right angles to the lines OR, OS, OT respectively; viz., the four 
centres 0, R, S, T are such that the line joining any two of them cuts at right 
angles the line joining the other two of them, and we see that the relation between 
the four sets is in fact a S3nnmetrical one ; this is most easily seen by consideration 
of the circular points at infinity I, J, the four sets of points may be arranged thus ; 


A, 

A», 

As, 

A3, 

Bsj 

B , 

A, 

Aj 

A, 

A, 

G, 

Aj 

A, 

Dfi, 

Aj 

D , 


in such wise that any four of them in the same vertical line pass through I, and 
any four in the same horizontal line pass through J ; and this being so, stai'ting for 
instance with (Aj, B3, O3, D3) we have antipoints 

of {Bi, Gs), (A3, D3) are (B., O3), (Aj, A), 

„ (G3, A3), (B3, D3) „ (Q, A3), (A, A), 

„(A 3 , A), (A. A) „ (A,B), (G,D), 

and similarly if we start firom (Ai, A> A> A) or (As, A, A, A)- 

75. I return for a moment to the construction of (A3, A» A. A); these are 

points on the circle R, and (A, A) are the antipoints of (B, A); that is, they are 
the intersections of the circle R by the line at right angles to BG from its middle 
point, or, what is the same thing, by the perpendicular on BG from 0 . Similarly 
(Ai, A) are the antipoints of (A, Z)); that is, they are the intersections of the 

circle R by the perpendicular on AD from 0. And the like as to (As, A, A, A) 

and (As, A) A, A) respectively. 

76. Hence, starting with the points A, B, G, D on the circle 0 , and constructing 

as above the circles P, Q, R, and constructing also the perpendiculars from 0 on the 

six chords A A A A &e., 

the perpendiculai-s on BG, AD meet circle R in (A, A), (Aj, A). 

GA, BD „ „ 8 „ (A, As), (A. A). 

AB, GD „ „ T „ (As, AX (A, AX 

so that the whole system is given by means of the circles P, Q, R, and the six 
perpendiculars. 
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77. If to fix the ideas {A, B, C, D) are real points taken in order on the real 
circle 0, then the points iJ, S, T are each of them real ; but R and T lie outside, 
S inside the circle 0. The circles R and T are consequently real, but the circle S 
imaginary, viz., its radius is —i into a real quantity; the imaginary points 5i, Gi, A) 
are thus given as the intersections of a real circle by a pair of real lines, and the 
like as to the imaginary points {Az, A? A) ; but the imaginary points {A^, A, A; A) 
are only given as the intersections of an imaginary circle (centre real and radius a 
pure imaginary) by a pair of real lines. The points (A, A^ qud antipoints of (A A) 
are easily constructed as the intersections of a real circle by a real line, and the like 
as to the points (A> A) g'wti antipoints of (A D), but the construction for the two 
pairs of points cannot be effected by means of the same real circle. 


Article Nos. 78 to 80. Property in regard to Four Oonfocal Conics. 

78. All the conics which pass through the four concyclic points A, B, C, A fi^ve 
their axes in fixed directions ; but three such conics are the line-pairs {BG, AD), 
{CA, BD), and {AB, CD), whence the directions of the axes are those of the bisectors 
of the angles formed by any one of these pairs of lines; hence, in particular, con- 
sidering either axis of a conic through the four points, the lines AB and CD are 
equally inclined on opposite sides to this axis, and this leads to the theorem that 
the antipoints (A3, A)(A> A) are in a conic confocal to the given conic through 
(A, A A D); whence, also, considering any given conic whatever through (A, A A D), 
the points (Ai, A) A» A)> As A> A)^ (A 3 , A^ A> A) severally in three conics, 
each of them confocal with the given conic. 

79. To prove this, consider any two confocal conics, say an ellipse and a hyper- 

bola, and let F be one of their four intersections; join F with the common centre 0, 
and let OT, OF be parallel to the tangent and normal respectively of the ellipse at 
the point F. OF, OT are in direction conjugate axes of the ellipse, and OF, OF 
are in direction conjugate axes of the hyperbola ; and if they are also the axes in 
magnitude, that is, if the points T, F are the intersections of OT with the ellipse and 
of OF with the hyperbola respectively, then it is easy to show that 0T^-{- 0F^=0. 
And this being so, imagine on the ellipse any two points A, B such that the chord 
AB is parallel to OT, that is conjugate to OF; AB is bisected by OF, say in a 
point K, or we have parallel to OT the semichords or ordinates KA = FB ; and we 
may, perpendicularly to this or parallel to OF, draw through K in the hyperbola a 
chord AsAj which chord will be bisected in K, or we shall have FAq = KBz. Hence 
KA, KAz are in the ellipse and the hyperbola respectively ordinates conjugate to the 
same diameter OF, and the semi-diameters conjugate to OF being OT, OF respectively, 
we have KA^ {=- KB^) :T^i{^KBi) = OT^ this is, ~KA^ = K^ ^-KAi=^-KBz^\ 

or (A3, A) will be the antipoints of (A, B). 

80. Conversely, if in the ellipse we have the two points (A, B), then drawing 
the diameter OF conjugate to AA and through its extremity F, the confocal hyper- 
bola, then the antipoints (Aj, A) will lie on the hyperbola. And similarly, if on the 
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ellipse we have the two points (C, D)^ then drawing the diameter OG conjugate to 
ODj and through its extremity G a confocal hyperbola, the antipoints J9s) will 

lie on the hyperbola. Suppose (A, B, Gy JD) are concyclic, then, as noticed, AB and 
GB will be equally inclined on opposite sides to the transverse axis of the ellipse — 
the conjugate diameters OFy OG will therefore be equally inclined on opposite sides 
of the transverse axis— and the points F and G will therefore be situate symmetrically 
on opposite sides of the transverse axis, that is, the points F and G will respectively 
determine the same confocal hyperbola, and we have thus the required theorem, viz., if 
(Ay B, Gy JD) are any four concyclic points on an ellipse, or say on a conic, and if 
(Asy B 3 ) are the antipoints of (Ay B), and (G^y Ds) the antipoints of (G, B), then 
(Asy B^y Gs, A) will lie on a conic confocal with the given conic. 


Article Nos. 81 to 80. System of the Sixteen PointSy the Axial Gase. 

81. The theorems hold good when the four points A, B, Gy B are in a line ; the 
antipoints (Bjy 61) of (By f7), &;c., are in this case situate symmetrically on opposite 
sides of the line, so that it is evident at sight that we have (Ai, A)» 

(As, Bs, Gs, A), (-^3, A, Gs, A), each set in a circle; and that the centres A A T 
of these circles lie in the line. The construction for the general case becomes, however, 
indeterminate, and must therefore be varied. If in the general case we take any circle 
through (By (7), and any circle through (Ay D), then the circle R cuts at right angles 
these two circles, and has, consequently, its centre R in the radical axis of the two 
circles; whence, when the four points are in a line, taking any circle through (By G), 
or in particular the circle on BG as diameter, and any circle through (Ay B), or 
in pai-ticular the circle on AB as diameter, — the radical axis of these two circles 
intersects the line in the required centre A and the circle R is the circle with this 
centre cutting at right angles the two circles respectively; the circles S and T are, of 
course, obtained by the like construction in regard to the combinations (Gy A \ By B) 
and (Ay B I Gy B), respectively. It may be added, that we have 


R 

S 

T 


> 

f extremities ^ 

- centre and 

of diameter S - 

1 

J 1 

of circles m 


A Ay By 

sibiconjugate points of involutions \Gy A \ B y B, 

Ay B-y Gy By 


and that (as in the general case) the circles jB, Sy T intersect each pair of them at 
right angles ; and they are evidently each intersected at right angles by the line 
ABGB (or axis of the figure), which replaces the circle 0 in the general case. 


82. If the points Ay B, G, B are taken in order on the line, then the points 
A ^3 P 3.11 real, viz., the point R is situate, on one side or the other, outside 
ABy but the points S and T are each of them situate between B and G; the circles 
R and T are real, but the circle S has its radius a pure imaginary quantity. 


83. If one of the four points, suppose jD, is at infinity on the line, then the 
antipoints of (A, B), of (B, B)y and of (G, B) are each of them the two points (7, «7). 
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It would at first sight appear that the only conditions for the circles R, S, T were 
the conditions of passing through the antipoints of (5, G\ of {G, A\ and of {A, B) 
respectively, and that these circles thus became indeterminate ; but in fact the definition 
of the circles is then as follows, viz., R has its centre at A, and passes through the 
antipoints of (5, G): (whence squared radius -=AB.AG), And similarly, 8 has its 
centre at B, and passes through antipoints of (G, A\ (squared radius =^BA,BG)] and 
T has its centre at G, and passes through antipoints of (A, B), (squared radius 
= CA . GB) ; these three circles cut each other at right angles. As before, A, B, G 
being in order on the line, the circles R, T are real, but the circle S has its radius a 
pure imaginary quantity. 

84. That the circles are as just mentioned appears as follows: taking the line 
as axis of x, and a, 6, c, d for the x coordinates of the four points respectively, then 
the coordinates of Ai, jDj are 

J (a + d)j + {a — d)\ 

whence, t/i being arbitrary, the general equation of a circle through Ai, Ri is 

- ^mxz + [m{a + d) --ad]z^ 

writing herein 

m = a — = 
d 

this becomes 

+ 2/2 — 2 ~ j = 

viz., for cZ=oo it is 

{x — azf + ^2 _ ^^2 

which is a circle having A for its centre, and its radius an arbitrary quantity k. If 
the circle passes through the antipoints of B, 0, the coordinates of these are 

^ ^ ^ i(6 + c), ±^{b-c), 

and we find 

^ = [i(& + c)-a]2-i(6-c)2 = (a-6)(a-c). 

85. Reverting to the general case of four points A, R, (7, D on a line, the 
theorem as to the confocal conics holds good under the form that, drawing any conic 
whatever through (A^, Ci, A), the points (Ag, A, A, A), and (Ag, A. A. A) lie 
in confocal conics, these conics have their centre on the line, and axes in the direction 
of and perpendicular to the line. When D is at infinity, the confocal conics become 
any three concentric circles through (A> AX (A» -^sX and (Ag, A) respectively. 


Article Nos. 86 to 91. The Involution of Four Circles, 

86. Consider any four points A, A A A the centres of circles denoted by these 
same letters, and let 21°, S3°, (5°, signify as usual, viz., if (in orthogonal coordinates) 
(a, a', 1) are the coordinates of the centre, and a" the radius of the circle A, then 
stands for (x-’azy + (y~-a'zy--a"^z% and the like for 33°, (5°, !5)°. Write also 

a : b : c : d=^BGD :-^GDA : DAB i^ABG, 


C. VI. 
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wliere BCD, &c., are the triangles formed by the points (B, G, D), &c. ; the anal 3 diical 
expressions are 


h, b', 1 

: - 

c, c , 1 

: 

d, d', 1 

: — 

a, a', 1 

0, c', 1 


d, d', 1 


Cti) Oi ) 1 


b, b\ 1 

d, d', 1 


a, a', 1 


h, V, 1 1 


e, o', 1 


SO that 

a +h +c +(i — Oj 
aa +hb + cc + dd = 0, 
aa' + hb' + cc' 4- dcZ' = 0 ; 
this being so, it is clear that we have 

ar +b33°4cr + d2)" = 

[a (a= + a'^ - a"^) + b (6^ + + c (c^ + - c"^) + d(d^ + - d"^)] = ^ 

a constant. 

87. I am not aware that in the general case there is any convenient expression 
for this constant K] it is =0 when the four circles have the same orthotomic circle; 
in fact, taking as origin the centre of the orthotomic circle, and its radius to be =1, 
we have 

+ &c., 

whence 

K = a4“b + c4*d“05 

that is, if the circles A, B, (7, D have the same orthotomic circle, then 21°, 23°, @°, 2)°, 
a, b, c, d, signifying as above, we have 

a2l° + bS5° + c(5° + d2)° = 0, 

and, in particular, if the circles reduce themselves to the points A, B, 0, D respectively, 
then (writing as usual 21, 35, (5, 2) in place of 21°, 33°, S°, !D°) if the four points 
A, B, G, B are on a circle, we have 

a2l + b33 4- c@ + d2) = 0, 

88. This last theorem may be regarded as a particular case of the theorem 

a2[ + b 35 + c® + d2) = = 5^, 

viz., the four circles reducing themselves to the points A, B, ' G, B, we can find for 
the constant K an expression which will of course vanish when the points are on a 
circle. For this purpose, let the lines BG, AB meet in the lines GA, BB in fif, 
and the lines AB, OD in T; we may, to fix the ideas, consider ABGB as forming 
a convex quadrilateral, R and T will then be the exterior centres, 8 the interior 
centre; a, b, c, d, may be taken equal to BGB, -OBA, BAB, -ABG, where the areas 
BOB, &c., are each taken positively. The expression a2I + bS4-c® + d2) has the same 
value, whatever is the position of the point P {cc, y, z^l)\ taking this point at R, 
and writing for a moment 

RA^a, RB = ^, RG=y, RB^B, 
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BCD = {BGI) - RBD) = ^BD (RC - RB) sin J2 = (7 - yS) S sin R, 
h similar expressions for the other triangles; and we thus have 


(7 - yS) S \ 


a2l + b^8 + c(S + d2) = . sin R 


-y3“(S -a)7 
+ 7^ (S — a) )S 




sin R (By — aS) (7 — ^) (S — a). 


b is, replacing a, B> 7> by their values, and writing also z = l, we have 
a2r + b33 +0® + d!S =^smR. (RB . RC-RA . RD) BC . AD, 
ixe ^siaR.BG.AD is in fact the area of the quadrilateral ABGD-, we have thus 

aSl + bSS + cg + dS) = (i25.i2(7-i2^ .i2i)) □ 

= (SG .SA-8B .8D)U 
= (214 .TB-TG .TD)n 

sre it is to be observed that BA, 8G being measured in opposite directions from 
must be considered, one as positive, the other as negative, and the like as regards 
SD. This expression for the value of the constant is due to Mr Orofton. In the 
jicular case where A, B, G, D, are on a circle, we have as before 

a2l + b©+c® + dT) = 0. 


89. If the four points A, B, G, D, are on a circle, then, taking as origin the 
bre of this circle and its radius as unity, the circular coordinates of the four points 
be 


(a. 1), 1), 


corresponding forms of 21°, &c., being 


expressions for a, b, c, d, observing that we have 


13, 

B-\ 

1 

_ 1 
~ ByB 

1 , 

B, 


7. 

y-\ 

1 

1. 

y> 

7 “ 

B, 

s-\ 

1 


1 , 

B. 

s® 


Sc. 


8ySy, &c. denote (B — 7 ) (7 “ 

a : b ; c : d = a(y97S) : ~B(y^<=^) ■ 7(Sa/3) : -8(aBy), 

ch are convenient formulae for the case in question. 


64—2 
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90. If the points A, B, <7, D, are on a line, then taking this line for the axis of 
(X), we may write = (co-^azY +y^ ^ &c. It is to be remarked here that we can, 

without any relation whatever between the radii of the circles, satisfy the equation 

ar 4-bS° + cr + d!S)° = 0; 
in fact this will be the case if we have 

a +b q-c q-d =0, 

aa q- b6 q- cc q- dd =0, 

a (a^ - a"^) q- b (6^ - 6"") q- c (c^ - c"^) + d (d^ - d"0 - 0, 


equations which determine the ratios a : b : c : d. In the case where the circles reduce 
themselves to the points A, B, 0, D, these equations become 


giving 


a q-b q-c q-d =0, 
aa q- b6 q- cc q- dd = 0, 
aa^ q- b 62 + cc^ q- dd^ = 0, 

a : b : c ; 6. = (bed) : —(eda) : (dab) : —(abc); 


if for shortness (6cd), &c. stand for (6 — c) (c — d) (d - 6), &c. ; and for these values, we 
have 

a2l q- b^ q* c(5 q* d3) = 0. 


91. A very noticeable case is when the four circles are such that the foregoing 
values of (a, b, c, d) also satisfy the equation 

arq-b35" + ca:°q-d2)° =0; 

the condition for this is obviously 

aa"2 q- q- cc"" q- dd"" = 0 ; 

or, as it may also be written. 


a"" 6"" c"" d"" 

(a - &) (a - c) (a - d) (6 - c) (6 - d) (6 - a) (c - d) (c - a) (o - 6) (d - a) (d - 6) (d - c) 


Article No. 92, On a Locus connected with the foregoing Properties. 

92. If, as above, A, 5, (7, D are any four points, and 21, S, S, 2) are the 
squared distances of a current point P from the four points respectively, then the 
locus of the foci of the conics which pass through the four points is the tetrazomal 
curve 

a Va q- b Vs q- c V® q- d V® = 0. 

In fact the sum a2l + bS q- cG q d2) has, it has been seen, a constant value for all 
positions of the point P; taking P to be the other focus, its squared distances are 
(A — VZ)", &c., whence for the first-mentioned focus we have 

a2l +bS5 + cG q d35 = a (i — V2fy q b (4 — V33)" q c (ft — V^^ q. j . 
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or recollecting that a + b + c + d = 0 , it follows that we have for the locus in question 
a VSl + bVS + c V® + dV 2 ) = 0 ; this locus will be discussed in the sequel. I remark 
here, that in the case where the four points are on a circle, then (as mentioned above), 
the axes of the several conics are in the same fixed directions ; there are thus two sets 
of foci, those on the axis in one direction, and those on the axis in the other direction ; 
it might therefore be anticipated, and it will appear, that in this case the tetrazomal 
breaks up into two trizomal curves. 


Article Nos. 93 to 98. Formulcs as to the two Sets (A, B, G, D), and (Aj, Bi, Oi, JDi), 

each of four Gomyclic Points. 


93. Consider the four points A, B, G, B on a circle, then taking, as before, their 
circular coordinates to be (at, a', 1 ), (yS, 1 ), ( 7 , 7 ', 1), (S, S', 1 ), the condition that 
the points may be on a circle is 


1, A /S', /8/9' 

1, 7, 7', 77' 

1 , S, S', SS' 


viz., this equation may be written 

(^_,y)(a_ 8 ) : ( 7 -a)(/S -S) : («-/S)( 7 -S) 
= (S'-y')(ci-B') : ( 7 ' -a') OS' -S') : (o' - yS') ( 7 ' - S') ; 


or if, for shortness, we take 

a = S-y, /=a-S, a' = /S'-7', 

b=y-a, g = B-B, h'=y'-(x', 
o = a—S, h = y—S, c'=a'— ) 8 ', h' = y'—F, 


and consequently 


then the equation is 


af+ bg + eh = 0 , 
a =g-h, 

h =h-f 

c 

ffl + 6 + c = 0, 


a'f + b'g' + o'h' = 0, 
a’ = 9 '-h', 

V =h'-f, 

O' ^f'-f, 

a' + 6 ' +c' = 0 , 


af •. bg •. ch = a'f : b'g' : c'h'. 


.94. Let a, b, c, d, denote as before (a : b : c : d = BGI) : — GDA : DAB : —ABG), 
then we have 


A S', 1 

: — 

7 , 7 ', 1 


S, S', 1 

: - 

a, a', 1 

7 , 7 ', 1 


s. S', 1 


a, o', 1 


S, S', 1 

S, S', 1 


0 , a', 1 


S. S', 1 


7, 7 ', 1 


a : b : c : d= 
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and we may write 

a = . , ah' — a'h, ag' — a'g, gh' — g'h, 

b = , If-h’f, hf-h'f, 

c=cg'- c'g, of -c'f , . , fg' -f'g, 

d = c 6 ' — c '63 ad — ole , ha! — 6 '(x, . , 


viz., the expressions in the same horizontal line are equal, and a, b, c, d are pro- 
portional to the expressions in the four lines respectively. 


95. I say that we have 


viz., this will be the case if 


ah bh af ah ’ 


6 c'a = hg* d, 
adh = 7^'d, 
ale =//d, 

and selecting the convenient expressions for a, b, c, d, these equations become 

he’ (gh' - g'h) = g'h (oh' - c'h), 
og' (hf - h'f) =fh (ac' - a'c), 

(ha' -b'a), 

viz., these equations are respectively hge'h' -Vg^ch, cha'f' = c'h'af, afh'g' = a'f'hg, and are 
consequently satisfied. It thus appears that the equation 


I m n 

- + T- 4- — 

a b c 


-s -0 


is transformable into 


which is of course one of a system of similar forms. 


96. Take (Ai, A) the antipoints of (A, D); (Bi, Oj) the antipoints of (B, G); 
or say that the circular coordinates of Au B^, Ci, A axe (a, S', 1 ), (/9, y', 1 ), ( 7 , /S', 1 ), 
(S, o', 1 ) respectively; the points Ai, Bi, Ci, A axe, as above mentioned, on a circle, 
the condition that this may be so being in fiict 


equivalent to 


1, A y, ^y' 

1. y, /S', yB' 

1, S, a'. So' 

af : bg : ch = a'f' : h'g' : o'h'. 
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97. Let (ai, bi, Ci, di) be the corresponding qnaatities to (a, b, c, d), viz., 
aj ; bi : Cl : di = : — OiDi J.i : : — -diJSiC/i ; we have 

ai i bi ! Cl • di — 


/ 8 , i, 1 

: — 

7 , 1 


S, a', 1 

; — 

a. S', 1 

7, /S', 1 


s, o', 1 


a. S', 1 


A 7'i 1 

S, o', 1 


a. S', 1 


/3, 7 '. 1 


7. /S', 1 


giving rise to a similar set of forms 

ai = . , —ac' + }wb\ a'g + b'a, — c'g — h% 

bi = - c'6 - g% . , -/'6 - gj, -^fh + c'/, 

Cl = 6'c + Kg, + Kf, . . fg+ g'f^ 

di = g'o + Kb, — h'a -f- a'c, — a'b - g'a, . , 


and leading to 
so that the equation 
is transformable into 




ac 


k + ^ +5 +a = 0 , 

ai bi Cl di 


S^.7 -0 

a'c' ^ c'g' ^ ^ a'f ^ a'g'^ ~ 


98. Let A, B, C, D, be, as above, points on a circle; (J-i, Di) and (5i, Ci) the 
antipoints of (A, B), (B, U) respectively. Write 


® = (? - M iv - y9'^X Si = (f - (V - 7'^ ), 
® = (f - 7^) (>7 - 7'* ). ®i = (^ - 7^) C’? - 
^ = S'z), 2), = (|- S^) (17 - o'ir ); 


then we have identically 

<5 - a) (S' -«')»= ()S - S) (B' - S') a + (^ - a) (/S' - o') 2) -(/3-S)(/8'-a')2l.-(/8-a)(/S'-S')2)., 
(S_ a)(S'_a')S =(,y _S)(y _S')ai + (Y -a)(y _a')2)_(y_8)(y_a')2Ci-(7-a)(r/-aOS)i, 
(S - a) (S' - oO S3i = (/8 - S) ( 7 ' - 8 ') 21 + (/3 - a) ( 7 ' - «') ® -(/8-S)(y-a')2l,-(/8- a)(y' -S')'B„ 
(B - a) (S' - o') g, = (7 - S) (/S' - S') 2t + (7 - a) (/S' - «') 2) -(7 -S)(/S'-a') 2 l ,-(7 -a)(/ 8 '-S')!I)i. 
or, in the foregoing notation, 

= gg'^ + cc' 2 ) + gc'^i + cg"S)i, 

//S = hh'^ + bh'(S> - hh'^ - hh;<S)u 

= gh'^ - cb'^ - gb'^^ + ch'^i, 

ff(^ = A/21 - bc"S> + Ac'Sli - 
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Article Nos. 99 to 104. Further Properties in relation to the sarnie Sets 
(A, £, G, D) and (A„ G„ A). 

1/ 7)1/ TV 77 

99. It is to be shown that in virtue of these equations, and if moreover “ + + = 

then it is possible to find 7)ii, iiq, pi, such that we have identically 

- M + mS3 + nS ~ + IMi - mjdi - +pi!Di = 0. 

This equation will in fact be identically true if only 

—ff'l + ~ gh'7iii — g'hiii = 0, 

cc '771 + bb'ii — ffp . -f cb'oiii + bc'ni = 0, 

go'm — kb'n + //% + gh'Trii — hc'rii = 0, 

cg'TTi — bhfn . + ch'Trii + bg'Ui + ffpi = 0. 

From the first and second equations eliminating rrii or Ui, the other of these quantities 
disappears of itself, and we thus obtain two equations which must be equivalent to 
a single one, viz., we have 

icfffl + o'g' a fm -^bh alf'n + g'hff'p = 0, 
ffl + cga'f'm 4- b%'a fn 4* gb!ffp = 0 ; 


which equations may also be written 

(jf* ^ do* cdf' f'qf ^ 

and it thus appears that the equations are equivalent to each other, and to the 
assumed relation 

'+-+5+5.0. 

abed 


100. Similarly, from the third and fourth equations eliminating m or n, the other 
of these quantities disappears of itself, and we find 

- oga'fTih 4- q/by% - dgffpi = 0, 
dhyfli — afVh'mi + bhdf'ni — b'hffpi — 0, 
equations which may be written 


a c 
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where we 
equation 


see that the two equations are equivalent to each other and to the 


ai hi Cl 



It thus appears that the quantities mi, 911 , pi, must satisfy this last equation. It 
is to be observed that the first and second equations being, as we have seen, equivalent 
to a single equation, either of the quantities 97 I 1 , rii, may be assumed at pleasure, but 
the other is then determined ; the thii’d and fourth equations then give li, Pi\ and the 

quantities li, 7?^l, rii, pi, so obtained, satisfy identically the equation — + — = 

ai Di Cl d-i 

101. Now writing 

ffh — — g (o'm 4- -I- h {Vn + c'rii), 


and 


ffpi = - c {g'm - Ji'nh) + h {h'n - 
ffp = c {c'm + Vmj) + b (b '71 + c'? 2 i), 


= g(g'm-h'7)ii)+h(h'n--g%\ 

we find 


GiPi -Ip) — - (bg -f ch) [(c'm + b'mi) (h'n - g'ni) + (g'm - h'mi) (b'n + cX)]> 
= (bg + ch) (b'g' + c'h' ) (miUi — mn), 

= Cbofff' (miUi — mn), 

that is 

ff' (}\Pi — Ip) — dd' (wh “ 


viz., this equation is satisfied identically by the values of li, mi, ni, pi determined as 
above. 


102. Hence if mini = mn, we have also Ipi — lp, and we can determine tii, so 
that mini shall =mn^ viz., in the first or second of the four equations (these two being 

equivalent to each other, as already mentioned), writing Tn^i = On, and therefore ^ m, 

we have 

—ff'l + ggm + hh'n — gh'nO — g'hm ^ = 0, 

cc'm + bb'n —ffp + cb'nO + hc'm ^ = 0, 

which are, in fact, the same quadric equation in 6 , viz., we have 

—ffl 4- gfm + h h'n gK __ ^fh 

cc'm H- bb'n —ffp oV be' 

The final result is that there are two sets of values of li, Ui, pi, each satisfying 
the identity 

— ZSl 4* mSS 4- 4- l^i — m^i — niSi + pi2)i = 0, 


C. YI. 


65 
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and for each of which we have 

^ + ^ + !?l+B = o, l^ = lp, nhrh = ran. 

bi Cl Qi 

103. Consider, in particular, the case where p = 0 ; the relation 
here becomes 


The equation in 0 is 
viz., this is 
giving 

or else 


;+?+;+S=»- 


, ag' a'h 
^ c'f^' 

(cc'm + hb'n) 6 + eVnd^ + ho'm = 0, 
{cd + c'm) (b'nd + 6) = 0, 


e = 

b 

c ’ 

77 li“ 

bn 

~T ’ 

7 li = 

cm 

~T 

e = 

c'm 

"Fw’ 

07hl = 

o'tn 

~V'’ 

72 a = 

b'n 

c' 


Since in the present case lipi = 0, we have either Zi = 0, or else pi = 0, and as might 
be anticipated, the two values of d correspond to these two cases respectively, viz., 
proceeding to find the values of Zi, pi, the completed systems are 



so that for the first system we have 

~ +^ + —=0, mi^i =m?i, — + 77133+ r2^(S = -“?i2[i + ?^ii33i + ni(Sa, 

3a hi Cl 


and for the second system 


^1 ^ 
bi Cl 



= 0 , 


m\7Ci = mn, 


— + 77^33 + 7i(B ” — l^^i + T/l' i33i + 7?»' I®!* 


104. The whole of the foregoing investigation would have assumed a more simple 
form if the circular coordinates had been taken with reference to the centre of the 
circle ABGD as origin, and the radius of this circle been put =1; we should then 

have ^ ~ and consequently 






h'=-±h; 


but the symmetrical relation of the circles ABOD and AjBiGiDi would not have been 
so clearly shown. 
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I will however give the investigation in this simplified form, for the identity 
— ^21 + mSS + nd. = — + mi© + rej® ; viz., in this case we have 

[ _ _ m - 7 ) (/3 - _ n (13 — 7) (7 - S) 

a ^(y-et)(a—S) 7 (a -jQ)(a -7) ’ 

and the identity to be satisfied is 

-I (^-az){^-^^ = ~k 

+ m (f-7z) +ni (^-yz)(v-^zj; 

writing 07 = ^ .e, we find mi, and writing ^ = as:, we find tij, and it is 

H y 

then easy to obtain the value of Zj, viz., the results are 

_ m (a - y 3 ) (/3 - 7) w (y 3 - 7) ( 7 - a) ..7-“ 

S /S (Y-a)(a -fi)'^7 (a-^)(a-fi)’ ~ a-/ 3 ’ y-a’ 

and therefore mini = vin\ it may be added that we have 

k_^-y (rrh.nA 
8"a-8 U Sj’ 

viz., this is the form assumed by the equation — + ^ + — = 0. 

a^ Dj Cj 


Paet hi. (Nos. 105 to 157). Ok the Theoey of Foci. 

Article Nos. 105 to 110. Ecoplanation of the General Theory, 

105. If fi^om a focus of a conic we draw two tangents to the curve, these pass 
respectively through the two circular points at infinity, and we have thence the 

generalised definition of a focus as established by PlUcker, viz., in any curve a 

focus is a point such that the lines joining it with the two circular points at infinity 
are respectively tangents to the curve; or, what is the same thing, if fi:om each of 
the circular points at infinity, say fi:om the points /, J, tangents are drawn to the 
curve, the intersections of each tangent fi:om the one point with each tangent from 
the other point are the foci of the curve. A curve of the class n has thus in 

general foci. It is to be added that, as m the conic the line joining the points 
of contact of the two tangents from a focus is the directrix corresponding to that 

focus, so in general the line joining the points of contact of the tangents from the 
focus through the points J, J respectively is the directrix corresponding to the focus 
in question. 


65—2 
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106. A circular point at infinity I or J, may be an ordinary or a singular 

point on tbe curve, and the tangent at this point then counts, or, in the case of 
a multiple point, the tangents at this point count a certain number of times, say 
q times, among the tangents which can be drawn to the curve from the point ; the 
number of the remaining tangents is thus — In particular, if the circular point 

at infinity be an ordinary point, then the tangent counts twice, or we have g = 2; if 
it be a node, each of the tangents counts twice, or g = 4 ; if it be a cusp, the tangent 
counts three times, or g = 3. Similarly, if the other circular point an infinity be an 
ordinary or a singular point on the curve, the tangent or tangents there count a certain 
number of times, say g' times, among the tangents to the curve from this point; 
the number of the remaining tangents is thus =?i-g'. And if as usual we disregard 
the tangents at the two points 7, J respectively, and attend only to the remaining 
tangents, the number of the foci is ={n— g) {n — g'). 

107. Among the tangents from the point I or J there may be a tangent which, 
either from its being a multiple tangent (that is, a tangent having ordinary contact 
at two or more distinct points), or from being an osculating tangent at one or more 
points, counts a certain number of times, say r, among the tangents from the point 
in question. Similarly, if among the tangents from the other point J or 7, there is 
a tangent which counts r' times, then the foci are made up as follows, viz. we have 

Intersections of the two singular tangents counting as , r'r foci. 

Intersections of the first singular tangent with each of 
the ordinary tangents from the other circular point at 

infinity, as (n — g' — r') r „ 

Do. for second singular tangent, (72 — g — r)/ „ 

Intersections of the ordinary tangents . . . . (n-‘q — r)(n — q' — r') „ 

Giving together the . (^ — g) — gO foci : 

and the like observation applies to the more general case where the tangents from 
each of the points 7, J include more than one singular tangent. 

108. There is yet another case to be considered ; the line infinity may be an 
ordinary or a singular tangent to the curve: assuming that it counts s times among 
the tangents from either of the circular points at infinity, the numbers of the 
remaining tangents are n— g — s, n — q' — s from the two points 7, J respectively, and 
the number of foci is =(7^ — g--5)(?z---g' — s). 

109. In the case of a real curve the two points 7, J are related in the same 

manner to the curve, and we have therefore g = g'; the singular tangents (if any) 
from the two points respectively being the same as well in character as in number. 
Writing 71 — g — 5=w — g' — 5 , =p, and not for the present attending to the case of 
singular tangents, I shall assume that the number of tangents to the curve from each 
of the two points is the number of foci is thus and to each focus there 

corresponds a directrix, viz., this is the line through the points of contact of the 
tangents from the focus to the two points 7, J respectively. 
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110. Consider any two foci B not in lined with either of the points 7, J, 

then joining these with the points 7, J, and taking the intersections of AI, BJ 

and of AJ, BI {Aiy Bi being therefore by a foregoing definition the antipoints of (A, S)), 
then Ai, Bi are, it is clear, foci of the curve. We may out of the foci select, and 
that in different ways, a system of jp foci such that no two of them lie 

in lined with either of the points 7, J ; and this being so, taking the antipoints of 
each of the ijp (7 — 1) pairs out of the p foci, we have, inclusively of the p foci, in 
all j) + 2 . -Ip (jp “ 1), that is p^ foci, the entire system of foci. 

Article Nos. Ill to 117. On the Foci of Gonics, 

111. A conic is a curve of the class 2, and the number of foci is thus =4. 

Taking as foci any two points A, B, the remaining two foci will be the antipoints 

Ai, i?i. In order that a given point A may be a focus, the conic must touch the 
lines A7, AJ ; similarly, in order that a given point B may be a focus, the conic 
must touch the lines J57, BJ ; the equation of a conic having the given points A, B 
for foci contains therefore a single arbitrary parameter. 

112. In the case, however, of the parabola the curve touches the line infinity ; 

there is consequently from each of the points 7, J only a single tangent to the 

curve, and consequently only one focus: the parabola having a given point A for its 
focus is a conic touching the line infinity and the lines A7, A7, or say the three 
sides of the triangle A 77 ; its equation contains therefore two arbitrary parameters. 

113. Returning to the general conic, there are certain trizomal forms of the focal 

equation, not of any great interest, but which may be mentioned. Using circular 

coordinates, and taking (a, o', 1) and (/S, 1) for the coordinates of the given foci 

A, B respectively, the conic touches the lines | — osr = 0, 97 — = 0, f — /8-s? = 0, 
^ — ^'z = 0 ; the equation of a conic touching the first three lines is 

Vi (I -- a^) 4* Vm — ^z) + V?^(97 — a'^) = 0, 

where i, m, n are arbitrary, and it is easy to obtain, in order that the conic may 
touch the fourth line 97 — = 0 , the condition 

114. In fact, n having this value, the equation gives 

i — as?) + m (^ — ^z) + 2 Vim (f — C3LS!) — 0 + (/3' — a') z), 

and taking over the term 

=O 8 -a)(m-Z) 0 , 

this gives 

i — + m 0^)4 2 Vim os) (f - fiz)=^ — ^r^,{m — l) (97 — ^^z\ 
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whicii puts in evidence the tangent 7j — It is easy to see that the equation may 
be written in any one of the four forms 

Vi (f — az) + l){ri — a'a) = 0, 

Vm (f - oa) + V i (f - ^ 0 . 

V i (17 — a'a)+ *Jm{ 7 j—^'z) + sj — ^-3^ (m — i)(| -<«;) = 0, 

Vm(^-a'^) + + sj- 1^' = 0, 

viz., in forms containing any three of the four radicals V f — az, V-?? — 

V77 — yS'^. The conic is thus expressed as a trizomal curve, the zomals being each a 
line, viz., they are any three out of the four focal tangents; the order of the curve, 
as deduced from the general expression is = 2 ; so that there is here no depression 

of order. 

115. But the ordinary fonn of the focal equation is a more interesting one ; viz., 
2t, 35 being as usual the squared distances of the current point from the two given 
foci respectively, say 

21 =^{^-0Lz){r)-az\ 

then 2a being an arbitrary parameter, the equation is 

2az + V2l + VS = 0, 

viz., the equation is here that of a trizomal curve, the zomals being curves of the 
second order, that is, the zomals are (^ = 0) the line infinity twice, and the line-pairs 
AI, AJ and BI, BJ respectively: the general expression 2^r gives therefore the order 
= 4 ; but in the present case there are two branches, viz., the branches 

2 a 5 + V 1 ~VS = 0, 2a^- V2l-i-VS = 0, 

each ideally containing (z = 0) the line infinity ; the curve contains therefore {z^ = 0) 
the line infinity twice, and omitting this factor the order is =2, as it should be, 

116. To express the equation by means of the other two foci Ai, J?i, writing the 
equation under the form 

21 + 33 + 2 Vis - = 0, 

and then if 2li, Si are the squared distances of the current point from A^ B^, 
respectively, we have (ante, No. 65), 

2lS = 2liSi, 
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where k is the squared distance of the foci A, B, = 4ta^^ suppose : whence putting 
(1 — e“) = the equation becomes 

+ Si + 2 = 0, 

that is 

VC +^/^ + 26^ = 0, 

which is the required new form. It is hardly necessary to remark that the equation 
2az+ VSl 4- Vs = 0, putting therein 5 = 1, and expressing 31, S in rectangular coordinates 
measured along the axes, is the ordinary focal equation 2a = V(^ — aey H- 3/^ + V(^ + aey 4- y\ 

117. I remark fchatthe equation 2(X5+V2l4“V©=0 gives rise to 4a®5®4-3l--S4-4a5V2l=0, 
but here 2[ — S = — 4aea5, so that the equation contains 5=0, and omitting this it 
becomes {az — ex) + VW = 0, a bizomal form, being a curve of the order = 2, as it should 
be; this is in fact the ordinary equation in regard to a focus and its directrix. 


Article Nos. 118 to 123. Theorem of the Variable Zomal as applied to a Gmic. 


118. The equation 2A?5 4- VSF 4- V^ = 0 is in like manner that of a conic; in 
fact, this would be a curve of the order = 4, but there are as before the two branches 
2^5 4- V2I® — VS° = 0, 2if5 — V^4- VS° = 0, each ideally containing (^ = 0) the line infinity, 
and the order is thus reduced to be = 2. Each of the circles Sl° = 0, S® = 0 is a 
circle having double contact with the conic (this of course implies that the centre of 
the circle is on an axis of the conic). We may if we please start firom the form 
2^5 4- V21 4- Vs = 0, and then by means of the theorem of the variable zomal introduce 
into the equation one, two, or three such circles. 


119. It is in this point of view that I will consider the question, viz., adapting 
the formula to the case of the ellipse, and starting firom the form 

2az *J{x aezy + + '^{x + aezy + = 0j 

the equation of the variable zomal or circle of double contact may be taken to be 

4aV . (x — aezy 4- y^ , {x 4- aez)^ + 2/® _ a 
1— g 

where q is an arbitrary parameter; writing for greater simplicity 5=1, and reducing, 
the equation is 

(x — qaey 4- = 6® (1 — q^). 

120. If 5< 1, then writing g' = sin^, we obtain the ellipse 

as the envelope of the variable circle 

(x — ae sin Oy 4-y^=b^ cos® 0, 
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viz., of a circle having its centre on the major axis at a distance =aesin0 from the 
centre, and its radius = h cos d, (I notice, in passing, that this gives in practice a 
very convenient graphical construction of the ellipse.) It may be remarked that for 
0 = + sin-^e, the circle becomes 



¥ 


viz., this is the circle of curvature at one or other of the extremities of the major 
a-Tis ; as 6 passes from 0 to ± ^ixr^e we have a series of real circles, which, by them 
continued intersection, generate the ellipse ; as 9 increases from 0 = ± sin”^ e to ± 90°, 
the circles continue real, but the consecutive circles no longer intersect in any real 
point, — and ultimately for 9 — ± 90°, the circles become evanescent at the two foci 
respectively. 

121. In the case j > 1, we have a real representation of 


{cc — qaef + + (q^ - 1), 

as the squared distance of the point (os, y) from a point (X, 0, Z) out of the plane 
of the figure, viz., putting this = (cc — Xf + y^ -{-Z^ 
we have 

qae = X, Z^ = 6® (q^ — 1), 

whence 


or, what is the same thing, 


X^ ^ 




~ 7.2 ^ > 


that is, the locus is the focal hyperbola, viz., a hyperbola in the plane of zx, having 
its vertices at the foci, and its foci at the vertices of the ellipse. 

122. If instead of the form first considered, we start from the trizomal form 
2hz + 4- (y — aeizy^ + ^ + (y adz)^ = 0, 

then we have the zomal or circle of double contact under the form 

^ + (y “ qady = a® (1 — g®) ; 

or putting herein q~ — i tan this is 

«^-\-(y — ae tan ^)- = a? sec® ^ ; 

so that we have the ellipse as the envelope of a variable circle having its centre 
on the minor axis of the ellipse, distance from the centre = ae tan and radius 
= asec^. This is, in fact, Gergonne’s theorem, according to which the ellipse is 
the secondary caustic or orthogonal trajectory of rays issuing from a point and 
refracted at a right line into a rarer medium. It is to be remarked that for 

€L0 

tan = ± y , the equation of the circle is 
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viz., this is the circle of curvature at one or other extremity of the minor axis ; from 

Q/G 

<^ = 0 to 0 = ± tan”^ , the intersections of the consecutive circles are real, and give 

the entire real ellipse ; from ^ = ± tan”"^ ^ to <^ = + 90°, the circles are still real, but 
the intersections of consecutive circles are imaginary. 


123. If in the equation of the generating circle we interchange cg, y, 
equation becomes 

(x — aei tan = 6^ sec^ 

which is (as it should be) equivalent to the former equation 

{x — ae sin &f + 2^2 = 6® cos 0, 

the identity being established by means of the equation 

cos0 = — and therefore sin 0 i tan 6, tan 0 = i sin <6, 
cos (f> 

which is Jacobi’s imaginary transformation in the theory of Elliptic Functions. 




Article Nos. 124 to 126. Foci of the Circular Cubic and the Bidrcular Quartic. 


124. For a cubic curve, the class is in general =6, and the number of the 
foci is = 36. But a specially interesting case is that of a circular cubic, viz., a cubic 
passing through each of the circular points at infinity. Here, at each of the circular 
points at infinity, the tangent at this point reckons twice among the tangents to the 
curve from the point ; the number of the remaining tangents is thus = 4, and the 
number of the foci is =16. If from any two points whatever on the curve tangents 
be drawn to the curve, then the two pencils of tangents are, and that in four 
different ways, homologous to each other, viz., if the tangents of the first pencil are 
(1, 2, 3, 4), and those of the second pencil, taken in a proper order, are (1', 2', 3', 4'), 
then we have (1, 2, 3, 4) homologous with each of the arrangements (1', 2', 3', 4'), 
(2', V, 4i\ 3'), (S', 4', 1', 2'), (4', 3', 2', 1'). And in each case the intersections of the 
four corresponding tangents lie on a conic passing through the two given points on 
the curve (^). 


1 It may be remarked that if the equation of the first pencil of lines he 

{x-ay)(x--hy){x-cy) {x^dy)=:0, 

and that of the second pencil 

{z - avj) (z - bw) {z - cw) (z^dw) =; 0 , 

then the equations of four conics are 

a!vj-yz=0. 


{a+d-‘b-~c)xz+{he-ad){xw+yz)~i’ {ad (6 + c) - be (a +d))yw=0, 
(b+d — c~-a)xz-ir(ca— bd) (xw+yz) + {bd ^ ca (5+<9)yw?=0, 

(c+d_a-6)a!* + (o6-c<I)(irw+yz)+(cd(a+6)-a5(c+d5)yw=0. 


C. VI. 


66 
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125. Hence taking the points on the curve to be the circular points at infinity, 
we have the sixteen foci lying in fours upon four different circles — that is, we have 
four tetrads of concyclic foci. Let any one of these tetrads be J., 5, (7, then if 


Antipoints of (B, 

G){A, 

i>) 

are (Bi, 

G^), 

(Ai, 

A), 

(.G, 

A){B, 

D) 

. (G„ 

A,), 

(B,, 

A), 

„ {A, 

B){G, 


j> (A3, 

B,), 

(0,, 

A), 

the four tetrads of concyclic foci 

are 







A, 

B, 

G, D 

7 




Ax, 

B„ 

Gu A 

J 




A2, 

Bo, 

Gi, A 

7 




A33 

-B3, 

Gzi A 





It is to be observed that if A, 0, D are any four points on a circle, then i£ as 
above, we pair these in any manner, and take the antipoints of each pair, the four 
antipoints lie on a circle, and thus the original system B, G, D, of four points on 
a circle, leads to the remaining three systems of four points on a circle. The theory 
is in fact that already discussed ante. No, 72 et seq^ 

126. The preceding theory applies without alteration to the bicircular quartic, 

viz., the quartic curve which has a node at each of the circular points at infinity. 

The class is here = 8, but among the tangents fi'om a node each of the two tangents 

at the node is to be reckoned twice, and the number of the remaining tangents is 
= 4; the number of foci is =16. And, by the general theorem that in a binodal 
quartic the pencils of tangents from the two nodes respectively are homologous, the 
sixteen foci are related to each other precisely in the manner of the foci of the 
circular cubic. The latter is in fact a particular case of the former, viz., the bicircular 
quartic may break up into the line infinity, and a circular cubic. 

Article Nos. 127 to 129. Centre of the Circular Cubic, and Nodo-Foai, (See, of the 

Bicircular Quartic. 

127. The tangents at I, J have not been recognised as tangents from I, J, giving 
by their mtersection a focus, but it is necessary in the theory to pay attention to the 
tangents in question. It is clear that these tangents are -in fact asymptotes — viz., in 
the c^e of the circular cubic they are the two imaginary asymptotes of the curve, 
and in the case of a bicircular quartic, the two pairs of imaginary parallel asymptotes; 
but it is convenient to speak of them as the tangents at /, J. 

^ 128. In the case of a circular cubic, the tangents at I and J meet in a point 
which I call the centre of the curve, viz., this is the intersection of the two imaginary 
asymptotes. 
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129. In the case of a bicircular quartic, the two tangents at I and the two 
tangents at J meet in four points, which (although not recognising them as foci) I 
call the nodo-foci; these lie in pairs on two lines, diagonals of the quadrilateral formed 
by the four tangents (the third diagonal is of course the line JtT), which diagonals 
I call the “nodal axes;” and the point of intersection of the two nodal axes is the 
“ centre ” of the curve. The nodo-foci are four points, two of them real, the other two 
imaginary, viz,, they are two pairs of antipoints, the lines through the two pairs 
respectively being, of course, the nodal axes; these are consequently real lines bisecting 
each other at right angles in the centre (with the relation 1 : i between the distances). 
The centre may also be defined as the intersection of the harmonic of IJ in regard 
to the tangents at /, and the harmonic of this same line in regard to the tangents 
at J, Speaking of the tangents as asymptotes, the nodo-foci are the angles of the 
rhombus formed by the two pairs of parallel asymptotes; the nodal axes are the 
diagonals of this rhombus, and the centre is the point of intersection of the two 
diagonals; as such it is also the intersection of the two lines drawn parallel to and 
midway between the lines forming each pair of parallel asjnnptotes. 


Article 'No. 130. Circular Cubic and Bicircular Quartic; the Acdal or Symmetrical 

Case. 

130. In a circular cubic or bicircular quartic, the pencil of the tangents from 
I and that of the tangents through J, considered as corresponding to each other in 
some one of the four arrangements, may be such that the line IJ considered as 
belonging to the two pencils respectively shall correspond to itself, and when this is 
so, the four foci, A, B, C, D, which are the intersections of the corresponding tangents 
in question, will lie in a line (viz., the conic which exists in the general case will 
break up into a line-pair consisting of the line IJ and another line). The line in 
question may be called the focal axis; it will presently be shown that in the case of 
the circular cubic it passes through the centre, and that in the case of the bicircular 
quartic it not only passes through the centre, but coincides with one or other of the 
nodal axes, viz., with that passing through the real or the imaginary nodo-foci; that 
is, the curve may have on the focal axis two real or else two imaginary nodo-foci. 
The focal axis contains, as has been mentioned, four foci — the remaining twelve foci 
are situate symmetrically, six on each side of the focal axis, the arrangement of the 
sixteen foci being as mentioned ante. No. 81 et seq. ; the focal axis is in fact an 
axis of symmetry of the curve, and if preferred it may be named the axis of sjnnmetry, 
transverse axis, or simply the axis. And the curve (circular cubic, or bicircular quartic) 
is in this case a “ S 5 mimetrical ” or “axial'’ curve. 


Article Nos. 131 to 140. Circular Cubic and Bidrcular Quartic: Singular Forms. 

131. The circular cubic may have a node or a cusp. If this were at one of the 
points I, J the curve would be imaginary, and I do not attend to the case; and for 
the same reason, for the bicircular quartic I do not attend to the case where one of 

66—2 
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the points J, J* is a cusp^ There remain then for the circular cubic and for the 

hicircular quartic the cases where there is a node or a cusp at a real point of the 

curve; and for the hicircular quartic the ease where each of the points i, J is a 
cusp — ^in general the curve has no other node or cusp, but it may besides have a 
node or cusp at a real point thereof. 

132. I consider first the case of the bicircular quartic where each of the points 

J, / is a cusp. The curve is in this case of necessity symmetrical (^) — it is in fact 
a Cartesian; viz., the Cartesian may be taken by definition to be a quartic curve 
having a cusp at each of the circular points at infinity. But in this case, as dis- 

tinguished from the general case of the hicircular quartic, there is an essential 
degeneration of all the focal properties, and it is necessary to explain what these 
become. The centre is evidently the intersection of the cuspidal tangents ; the nodo- 
foci (so far as they can be said to exist) coalesce with the centre, and they do not 
in so coalescing determine any definite directions for the nodal axes; that is, there 
are no nodal axes, and the only theorem in regard to the focal axis or axis of 
symmetry is, that it passes through the centre. Of the four tangents through the 

point /, one has come to coincide with the line IJ\ and similarly, of the four 

tangents through the point J one has come to coincide with the line JI: there 

remain only three tangents through I and three tangents through J, and these by 
their intersections determine nine foci — viz., three foci G on the axis, and besides 

(A? C^i) "the antipoints of (J?, (7): (Cg, A^ the antipoints of ((7, A) and (J.s, the 

antipoints of {A, B), 

133. The remaining seven foci have disappeared, viz., we may consider that one 

of them has gone off to infinity on the focal axis, and that three pairs of foci have 
come to coincide with the points J, J respectively. The circle 0 (as in the general 

case of a symmetrical quartic) has become a line, the focal axis; the circles JS, T 

(contrary to what might at first sight appear) continue to be determinate circles, viz., 
these have their centres at A, B, 0 respectively, and pass through the points (Bi, Ci), 
(O 2 , As\ and {A^, Bg) respectively, see ante, No. 83. But on each of these circles we 

have not more than two proper foci, and it is only on the axis as representing the 

circle 0 that we have three proper foci, the axial foci A, B, 0: in regard hereto it 
is to be remarked that the equation of the curve can be expressed not only by 
means of these three foci in the form VM -t- VmS3-f = 0 ; but by means of any 
two of them in the form + VmS3 +Br= 0, where iT is a constant, or, what is the 
same thing (z being introduced for homogeneity in the expressions of 2[ and 33 

respectively), in the form VZSl-h ^/7?^35-hB^z2 = 0. 

134 Using for the moment the expression ‘‘twisted” as opposed to symmetrical — 

1 It TTill appear, post Nos. lei— 164, that if starting with three given points as the foci of a hicircular 
quartic, we impose the condition that the nodes at J, / shall be each of them a cusp, then either the 
quartic will be the circle through the three points taken twice, in which ease the assumed focal property of 
the given three points disappears altogether, or else the three points must be in lined, and thus the curve be 
symmetrical, that is, a Cartesian. 
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(viz., the curve is twisted when there is not any axis of symmetry, but the foci lie 
only on circles) — then the classification is 

Circular Cubics, twisted, 

„ „ symmetrical. 

Bicircular Quartics, twisted, 

rOrdinary, 

„ „ symmetrical, < 

[Bicuspidal = Cartesian, 

and each of these kinds may be general, nodal, or cuspidal — viz., for the two last 

mentioned kinds there may be a node or a cusp at a real point of the curve. 

135. In the case of a node, say the point N ; first if the curve (circular cubic 

or bicircular quartic) be twisted — then of the four foci A, B, C, D we have two, 

suppose B and G, coinciding with N ; and the sixteen foci are as follows, viz. 

B , G , A , D are if, jST, J., D ; 

Bi, Cl, J-i, Bi „ if, if, Antipoints of (A, B); 

O 2 , Ag, Ba, Ba „ Antipoints of (Jf, A), Antipoints of (if, B); 

Ag, Bg, Cg, Bg „ Bo. dO« 

viz., we have the points (A, B) each once, the node if four times, the antipoints of 

(A, B) once, and the antipoints of (if, A) and of (if, B), each pair twice. But 
properly there are only four foci, viz., the points A, B and their antipoints. The 
circle 0 subsists as in the general case, and so does the circle i?(B(7, AB), viz., this 
has for centre the intersection of the line AB by the tangent at if to the circle 0, 
and it passes through the point if, of course cutting the circle 0 at right angles : 
the circles S and T each reduce themselves each to the point N considered as an 
evanescent circle, or what is the same thing to the line-pair if J, if/. 

136. The case is nearly the same if the curve be symmetrical, but in the case 
of the bicircular quartic excluding the Cartesian: viz., we have on the axis the foci 
B, G coinciding at if, and the other two foci A, B; the sixteen foci are as above — 
and the circle R is determined by the proper construction as applied to the case in 
hand, viz., the centre R is the intersection of the axis by the radical axis of the 
point if (considered as an evanescent circle) and the circle on AB as diameter; that 
is RN^ — RA,RD. And the circles S and T reduce themselves each to the point N 
considered as an evanescent circle. 

137. Next if we have a cusp, say the point K: first if the curve (circular cubic 
or bicircular quartic) be twisted — then of the four foci A, B, G, B, three, suppose 
A, B, G, coincide with K; and the sixteen foci are as follows, viz., 

B ^ G , A , D are K, JT, K, B, 

Bi, Gi, Ai, Bi „ K, K, Antipoints of (R, B), 

G 2 ) A 2 , Bq , Bg ,, Bo. do. 

Ag, Bg, (Jg, Bg „ Bo. dO, 
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viz., we have the point D once, the point K. nine times, and the antipoints of K, D 
three times. But properly the point D is the only focus. The circle 0 is, it would 
appear, any circle through K, D, but possibly the particular circle which touches the 
cuspidal tangent may be a better representative of the circle 0 of the general case 
the circles iJ, Sj T reduce themselves each to the point K considered as an evanescent 
point. 

138. The like is the case if the curve be symmetrical, but in the case of the 
bicircular quartic excluding the Cartesian; the circle 0 is here the axis, which is in 
fact the cuspidal tangent. 

139. For the Cartesian, if there is a node N\ then of the three foci A, B, (7, 
two, suppose B and G, coincide with N] the nine foci are A once, N four times, and 
the antipoints of N, A twice: but properly the point A is the only focus. And if 
there be a cusp K ; then all the three foci A, 5, 0 coincide with K ; and the nine 
foci are K nine times; but in fact there is no proper focus. 

140. A circular cubic cannot have two nodes unless it break up into a line and 
circle; and similarly a bicircular quartic cannot have two nodes (exclusive of course 
of the points J, J) unless it break up into two circles; the last-mentioned case will 
be considered in the sequel in reference to the problem of tactions. 


Article No. 141. As to the Analytical Theory for the Circular Cubic and the Bicircular 

Quartic respectively. 

141. It may be remarked in regard to the analytical theory about to be given, 

that although the investigation is very similar for the circular cubic and for the 

bicircular quartic, yet the former cannot be deduced from the latter case. In fact if 
for the bicircular quartic, usiug a form somewhat more general than that which is 
ultimately adopted, we suppose that for the two nodes respectively = 0, ^ = 0) and 
(17 = 0, .s:==0), then if l^ + mz=0y + nrj -^pz^O, n'rj+p'z^O are the tangents 

at the two nodes respectively, the equation will be 

(ZJ + mz) (Z'l -i- m'z) (wq -i-pz) (n'Tj +p'z) + ez^^q + 2 ^ bq) + == 0, 

and if (in order to make this equation divisible by and the curve so to break up 

into the line .sr = 0 and a cubic) we write 1 = 0 or = 0, then the curve will indeed 

break up as required, but we shall have, not the general cubic through the two points 
(f=0, z = 0\ (q = 0, z=0)j but in each case a nodal cubic, viz., if Z = 0 there will be 

a node at the point (q = 0, z=0), and if = 0 a node at the point (f = 0, z = 0). 


Article Nos. 142 to 144. Analytical Theory for the Circular Cubic. 

142. I consider then the two cases separately; and first the circular cubic. The 
equation may be taken to be 
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or, what is the same thing, 

+ g'?? + ez) + z^ (a^ + 677 + cz) — 0, 

viz. (^, 97, z) being any coordinates whatever, this is the general equation of a cubic 
passing through the points (|=0, z=^0), (77 = 0, ^ = 0), and at these points touched by 
the lines ^ = 0, 97 = 0 respectively. And if (^, 97, z=l) be circular coordinates, then we 
have the general equation of a circular cubic having the lines ^ = 0, 97 = 0 for its 
asymptotes, or say the point |=0, 97 — 0 for its centre; the equation of the remaining 
asymptote is evidently p^+q7} + ez=0; to make the curve real we must have (p, q) 
and (a, 6) conjugate imaginaries, e and c real. 


148. Taking in any case the points /, J to be the points f = 0, z^O and 97 = 0, 
^ = 0 respectively, for the equation of a tangent from I write p^ = 6zi then we have 

07) (0z + q7) + ez) + z (adz + bpT) + cpz) = 0, 

that is 

z^ (aO + cp) + 7)Z (0^ + 60 + bp) + 7)^.q0 = O, 
and the line will be a tangent if only 

(0^ +60 + bpY — 4iq0 (a0 + cp) = 0 , 

that is, the four tangents from I are the lines p^^0z, where 0 is any root of this 
equation ; similarly the four tangents from J are the lines qr) = ^<sr, where (f> is any 
root of the equation 

(ip^ +ecl> + aqY — (b(f> + cq) = 0 . 


Writing the two equations under the forms 


^6, ^ 

Se, 


'6, 

3^, 


. e^ + 2bp--4iaq , ([0, 1)^ = 0, 
Sebp — Qcpq, 1 


+ 2aq - 4&p , ly = 0, 
Seaq — 6cpg, 




[6aY, 




the equations have the same invariants; viz., for the first equation the invariants are 
easily found to be 


I = 3 — 4ibp — 4iaqy + 72 (ce — 2a6) pq, 

— (^2 — 4&P — 4ag')^ — 36 (ce — 2ab)pq (^ — 4ibp — 4agr) — 216 c^p^q% 

and then by symmetry the other equation has the same invariants. The absolute 
invariant has therefore the same value in the two equations; that is, the 

equations are linearly transformable the one into the other, which is the before- 
mentioned theorem that the two pencils are homographic. 


144. The two equations will be satisfied by 0 = (p, if only hp=^aq\ that is, if 
p ^ ? = T ; putting for convenience % in place of e, the equation of the curve is then 

rO tC ^ 


+ hv + + bn + cz) = 0. 
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In tliis cas6 the pencils of tangents are ci^ = hOzy hrj = kOz, where 6 is determined by 
a quartic equation, or taking the corresponding lines (which by their intersections 
determine the foci A, B, 0, B) to be {a^^hd^z, bv=-ke,z\ &c., these four points lie in 
the line a^-brj — O, which is a line through the centre of the curve, or point ^ = 0, 
97 = 0; the fonnulee just obtained belong therefore to the symmetrical case of the 
circular cubic. Passing to rectangular coordinates, writing z=l, and taking y = 0 for 
the equation of the axis, it is easy to see that the equation may be written 

or, changing the origin and constants, 

4- — a) ~ b) (ij? — c) = 0. 


Article Nos. 143 to 149 . Analytical Theory for the Bicircular Qiiartic. 

145. The equation for the bicircular quartic may be taken to be 

A ( f - d:^z^ (972 + ez^^'n + ^ + 697) + = 0, 

viz. (I, 97, z) being any coordinates whatever, this is the equation of a quartic curve 
having a node at each of the points (^ = 0, z — 9 ) and (7 = 0, z — 9 ) ; the equations of 
the two tangents at the one node are a.3r = 0, = and those of the two 

tangents at the other node are 7 — yS^ = 0, 74-/35; = 0; ^ = 0 is thus the harmonic of 
the line 5 = 0 in regard to the tangents at (f=0, 5 = 0), and 7 = 0 is the harmonic 
of the same line 5=0 in regard to the tangents at (7 = 0, 5 = 0). If 7, 5=1) be 
circular coordinates, then we have the general equation of the bicircular quartic having 
the lines 4- 05 = 0, ^ — ci£5 = 0 for one pair, and the lines 7 — yS5 = 0, 7 4- y^5 = 0 for the 
other pair of parallel asymptotes; and therefore the point ^ = 0, 7 = 0 for centre, and 
the lines — a7 = 0, 4* ^7 = 0 for nodal axes. In order that the curve may be real 

we must have (a, ^), (a, b) conjugate imaginaries, k, e, c real. The points (f = 0, 5 = 0) 
and (7 = 0, 5=0) are as before the points J, J. If a = 0, the node at I becomes a 
cusp, and so if /S = 0, the node at J becomes a cusp ; the form thus includes the case 
of a bicuspidal or Cartesian curve. 

146. To find the tangents firom /, writing in the equation of the curve |=^a5 
we have 

— 1) (7= — /3®5®) 4- «a^7'3' 4“ 5 (act05 4- 67) 4* 05^ = 0 ; 

that is 

7 f . Act® (0® — 1), 

4- 75 , ead 4- b, 

4- 5® . - (^ - 1 ) 4- aa(9 4- 0 = 0, 

and the condition of tangency is 

4A (^ - 1) {A:a*y9“ (^ - 1) - a«^ - c} + = 0 ; 
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viz., the tangents from I are ^ = 6az, where 6 is any root of this equation. Similarly, 
if we have 

4A - 1) [ko?^ {<j>^ - 1) - b^<f> - c} + + ly = 0, 

the tangents from J are rj = where is any root of this equation. 

147. The two equations may be written 


' 2Wo?^, 




~ 6kaa, 



— 6&6/3, 

- 

■* 

6aa 

4Ac + 6®, 

+ 3e|. 

iy = o, - 

- 8A®a=/S“- 4*c + e®, 

6i6y8 +3e^, 

24A;2a“/3® + 24Ao + 6 ^ 

Or 

\ j 

1 

24 ^ 0 ?^ + 24*c + 6 


which equations have the same invariants; in fact for the first equation the invariants 
are found to be as follows, viz., if for shortness (7 = — — 4ic 4- e\ then 

/ == + 57QI(^ca^l3^ + + 72hah -f ZG\ 

J^G {576A^a4/3^ + + 144*^ (a^a^ + b^/3^) + B6kea^ - (?} 

- S64ik^eahoL^^ - (aV + 6^ “ 

and then by symmetry the other equation has the same invariants. The absolute 
invariant has thus the same value in the two equations, that is, the equations 

are linearly transformable the one into the other, which is the before-mentioned 
theorem that the pencils are homogTaphic. 

148. The equations will be satisfied by ^ = ^ if only aa = 6y8, that is, if a, 6 — m/3, ma; 
or by 0 = — ^ if only aa = --‘ that is, if b — myS, — ma : the equation of the curve 
is in these two cases respectively 

k{^ — o^z^) {rp — ^“Z^) 4 - ez^^ + mz® (/3^ 4- OLrj) 4 - cz^ = 0, 

k (I® — a®z^) (rf — yS^z®) 4- ^z^fo; 4- mz® (y8f — urf) 4- cz^ = 0. 

If to fix the ideas we attend to the first case, then the equation in 0 is 

~ 6^?7ia/S, 

— Sk^a^jS^ — 4ikc -h 1)^ = 0 ; 

6kmoL^ 3me, 

^ 24A^a®yS^ 4- 24Ac 4- 6m® ^ 

and we may take as corresponding tangents through the two nodes respectively ^=^az, 
7 j = 0^z; the foci A, B, (7, D, which are the intersections of the pairs of lines 

c. VI. 67 
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&c., lie, it is clear, in the line ySf — a77==0, which is one of the nodal axes 
of the curve. Similarly, in the second case, if 6 be determined by the foregoing 
equation, we may take as corresponding tangents through the two nodes respectively 
^=doLz, the foci {A, B, G, D), which are the intersections of the pairs of 

lines lie in the line /S^+a^ = 0, which is the other of the 

nodal axes of the curve. In either case the foci A, 0, D lie in a line, that is, 
we have the curve symmetrical; and, as we have just seen, the focal axis, or axis of 
symmetry, is one or other of the nodal axes. 

149. In the case of the Cartesian, or when a = 0, /3 = 0, viz., the equation aa = b/3 
is satisfied identically, and this seems to show that the Cartesian is symmetrical; it 
is to be observed, however, that for a = 0, ^ = 0 the foregoing formulae fail, and it is 
proper to repeat the investigation for the special case in question. Writing a = 0, /3==0, 
the equation of the curve is 

+ ez^^r} + ^ {a^ + hr)) + = 0 , 

and then, taking ^=dbz for the equation of the tangent fi’om J, we have 

7)“ . kb^ff^ 

+ 7}z .b{e9 1) 

+ . abO + c = 0, 

and the condition of tangency is 

4ike^ (abd + c) -- + 1)® = 0 ; 

viz., we have here a cubic equation. Similarly, if we have r)^daz for the equation 
of a tangent from J, then 

4A02 (e<f> + ly = 0. 

Hence 6 being determined by the cubic equation as above, we may take <f> = 6, and 
consequently the equations of the corresponding tangents will be ^^dbz, r) — 6az, viz., 
the foci A, B, C will be given as the intersections of the pairs of lines = 6ibz, 
'r)^6jaz\ &c. The foci lie therefore in the line af— & 77=:0; or the curve is symmetrical, 
the focal axis, or axis of symmetry, passing through the centre. 


Article Nos. 150 to 158. On the Property that the Points of Contact of the Tangents 
from a Pair of Gonoydic Foci lie in a Circle, 

150. We have seen that the sixteen foci form four concyclic sets {A, B, C, D), 
(Ai, Bif Gi, Di), (^21 B;if G^y Dg), (A3, B^y G^y that is, A, B, C, D are in a circle. 
We may, if we please, say that any one focus is concyclic — ^viz., it lies in a circle with 
three other foci; but any two foci taken at random are not concyclic; it is only a pair 
such as (A, B) taken out of a set of four concyclic foci which are concyclic, viz., 
there exist two other foci lying with them in a circle. The number of such pairs 
is, it is clear = 24. Let A, B be any two concyclic foci, I say that the points of 
contact of the tangents A/, AJ, BI, BJ, lie in a circle. 
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151. Consider the case of the bicircular quartic, and take as before = z — ^\ 

and (77 = 0, 5? = 0) for the coordinates of the points /, J respectively. Let the two 
tangents from the focus A be = 77 — cl'z = 0, say for shortness jp = 0, = 0, 

then the equation of the curve is expressible in the form pp'U^V^Q), where J7=0, 
y = 0 are each of them a circle, viz., TI and V are each of them a quadric function 
containing the terms zrj, and ^77. Taking an indeterminate coefficient the 
equation may be written 

pp'(U+2XV+ X^pp') = ( F + Xppy, 

and then X may be so determined that ?7+ 2AF+X-j9p'“ 0, shall be a 0-circle, or 
pair of lines through I and J, It is easy to see that we have thus for X a cubic 

equation, that is, there ai'e three values of A, for each of which the function 

U -f 2XF + X^jPP' assumes the form — l3z) (p — —qq' suppose: taking any one of 
these, and changing the value of F so as that we may have F in place of V+Xpp\ 
the equation is pp'qq' + F^ where F — 0 is as before a circle, the equation shows that 
the points of contact of the tangents p = 0, p'=0, q = 0, g^' = 0 lie in this circle F=0. 
The circumstance that X is determined by a cubic equation would suggest that the 
focus g=0, 5^=0 is one of the three foci (7, D coney die with A; but this is 

the very thing which we wish to prove, and the investigation, though somewhat long, 
is an interesting one. 

152. Starting from the form pp'qq' = F^, then introducing as before an arbitrary 

coefEcient X, the equation may be wiitten 

pp' {qq' + 2X F 4- X^pp') = ( F + Xpp'y, 

and we may determine X so that qq' + 2XV+X^pp' shall be a pair of lines. 
Writing V — -- Ltjz -- L' + Mz\ and substituting for pp' and qq' their values 

— az) (77 - a'z) and (| - ^z) (rj - ^'z), the equation in question is 

(1 -h 2XH 4- X") ^77 - (i8 4- 2XL 4- X^a) tjz - {^' 4- 2XL' 4- XV) ^z -f (/3yS' 4- 2Xikf 4- XW) z^ = 0, 

and the required condition is 

(1 4- 2X£r 4- X») {^^' 4- 2Xlf + X^olj.') = ()8 4- 2XZ 4- Va) (/S' 4- 2XL' + XV) ; 
or reducing, this is 

(2i!f 4- 2E^^' - 2Z'/3 - 2Z/3) 

+ X ((a - /3) (o' - yS') + iHM - 4£i') 

+ X® (2M + 2Hod - 2L'a - 2La') = 0, 

viz., X is determined by a quadric equation. Calling its roots X^, and Xa, the foregoing 
equation, substituting therein successively these values, becomes (v — = (>, and 

(^ — 8z)(r} — B's) = 0 respectively, say rr'=Q and .ss'=0. 

1 This investigation is similar to that in Salmon’s Higher Plane Curves, p. 196, in regard to the double 
tangents of a quartic curve. 
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153. We have to show that the four foci {p = 0, p' — 0), {q = 0, = 0), (r = 0, 
r' = 0), (s = 0, s' = 0) are a set of concyclic foci ; that is, that the lines p = 0, q = 0, 
r = 0, s = 0 correspond homographically to the lines p' = 0, q' = 0, r' = 0, s' = 0 ; or, what 
is the same thing, that we have 

1, a, a', aa' =0, 

1, /S', 

1, 7> Y > Ti' 

1, S, S', SS' 
or, as it will be convenient to write this equation, 

y — B _ a — S /3 — 7 
a'-/3'7'-S' a'-S'/9'-7'’ 

154. We have 

_yS + 2\jX + Va , /S' + 2A,X' + Va' 
l + 2if\ + V’ l + 2fr\ + V ’ 

^ ^ “1* 2AfaX "1" Xg^a jQ' -|- q- X^^a' 

1 4“ 2XrX2 + X^® ' 1 -i- 2jffX2 + Xa® 

The expressions of a — S, &c., are severally fractions, the denominators of which disappear 
from the equation; the numerators are 

fora-S, = a(l + 2Xjfl’+XsS)-(y9 + 2XsZ + aXi!=), 

= a-/3 + 2Xs(aXr— X); 

for /3-7, = ;S(H-2XiXr+Xi“)-(/S + 2XiX + aXia), 

= Xi{2(;8JT-X)(a-/S)}; 

for 7 - S, = (yS + 2XXi + aV) (1 + 2XrXs + \i) 

- (/3 + 2XX, + aX,=) (1 + m\ + V), 

= (a' - /S') {2 iS^ayg - 2HL (a + ;S) + 2X= + J (a - ; 

and it hence easily appears that the equation to be verified is 

2ga/3-2gX(a + /3) + 2X» + ^(a-/9)=- g -^+2(ag-X)X, 2{^H-L)-{a - 
2g>a'/3'-2gX'(a'+/3')+2X'»+i-(“'-/8')^ a'-/3' + 2(a'g-X')X2 ’ 2 (yS'g - X') - (a' - ^8') X^ ' 

155. This is 

B-G _ 4 + gXi + C^4-XXiXa 

^ (7u4 + gXi + (TX-j + X'XjXa ' 

if for shortness 

2(a-/9)(/Sg-X) , ^'= , 

J5 = _ (a_^)2 , g = - (a'-/9')*' 

Cf = 4 (ag- X) (/3g- X), g = 4 (a'g - X') (gg - X'), 

D = _2(a-iS)(ag-X) , g = -2(a'-g)(a'g-X') , 
and the equation then is 

4g - 4'X + 84' _ g4 - (V + X,) (Xg - BG) + X^X, (ag - gg - (Xg - gg)). 
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166. Calculating AE-A’B, GA'-CTA, GD'-G'D, BE-B'D, these are at once 
seen to divide by {(a^S' — a'/9 ) H + — E) — L' (a — jS)} ; we have, moreover, 

BG'-EG=-4<(<x- BY {clH - L') {EH- L') + 4 (a' - EY (“-S' - L) {BH- L), 

= - {(aa' - BB') H-L{</-E)-L'{a- j8)} {aE - cc'B) E + L(a^ - B')-L' {ci- yS)}, 
viz., this also contains the same factor ; and omitting it, the equation is found to he 

{(a - B) («' (BE - L) {EE - L') } 

-i{{o^-BE)E -L{a'-E) -L'{cc-B)]{\ + \) 

+ {-{a-B){c^-E)+^(«^-L){c^E-L')} W = 0 ; 
viz., substituting for Xi + Xa and XjXa their values, this is 

{(a -B) {a!- E) - 4 {BE - L) {B'H - i')} {M + Ea.d -Lai- L'a) 

- {(aa' - BE)E-L (a' - E)] {(« - B) («' - E) + ^EM - 4>LL’} 

+ {- (a - B) (o' - y9') + 4 (<tff - L) {a'E-L')] {Jf + EBE - LE-L'B] = 0, 
which should be identically true. Multiplying by E, and writing in the form 
{{a-B){ol-E)-^{BE-L){EE-L') ]{HM-LL'-^{aE-L){c^E-L') ) 

- {{aE - L) {a'E - L') -{fiE-L) {B'E - L')} {{a - /9)(a'- ^) + 4 {EM - LL') ) 

+ {_ (a _ B) (a' - yS') + 4 (air - L) {a'E - L') }{EM- LL' + {BE - L) {EE - L')) = 0, 

we at once see that this is so, and the theorem is thus proved, viz., that the equation 
being pp'qq' = V^, the foci (p = 0, p' = 0) and {q = 0, q' = 0) are concyclic. 

157. By what precedes, X being a root of the foregoing quadric equation, we may 
write 

qq' + 2X7" + X°pp' = K^tr', 

where the focus r' = 0, r'=s0 is concyclic with the other two foci; but from the 
equation of the curve V = 'Jpp'qil^ that is we have 

q<Y + 2X pp'qq' + X’pp' = Kr/, 

or, what is the same thing, 

X Vpp' + ^q^ + K Vrr' = 0, 

viz., this is a form of the equation of the curve: substituting for p, p', q, g', r, r' 
their values, writing also 

21 ={^-az){'q-%'z), 

fB = {S-Bz){v-E^), 

® =(|-7^)(’7-7'A 

and cbaugiTi g the constants X, K (viz. X ; 1 : .K‘=VZ : Vm : Va) the equation is 

v72i + VmS + = 0, 
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viz., we have the theorem that for a bicircular quartic if — 0, rj cisi 0), 

(^~yS5=0, 77 -j 8'^ = 0, (f-7^==0), 9?-75r = 0) be any three concyclic foci, then the 
equation is as just mentioned; that is, the curve is a trizomal curve, the zomals 
being the three given foci regarded as 0-circles. The same theorem holds in regard 
to the circular cubic, and a similar demonstration would apply to this case. 

158 . It may be noticed that we might, without proving as above that the two 

foci (jp = 0, / = 0), (?=0, ^'=0) were concyclic, have passed at once from the form 
pp'qq' = to the form X -h V qq' + K tt' = 0 (or VZSl = VmS 3 = = 0), and then 

by the application of the theorem of the variable zomal (thereby establishing the 
existence of a fourth focus concyclic with the three) have shown that the original 
two foci were concyclic. But it seemed the more orderly course to effect the demon- 
stration without the aid furnished by the reduction of the equation to the trizomal 
form. 

Part IV. (Nos. 159 to 206 ). On Trizomal and Tetrazomal Curves where the Zomals 

ARE Circles. 

Article Nos. 159 to 165 . The Trizomal Curve — The Tangents at J, 

159 . I consider the trizomal 

= 0 , 

where A, B, G being the centres of three given circles, Sl°, &c. denote as before, viz.^ 
in rectangular and in circular coordinates respectively, we have 

21° = (ic — azy 4- ( 3 / — a'zy — = (f — clz) (tj — a'^r ) — a'V, 

33 ° = (^ - bzf 4* (y - b'zf- b"^^z^ = (f - ^z) (v - ^'z) - 6'V, 

= (£C — czy + (y — c'zy — c"V, = (^ — 7-2: ) (^ — j'z) — c'V. 

By what precedes, the curve is of the order = 4 , touching each of the given circles 
twice, and having a double point, or node, at each of the points /, J\ that is, it is 
a bicircular quartic: but if for any determinate values of the radicals Vm, 
we have 

VT -hVm 4-Vw =0, 

then there is a branch 

V 7 a° 4 4 V'iir = 0 , 

containing (-2?=0) the line infinity; and the order is here =S: viz., the curve here 
passes through each of the points /, J and through another point at infinity (that is, 
there is an asymptote), and is thus a circular cubic. 

160 . I commence by investigating the equations of the nodal tangents at the 

points /, J respectively; using for this purpose the circular coordinates (^, 77, 1), 

it is to be observed that, in the rationalised equation, for finding the tangents at 
(f = 0, ^=0) we have only to attend to the terms of the second order in (^, z\ and 
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similarly for finding the tangents at (97 = 0, z = 0) we have only to attend to the terms 
of the second order in (77, z). But it is easy to see that any term involving a", 
or c will be of the third order at least in (f, z\ and similarly of the third order at 
least in (97, z ) ; hence for finding the tangents we may reject the terms in question, 
or, what is the same thing, we may write h", d" each = 0, thus reducing the three 
circles to their respective centres. The equation thus becomes 

Vz — az ) (97 — ct ' z ) + (^ — 0 z ) (97 — / 3 ' z ) + (^ — jz ) (97 — y ' z ) = 0 . 

For finding the tangents at (|^ = 0, z ^ 0) we have in the rationalised equation to 

attend only to the terms of the second order in (f, z) ; and it is easy to see that 

any term involving a', y' will be of the third order at least in (^, z), that is, 

we may reduce a, y' each to zero; the irrational equation then becomes divisible 
by V97, and throwing out this factor, it is 

VZ (^ — (Xs:) 4- Vm (f — j3z) 4- Vw (I — yz) = 0, 

viz., this equation which evidently belongs to a pair of lines passing through the point 
(^ = 0, ^ = 0) gives the tangents at the point in question ; and similarly the tangents 
at the point (97 = 0, z — 0 ) are given by the equation 

VZ (97 — a'z) 4- Vm (97 — ff'z) 4- Vw (97 — yz) — 0. 

161. To complete the solution, attending to the tangents at (|^=0, ^ = 0), and 
putting for shortness 

X =5 I ^n, 

JJ, I 

v=--Z~m4-w, 

A = Z^ 4- - 2m7i — 2nl — 

the rationalised equation is easily found to be 
p.A 

— (l\a. 4- 4“ nvy) 

4- z^ 4- 4- — 2mn^y — 2m2ya — 2Zmay8) = 0 ; 

and it is to be noticed that in the case of the cii'cular cubic or when vT+Vm4-V9i — 0, 
then A = 0, so that the equation contains the factor z, and throwing this out, the 
equation gives a single line, which is in fact the tangent of the circular cubic. 

162. Returning to the bicircular quartic, we may seek for the condition in order 
that the node may. be a cusp : the required condition is obviously 

A {Po^ 4 - 4- — 2mnl3y — 2nlyx — 2lma^) — (IXa 4- m/julS 4- nvy)^ = 0, 

or observing that 


this is 


A — X® = — 4m7^, &c. 

A 4- M*' ~ 2Z\, &c. 

la^ 4 - 4 - ny^ 4 - X^y + fj^ya 4 - va^ = 0 , 
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or substituting for X, /i, v, their values, it is 

Z(a-/ 3 )(a- 7 ) + OT(/ 3 -'y) (iS- a) + w(7-a)('y-^) = 0, 
or, as it is more simply written, 

I m n f. 

1 1 = 0 . 

0— ry 7 — a a — 0 

163 . If the node at (17 = 0, z = 0 ) be also a cusp, then we have in like manner 

^ I +_!L_ = 0 

0'-y' + r/-a' + a'-0' 

Now observing that 

( 7 -«)(«' -/S') -( 7 -a') (a - /3). = «. 1 

0 , /S', 1 

7, 7', 1 

= (« - ;S) ( 0 ' - 7') - («' - /S') (0 - 7), 

= ( 0 -y) (y- o') - (^' - 7') (7 - “)> 

= suppose: the tTVO equations give 

I : m : tz = (/3 — 7) ()8' — 7') : (1 (7 — a) (7' — a') : 12 (a — /S) (a' — ^') ; 

or if 12 is not =0, then 

I : m : (yS — 7) (/S' — 7O : (7 — «)(7'-a') • (a — / 3 ) (o' - / 3 '). 

164 . If 

12 = a, a', 1 , = 0, 

A /S', 1 

7, 7' , 1 

or, what is the same thing, if 

city ^ J 1 ~ 6, 

6, 1 
Cj c , 1 

the centres A, By G are in a line ; taking it as the axis of co, we have a = a' = a, 
)8 = y8' = &, 7 = 7' = c; and the conditions for the cusps at /, J respectively reduce 
themselves to the single condition 

' +A"<>. 

b—c c—a a— 6 

so that this condition being satisfied, the curve 

VZ {(iT— (Z5)^ + y® — + */m{Qs — bzy+ + Vn{(a?— C2if+ 

is a Cartesian; viz., given any three circles with their centres on a line, there are 
a singly infinite series of Cartesians, each touched by the three circles respectively; 
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the line of centres is the axis of the curve, but the centres A, B, G are not the foci, 

except in the case a'' = 0, b" = 0, c" = 0, where the circles vanish. The condition for 

Z, m, n is satisfied if I : m : n = (h-cy : {c - ay : (a -by; these values, writing 

^ : ^/m : \fn = b — o : g — a : a — b, give not only VT + Vm + Vw = 0, but also 

+ = these are the conditions for a branch containing = 0) the 

line infinity twice ; the equation 

{h — c)^(pc — azy + 2/“ - a''^z^ + (c — a) V(^ — hzy + — V'^^z^ + {a — h)^{co — ozy + ~ = 0^ 

is thus that of a conic, and if a" = 0, V = 0, c" = 0, then the curve reduces itself to 
3/2 = 0, the axis twice. 

165. If n is not =0, then we have 
Z : m : n = - 7) (/ 3 ' - 7O : 

viz., Z, m, n are as the squared distances GA^, AB^, say as or when 

the centres of the given circles Ay B, G are not in a line, then /, h being the 
distances BG, GA, AB of these centres from each other, we have, touching each of 
the given circles twice, the single Cartesian 

f'^W + g + A Vr = 0, 

which, in the particular case where the radii a", b'\ c" are each =0, becomes 

/VS" +AVS =0, 

viz., this is the circle through the points A, B, G, say the circle ABG, twice. 


Article Nos. 166 to 169. Investigation of the Fod of a Gonic represented by 

an Equation in Areal Goordinates, 


166, I premise as follows: Let A, B, G be any given points, and in regard to 
the jbriangle ABG let the areal coordinates of a current point P be Uy Vy w; that is, 
writing BBC, &c., for the areas of these triangles, take the coordinates to be 

: V : %v^PBG : PGA : PAB, 


or, what is the same thing in the rectangular coordinates {Xy yy z= 1), if 

(a, a', 1), (6, b\ 1), (c, c', 1), 
be the coordinates of A, P, G respectively, take 


u : V : w = 

Xy 

y> 

Z 

: 

Xy 

y ^ 

z 



y> 

z 


by 

v, 

1 


c. 

c', 

1 


a, 

a'. 

1 


c, 

o', 

1 


a. 

dy 

1 


by 

y. 

1 


C. VI. 
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or in the circular coordinates (f, 17, z = l), if (a, o', 1), (A 1 )j (7* 7^ 1) 
coordinates of the three points respectively, then 


u : V : 

V , z 

: 

V> z 




B. B\ 1 


y> y> 1 


a, a', 1 


7. y, 1 


a, a', 1 


B, B'. 1 


167. For the point I we have {^, 1?, z) — (0, 1, 0), and hence if its areal 
coordinates be (ito, v^, w^), we have 

ito : : Wo = fi-y : 7-a : a-/3, 

and hence also, (u, v, w) referring to the current point P, we find 
VoW - Wo® = (y - a ) [(a' - yS') - az) - (a - j8) (7? - a'^r)] 


if 


whence 


-a') -a) (v-a'z)], ^ a az), 


n = (7 - a) («' - /S') - (a- i8) (7'- a'), 


a, a', 1 

A /8', 1 

7 > 7 '> 1 


VoW — WoV ; WoU — wUo : u^v~u%=^ —az : ^ — /Sz : ^—yz, 


and in precisely the same manner, if Wu', »o', zu^' refer to the point J, then 

ud : 7;o' : Wo^ = jS' — 7' : 7'— a' ; a' — /S', 

and 

vdw-wdv : Wo'u — vmd : xidv-wvd — ’n — oiz : 7]-0'z : 77-7'a 
168. Consider the conic 

(a. C, /, 7), w)s = 0, 

where u, v, w are any trilinear coordinates whatever; and take the inverse coefficients 
to be (A, B, 0, F, Q, S) {A = hc— y®, &c.), then for any given point the coordinates of 
which are {uq, Wq), the equation of the tangents from this point to the conic is, 
as is well known, 

{A, B, (7, F, (?, H'^VqW — w^v, — — — 

consequently for the conic 

(a, h c, f, g, h\u, V, wf = 0, 

where (u, v, w) are areal coordinates referring, as above, to any three given points 
A, B, G, the e(^uation of the pair of tangents from the point I to the conic is 

(A, B, G, F, Q, -az,^-Bz,%- ^zj = 0, 

and that of the pair of tangents from J is 

{A, B, G, F, G, S^T) — o^z, 7} — B'z, t? — r^'zY = 0, 

these two line-pairs intersecting, of course, in the foci of the conic. 
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169. In particular, if the conic is a conic passing through the points -4, B, C, 
then taking its equation to be 

Ivw + mwu + nm) = 0, 

the inverse coefficients are as (P, m®, n\ — 2m?z, — 2nl, — 2lm\ and we have for the 
equations of the two line-pairs 

— 4- Vm (f — /9^) 4- V?? — 7^) = 0, 

VZ (77 — oLz) + Vm (77 — ^'z) + (77 — <y'z) = 0. 

Article No. l70. The Theorem of the Variable ZomaL 

170. Consider the four circles 

r = 0, 35° = 0, g° = 0, 3)° = 0 (31° = (^ - azf dzf ~ a'V, &c.), 
which have a common orthotomic circle; so that as before 

a3r + bS3° + cr + d2)° = 0, 

where 

a : b : c : d = £OD : - (7DA : BAB : -- ABC. 

I consider the first three circles as given, and the fourth circle as a variable circle 
cutting at right angles the orthotomic circle of the three given circles; this being 
so, attending only to the ratios a : b : c, we may write 

a : b : c = BBG : BOA : BAB, 

that is, (a, b, c) are propoiiiional to the areal coordinates of the centre of the variable 
'Circle in regard to the triangle ABO, 

171. Suppose that the centre of the variable circle is situate on a given conic,, 
then expressing the equation of this conic in areal coordinates in regard to the 
triangle ABO, we have between (a, b, c) the equation obtained by substituting these 
values for the coordinates in the equation of the conic; that is, the equation of the 
variable circle is 

aSl° + b33° + c(£° =0, 

where (a, b, c) are connected by an equation 

(a, h, c, f, g, hj&, b, c)^ = 0. 

Hence {A, B, G, F, G, H) being the inverse coefficients, the equation of the envelope 
of the variable circle is 

(A, B, G, F, G, 35°, S7=0, 

and, in particular, if the conic be a conic passing through the points A, B, G, and 
such that its equation in the areal coordinates {u, v, w) in regard to the triangle 
ABG is 


Ivw 4- mwu 4- nuv = 0, 
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then the equation of the envelope is 

{Pj m®, --mn, —nl, — 21°, S°, (5°)^ = 0; 

that is, it is 

(1^ 1,1,- 1, - 1, - 1 5Z2l°, n(gy = 0, 
or, what is the same thing, it is 

172. It has been seen that the equations of the nodal tangents at the points 
i, J respectively are respectively 

^^l (1^ — 0L8r) + Vm(? — (^ — 7^ ) = 0, 

VZ (jj — a!z) + Vm (97 — ^'z) -f (77 — yz) = 0 , 

and that these are the equations of the tangents to the conic Ivw 4- mwu + nuv = 0 
from the points /, J respectively. We have thus Casey’s theorem for the generation 
of the bicircular quartic as follows : — The envelope of a variable circle which cuts at 
right angles the orthotomic circle of three given circles 21° = 0, 23° = 0, ®° == 0, and has 
its centre on the conic hw + mwu + nuv = 0 which passes through the centres of the 
three given circles is the bicircular quartic, or trizomal 

which has its nodo-foci coincident with the foci of the conic. 


173. To complete the analytical theory, it is proper to express the equation of 
the orthotomic circle by means of the areal coordinates (i6, w). Writing for shortness 

+ — a"^ = a\ &c., and therefore 


21° = 0^ 4. 2^2 _ 2axz — %o!yz — dz^, &c., 

then if as before 


u : V : w — 



z 

: 

Xy 


z 


Xy 

y> 

Z 


by 

b'. 

1 


0, 

o'. 

1 


a, 

a', 

1 


c. 

o', 

1 


a. 


1 


by 

b’, 

1 


and therefore 

X : y ; z^au + hV’^cw : + 6't; + c'-m; : u-\-V’\~w, 


the equation of the orthotomic circle is 


x — azy 

y - a' Zy 

ax 4 - a'y — a^z 

X’-hZy 

y-b'zy 

hx + b'y — ¥z 

X — CZy 

y - o'Zy 

cx 'hc'y — &z 


= 0 , 


viz., throwing out the factor Zy this is 


w (cM 5 + a'y — (Cz) + v(hx-^ ¥y — ¥z) + ^ (ca? + c'y — c'z) ^ 0 , 
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or, what is the same thing, it is 

(au -hbv-h cw) os + (a'u + b'v + c'w) y — {q^u + + (jw) z = 0 , 

viz., it is 

(ail + bv + cmsf + (pin + b'v H- c'wy — (d'u + 6 'tJ + o'w) (u + v + w) = 0, 

that is, substituting for a\ 6 \ their values, it is 

a"ht^ + b"^v^ + c"^w^ 

+ (6"3 + c"^ -- (b — cy — (b' — c'y ) vw 

+ (c"® + a"® — (c — ay — (& — a'y ) wu 

-f (a "2 + by )uv^0, 

and it may be observed that using for a moment a, /3, 7 to denote the angles at 
which the three circles taken in pairs respectively intersect, then we have cos a 

= 6 ''^ + c"® — (6 — cy — (b' — cy, &c., and the equation of the orthotomic circle thus is 

( 1 , 1 , 1 , cos a, cos^, cos 7 ][a"w, b\ c"w;)® = 0 . 

174. We have in the foregoing enunciation of the theorem made use of the 
three given circles B, but it is clear that these are in fact any three circles 
in the series of the variable circle, and that the theorem may be otherwise stated 
thus : 

The envelope of a variable circle which has its centre in a given conic, and cuts 
at right angles a given circle, is a bicircular quartic, such that its nodo-foci are the 
foci of the conic. 


Article Nos. 176 to 177. Properties depending on the relation between the Gonio and Girdle, 

175. I refer to the conic of the theorem simply as the conic, and to the fixed 
circle simply as the circle, or when any ambiguity might otherwise arise, then as the 
orthotomic circle. This being so, I consider the effect in regard to the trizomal curve, 
of the various special relations which may exist between the circle and the conic. 

If the conic touch the circle, the curve has a node at the point of contact. 

If the conic has with the circle a contact of the second order, the curve has a 

cusp at the point of contact. 

If the centre of the circle lie on an axis of the conic, then the four intersections 

lie in pairs symmetrically in regard to this axis, or the curve has this axis as an 

axis of symmetry. 

If the conic has double contact with the circle (this implies that the centre of 
the circle is situate on an axis of the conic) the curve has a node at each of the 
points of contact, viz., it breaks up into two circles intersecting in these two points. 
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The centres of the two circles respectively are the two foci of the conic, which foci 
lie on the axis in question. Observe that in the general case there are at each of 
the circular points at infinity two tangents, without any correspondence of the tangents 
of the one pair singly to those of the other pair, and there are thus four inter- 

sections, the four foci of the conic ; in the present case, where the curve is a pair 
of circles, the two tangents to the same circle correspond to each other, and intersect 

in the two foci on the axis in question. The other two foci, or antipoints of these, 

are each of them the intersection of a tangent of the one circle by a tangent of 

the other circle. 

If the conic has with the circle a contact of the third order (this implies that 
the circle is a circle of 'maximum or minimum curvature, at the extremity of an axis 
of the conic), then the curve has at this point a tacnode, viz., it breaks up into two 
circles touching each other and the conic at the point in question, and having their 
centres at the two foci situate on that axis of the conic respectively. 

176. If the conic is a parabola, then the curve is a circular cubic having the 
four intersections of the parabola and circle for a set of concyclic foci, and having 
the focus of the parabola for centre. The like particular cases arise, viz., 

If the circle touch the parabola, the curve has a node at the point of contact. 

If the circle has, with the parabola, a contact of the second order, the curve has 
a cusp at the point of contact. 

If the centre of the circle is situate on the axis of the parabola, then the four 
intersections are situate in pairs symmetrically in regard to this axis, and the curve 
has this axis for an axis of symmetry. 

If the circle has double contact with the parabola (which, of course, implies that 
the centre lies on the axis), then the curve has a node at each of the points of 
contact, viz., the curve breaks up into a line and circle intersecting at the two points 
of contact, and the circle has its centre at the focus of the parabola. 

If the circle has with the parabola a contact of the third order (this implies 
that the circle is the circle of maximum curvature, touching the parabola at its 
vertex), then the curve has a tacnode, viz., it breaks up into a line and circle touching 
each other and the parabola at the vertex, that is, the line is the tangent to the 
parabola at its vertex, and the circle is the circle having the focus of the parabola 
for its centre, and passing through the vertex, or what is the same thing, having its 
radius = J of the semi-latus rectum of the parabola. 

177. If the conic be a circle, then the curve is a bicircular quartic such that its 
four nodo-foci coincide together at the centre of the circle ; viz., the curve is a 
Cartesian having the centre of the conic for its cuspo-focus, that is, for the intersection 
of the cuspidal tangents of the Cartesian. The intersections of the conic with the 
other circle, or say with the orthotomic circle, are a pair of non-axial foci of the 
Cartesian ; viz., the antipoints of these are two of the axial foci. . The third axial 
focus is the centre of the orthotomic circle. 
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Article No. 178, Case of Double Contact, Casey's Equation in the Problem of Tactions, 

178. In the case where the conic has double contact with the orthotomic circle, 
then (as we have seen) the envelope of the variable circle is a pair of circles, each 
touching the variable circle ; or, if we start with three given circles and a conic 
through their centres, then the envelope is a pair of circles, each of them touching 
each of the three given circles ; that is, we have a solution of the problem of 
tactions. Multiplying by 2, the equation found ante, No. 173, for the variable circle, 
and then for the moment representing it by (a, b, c, f, g, ii^u, v, wf — Q\ then 
attributing any signs at pleasure to the radicals Va, Vb, Vc, the equation of a conic 
through the centres of the given circles, and having double contact with the ortho- 
tomic circle, will be 

(a, b, c, f, g, hjw, V, — (wVa-l-^; Vb-l-^4; Vc)^ = 0, 
viz., representing this equation as before by 


we have 


Ivw -h mwu + nuv — 0, 

I : m : ?^ = f — Vbc : g — : h — Vab, 


that is, substituting for a, b, c, f, g, h their values, and taking, for instance, a, b, c 
= a"V2, 6"V2, c"V2, we find 

I : m : n= (b" ^c'y-(b -cy^(b' 

: (c" - ay --(o -af^if-cdy 
: (cx" _ I'J - (a ^ by - (a' - by. 


that is, I, m, n are as the squares of the tangential distances (direct) of the three 
circles taken in pairs, and this being so, the equation of a pair of circles touching 
each of the three given circles is = 0. It is clear that, instead 

of taking the three direct tangential distances, we may take one direct tangential 
distance and two inverse tangential distances, viz., the tangential distances corresponding 
to any three centres of similitude which lie in a line; we have thus in all the 
equations of four pairs of circles, viz., of the eight circles which touch the three 
given circles. This is Casey’s theorem in the problem of tactions. 


Article No. 179. The Intersections of the Conic and Orthotomic Circle are a set of four 

Concyclic Foci, 

179. The conic of centres intersects the orthotomic circle in four points, and for 
each of these the radius of the variable circle is =0, that is, the points in question 
are a set of four concyclic foci (A, B, G, D) of the curve. Regarding the foci as given, 
the circle which contains them is of course the orthotomic circle; and there are a 
singly infinite series of curves, viz., these correspond to the singly infinite series of 
conics which can be drawn through the given foci. As for a given curve there are 
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four sets of con cyclic foci, there are four different constructions for the curve, viz., the 
orthotomic circle may be any one of the four circles 0, R, S, T, which contain the four 
sets of concyclic foci respectively ; and the conic of centres is a conic through the 
corresponding set of four concyclic foci. We have thus four conics, but the foci of each 
of them coincide with the nodo-foci of the curve, that is, the conics are confocal ; that 
such confocal conics exist has been shown, ante, Nos. 78 to 80. 


Article Nos. 180 and 181. Remark as to the Gonstmction of the Symmetrical Curve. 

180. It is to be observed that in applying as above the theorem of the variable 
zomal to the construction of a symmetrical curve, the orthotomic circle made use of 
was one of the circles R, 8, T, not the circle 0, which is in this case the axis; in 
fact, we should then have the conic and the orthotomic circle each of them coinciding 
with the axis. And the variable circle, qua circle having its centre on the axis, cuts 
the axis at right angles whatever the radius may be ; that is, the variable circle is 
no longer sufficiently determined by the theorem. The curve may nevertheless be 
constructed as the envelope of a variable circle having its centre on the axis; viz., 
writing SI® = (a? — azY + — a!'V, &c., and starting with the form 

then recurring to the demonstration of the theorem (ante. No. 47), the equation of 
the variable circle is a2l° + b93° + c(5® = 0, where a, b, c are any quantities satisfying 

- + ^ + - = 0, or, what is the same thing, taking q an arbitrary parameter, and writing 
a D c ^ 

^ = l + g^, ^ = 1“^, ^ = — 2, the equation of the variable circle is 

^ ^ = 0 . 

1+q 1— g 2 

Compare Nos. 118 — 123 for the like mode of construction of a conic; but it is proper 
to consider this in a somewhat different form. 


181. Assume that the equation of the variable circle is 


we have therefore identically 
viz., this gives 


a3l® + bl8" + c(S°+dS)°=0, 

a +b +c = — d , 
aa +bS +cc= — dcZ, 


a (a® ^ a"^) + b (6" - b"^) -h c (c^ - c"^) = - d (d® - d"% 


and from these equations we obtain a, b, c equal respectively to given multiples of d 

substituting these values in the equation - + ^+- = 0, d divides out, and we have an 

a D c 
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equation involving the parameters of the given circles, and also d, d/\ the parameters of 
the variable circle ; viz., an equation determining d", the radius of the vaoiable circle, 
in terms of d, the coordinate of its centre. I consider in particular the case where 
the given circles are points j that is, where the given equation is 

4- V mS3 4- = 0. 

The equations here are 

a +b 4c = — d, 

aa -h b6 4- cc = — dd, 

aa® 4 bft® + cc^ = — d (d^ — d"®), 

and from these we obtain 

a (a - 6) (a - c) = — d ((d - h) (d - c) - d"®) 
b(6-c)(6-a) = -d((d~c) (d-a)-.d"0 
c (c -a)(c ~ 6) = - d ((d - a)(d-&) -d"^), 

• 1/ TtX Tl 

so that the equation - 4- ^ 4 - = 0 becomes 
a D c 


Z (a — 6) (a — c) m(b — c){b — a) n(c—a)(c — b) _ ^ 
(d^b) (d-c)-d""‘^(d-o) (d-a)~d"2'*‘(d~a) (d-- 6) 

or, as this is more conveniently written. 


_Z 1 m 

6 — c (d — 6) (d — c) “ d"2 c - a 


1 1 
(cZ - c) (c? - a) - a - 6 (d - a) (d - 5) - d"» “ 


viz., considering d, d" as the abscissa and ordinate of a point on a curve, and repre- 
senting them by y respectively, the equation of this curve is 

6-c 0- a {x — c){x-a)-y^^ c-a {x-a){x-b) — y^ 

which is a certain quartic curve; and we have the original curve 

VM 4 VmS 4" VnS=: 0, 

as the envelope of a variable circle having for its diameter the double ordinate of 
this quartic curve. 

Write for shortness — ^ = X, M, JSf respectively, then the equation 

0 — c cb a — o 

of the quartic curve may be written 

{{x - af {x -b)(x — c)-‘ y"- {x - a) (2a? - 6 - c) 4 2 /^] = 0, 

viz., this is 

XL [x (x — a) (x—b) (x — c) 

- 2/2 - (a 4 & 4 c) a? 4 (a& 4 ac 4 bo)) 4 ^ 

— a (a? — a) (a? — &) (a? — 0 ) 4 y®(aa?4 6c)] = 0, 


C. VI. 


69 
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or what is the saaie thing, the equation is 

(Jj+M^N)\x{oo-a){x-l)(jc~c)~y^{^ii?--(fl-<rh->rc)x + ab + ao + hG)+t'\ 
— {La + Mb ■¥ Nc) {x - o) (x — b){x — c) 

+ y‘{{La + Mb+Ij^c)x + Lbc+'Mca + JN’ab] = 0. 

In the particular case where L + M + N = 0, that is, where 

I 


m 


■ Y " 

b—c c—a a—b 
the quartic curve becomes a cubic, viz., putting for shortness 

Zbc + Mca + Nab 


n 


- 0 , 


-8 = - 


X/a -f- Ml) 4 “ Nc 


the equation of the cubic is 


(x- a)(x-b){x-c) 

y ■ 


viz., this is a cubic curve having three real asymptotes, and a diameter at right 
angles to one .of the asymptotes, and at the inclinations + 45°, — 45° to the other 
two a83rmptotes respectively — say that it is a “ rectangular ” cubic. The relation 

-J— + q. — ^ - 0 implies that the curve VM + + V?iS = 0 is a Cartesian, and 

o — c 0 — a ct — o 

we have thus the theorem that the envelope of a variable circle having for diameter 
the double ordinate of a rectangular cubic is a Cartesian, 

I remark that using a particular origin, and writing the equation of the rectangular 

2 j1 

cubic in the form 3/^ = + a 4 , the equation of the variable circle is 


that is 


2 j 

{(c — dy 4- 2/^ = “ 2?nd + “ + ^ 

2^ 

^ 4- 2 /^ — 2d ( 5 ? ~ m) — ^ = 0, 


where d is the variable parameter. Forming the derived equation in regard to d, we 
have 

A 




and thence 


4” 2/® — ct = 


d ’ 


(^ + 2/^ - - 1 6.1 - m), 


that is, the equation of the envelope is 4 -y®— — 16J. (it? — m) = 0, which is a 
known form of the equation of a Cartesian. 
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Article, Nos. 182 and 183. Focal Formulce for the General Curve, 

182. Considering any three circles centres A, 5, C, and taking 21°, &c., to denote 
as usual, let the equation of the curve be 

then considering a fourth circle, centre Z), a position of the variable circle, and having 
therefore the same orthotomic circle with the given circles, so that as before 

a2l°+bS3° + cr + dD° = 0, 

the formulae No. 47 (changing only ZJ, F, W, T into 21°, 93°, (5°, S)°) are at once 
applicable to express the equation of the curve in terms of any three of the four circles 
A, 5, 0, i). ' ‘ : 

In particular, the circles may reduce themselves to the four points A, J5, (7, D, a 
set of concyclic foci, and here, the equation being originally given in the form 

VZ2l q- V m95 -f- *J n(S. = 0, 

the same formulae are applicable to express the equation in terms ot any three of 
the four foci. 

183. It is to be observed that in this case if the positions of the four foci are 

given by means of the circular coordinates ^a, i, 1^, &c., which refer to the centre of 

the circle ABGD as origin, and with the radius of this circle taken as unity, then 

the values of a, b, c, d (ante, No. 90), are given in the form adapted to the formulae 

of No. 49, viz., we have 

a : b : c : d = a ^ (780:) : 7 (Sa^) : — S 

where {^yS) = (/3 - 7) (7 — S) (S - /3), &c. The relation - + ^ = 0, putting therein 

a D c 

I : m : n = pcx.(0 — yY : <r/ 3 ( 7 — a)= : Ty{oL — ^'f, (or, what is the same thing, taking the 

equation of the cuiwe to be given in the form {P—y)’Jpoi%+ {y — a)^ o-ySSS +(a — /9) V ry® = 0), 
becomes 

p(^ — y) (a - S)+ o- (y — - S) + T (a- ^)(y - S)- 0, 

viz., this equation, considering p, <t, t, a, /9, y as given, determines the position of the 
fourth focus D, or when A, B, C, JD are given, it is the relation which must exist 

between p, a-, r; and the four forms of the equation are 

. , Vt(S — y), V^(/3 — S), “^piy—B) )(Va2[, V^SB, v^y®, VS25) = 0, 

VT(y- 8 ), . , Vp(S— a), Vff(a-y) 

V^(S— /S), Vp(a-S), . , VT(/ 8 -a) 

Vp (^ — y), \/cr(y-a), (a — 

viz., the curve is represented by means of any one of these four equations involving 
each of them three out of the four given foci A, B, 0, J), 


69—2 
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Article Nos. 184 and 185. Qase of the Circular Gichic, 

184. In the case of a circular cubic, we must have 

/>(^-7)(«-S) + <r(7-a)(y8^S) + T(a-y9)(7"-S) = 0, 

Vap()8 — 7) -fV)S<r(7— a) +v^(a — yS) =0, 

which, when the foci A, B, G, D are given, determine the values of ^ : <7 : r in order 

that the curve may be a circular cubic. We see at once that there are two sets of 

values, and consequently two circular cubics having each of them the given points 
A, B, G, JD for a set of concyclic foci. The two systems may be written 

fp : ; Vr = V ocS — V J 3 y : V — V 7a : V 7S — otff, 

viz., it being understood that VaS means Va.VS, &c., then, according as VS has one 

or other of its two opposite values, we have one or other of the two systems of 

values of p : o- : T. To verify this, observe that writing the equation under the form 

Vflfp : V ySo- : V^= a Vs — V a^y : yS VS — V aj3y : 7 VS — V cx/Sy^ 

the second equation is verified; and that writing them under the form 

p : a : T = -(y8 + 7)(a + S) + if : — (7 + a)(yS + S) + if : — (a + /3) (7 4- S) + if, 

where 

M == ^87 + aS + 7a 4- l 3 S 4- ayS 4 - 7S — 2 V ct^yB, 
the second equation is also verified. 

185. If we assume for a moment a=cosa4-isina = e'^, &c., viz., if a, 6, c, d be 
the inclinations to any fixed line of the radii through A, J5, C, D respectively, then we 
have 

Vc(S 4 ' Vy87 — ^ g— i(a+cZ— 6-— c)i| 

Va(y8 — 7) = 

and thence 

Vap (^ — 7) : (7 — a) : (a — /9) = cos J (a + d - 6 — c) sin i(b —o) 

: cos J (6 + d — c — a) sin J (o — a) 

: cos J(c +d — a — b) sin i(ct~b); 

or else 

~ sin \{a + d — h — c) sin J (& — c ) 

; sin J (6 + c? — c — a) sin J (c — a) 

: sin i(o + d — a — b) sin ^(a — b). 

then we have £ — G =^(b ~c), 

„ 0 — A —i(c — a), 

„ A-£=i(a-b), 


Putting in these fonnulse, 

i(a-b-o) = A, 
i(b-c~a) = £, 
i(o-a-b} = G, 
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and for either set of values the verification of the relation 

Vap (/9 — ry) -I- V ^cr (7 — Of) -f (a - iS) == 0, 

will depend on the two identical equations 

sin -4 sin (5 - (7) + sin B sin ((7 - A) + sin G sin (J. - B) = 0 , 
cos A sin (jB — (7) + cos B sin {0 — A) + cos G sin (4 — B) = 0 : 

although the foregoing solution for the case of a circular cubic is the most elegant 
one, I will presently return to the question and give the solution in a different form. 


Article No. 186. Fooal Formulce for the Symmetrical Curve* 

186. In the symmetrical case, where the foci A, B, C7, jD are on a line, then if, 
as usual, a, 6 , c, d denote the distances from a fixed point, we have the expressions 
of (a, b, c, d) in a form adapted to the formulae of No. 49 , viz., 


a : b : c ; d = (6 — c){o—d){d—h ) : — (c— cZ)(cZ--a)(a— c) : (cZ— a)(a— 6)(6— cZ) : — (a— &)(6— c)(c— a), 
so that, assuming 

I : m : = p (6 — c)^ : cr (c — a)® ; r (a — 6)^ 

the equation 

a b c 

becomes 

pQ) — c)(a — d)'^cr{c — o)Q>---d)'\-T{a — h){o — d) = 0, 

.and the equation of the curve may be presented under any one of the four forms 

( . , ^r{d-c), V?(6-d), V^(c-6) )(VC Vs, Vs, VS)=0. 

Vt (c — d), . , ’/p (d — a), 'Ja {a —c) 

Va(d — 6), Vp(a— d), . , ^T(h—a) 

\/pQ}—c), Va(c-a), V?(a-6), 


Article No. 187. Qase of the Symmetrical Circular Cubic* 

187. For a circular cubic we must have 

p (Z> — c) (a — d) + cr (c — a) (6 — d) + T (a — 6 ) (c — cZ) = 0 , 

\/p(b--c) — a) +VT(a — 6 ) = 0 . 

These equations give Vp •Vcr:VT = l:l:l (values which obviously satisfy the two 
^equations), or else 

V p : Vcr : ^ p=^a~\- d — h — c : 64 -d — c — a : c + cZ— a — 6 , 
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In fact, these values obviously satisfy the second equation; and to see that they 
satisfy the first equation, we have only to write them under the form 

p : <T : T=-M-4i(b + c)(a + d) : M - 4^ (o + a) (b d) : Jf-4 (a 4- &) (c + d), 

where ilf=(ot46 + c + d)\ The first set gives for the curve 

(b ~ c) VSi + (c — a) V93 + (a — 6) VS = 0, 

hut this contains the line z = 0 not once only, but twice ; it in fact is (y^ = 0), the 
a,xis taken twice; the only proper cubic with the foci A, B, G, D ioi lined is therefore 

(&-c)(a + d;-6-c) VS + (c-a) (5 + d-c-a) VS + (a-6)(c 4 a - &) Vg = 0, 

the equation of which is, of course, expressible in each of the other three forms. 


Article Nos. 188 to 192. Case of the General Circular Cubit 

188. Returning to the general case of the circular cubic, the lines BO, AD meet 
in R, and if we denote by Oi, bu Ci, dj, the distances from R of the four points 
respectively, so that JiCi = aicZi = rad. then observing that a, b, c, d are proportional 
to the triangles BOD, CD A, DAB, ABC, with signs such that a + b4“C + d = 0, we find 

a : b : c : d = — (&i — Ci) : Ci{ch'-di) : — c?l) : 


and this being so, the equations - + — + 0, VZH-Vm + V?i = 0, give two systems of 

a D c 

values of V? : Vm : viz., these are 


and 


VZ ; Vm : Vn = &i — : Ci — : ai—bi, 

= 6i — Cl : Ci + Oi : -Oi-Ji. 


(To verify this, observe that for the first set we have 

[ . w (hi - Ci)^ (ci-Ony {ai-hy 

a b c di (bi Cl) Cl (oi di) — Ji (cji — d^) ’ 


= fci+ - -6i - , 

-di €Li-(h\ Cl bj 

— di Oi — di \biCi J ’ 

_ h~Oi A 

and the like as regards the second set.) 
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189. These values of : Vm : Vw give the equations of the two circular cubics 

with the foci (A, B, G, D\ the equation of each of them under a fourfold form, 
viz., we have 

( . , di-Ox, XVC Vs, 

Cl di j • , di “ cLi f ctj — Cl 

j — di, . bi —Oi (first curve), 

“ Cj , Cl di , c&i ^ bi f . 


( . . 

— Cl — di3 

dl + bly 

61 + Cl 

di + Cl , 

• 3 

Qri di. 

Cl — di 

1 

1 

di -Oi, 

• 3 

dl + 6l 

bl Cl y 

— Cl -hdi, 




(second curve). 


190. Similarly CA and BB meet in S, and if we denote by ag, bst Ca, da the 
distances from S of the four points respectively, so that Catta = Wa = I’^d. ®aS (observe 
that if as usual Ay B, G, D are taken in order on the circle 0, then J., G are on 
opposite sides of S, and similarly B, D are on opposite sides of S, so that taking 
^2, 62 positive Ca, da will be negative), we have 

a : b : c : d = C2(62— da) : — : —az{h2-‘d^) ; —62(02 — ^2), 

and then the equations ^ + ^ + “==0, VT-h Vn = 0, are satisfied by the two sets 


of values 
and 


fJJLO « P 1 [ — \Jy If V ^ ▼ iiU f f ' V; 

a D c 

Vr : Vm : Vn= b^ — c^'C^ — a^ia^ — b^y 
— i^a — ^2 * Ca “* 0^2 • ^ d" 


and we have the equations of the same two cubic curves, each equation under a 
fourfold form, viz., these are 


(first curve). 


( . , 

— C3 + da. 

— da d" 62 > 

— 63 + C3 

Ca “ da, 

• 3 

da da , 

“Ca d- d2 

62 d* da, 

da **" da, 

• 3 

— da d- &2 

62 C^t 

Ca “ 0^2, 

da &2 3 

• 

( . , 

Ca d" da, 

— da d" ^^3 , 

1 

1 

1 

1 

• 3 

da d" da , 

O3 da 

— 62 d“ da. 

“* da “■ da. 

■ > 

do d* ^*3 

62 d” Ca , 

— Ca d" da, 

1 

1 

• 


(second curve). 


191. And again AB and GD meet in T, and denoting by a^y 63, Cj, d^ the 
distances from T of the four points respectively, so that 0363 = Cjds — rad. we have 

a ; b : c ; d = 63 (C3 — da) : — (i^ {c^ — c^) ' ~ ds (^ ^^s) • ^3 (Sh b^ j 
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and the equations - + ^ + — = 0, VZ4-Vm + VM = 0, then give for Vi, Vm, Vn two sets 

£l D C 

of values, viz., these are 

*Jl : ^/m : Vti = 63 — C 3 : i (h—hy 

and 

“ “h C3 ! Cq “ Cl‘^ 2 0^3 “ &3 J 

and we again obtain the equations of the two cubics, each equation under a fourfold 
form, viz., these are 


. . 

C3 + ds, 

I 

+ 

03 — 63 

— dg -f C3 , 

• J 

— a, + d,, 

. — Os 

— &3 + ds. 

— cls + 03, 

• > 

hs — Og 

hs O3 , 

C3 — 03 , 

Os - 6s, 

• 

( . . 

C3 ““ ds, 

<^ + 63. 

1 

1 

1 dg C$ , 

• J 

O3 ds, 

as + Cs 

( 

1 

ds "b Ctrg, 

• ) 

bs — 0-3 

i ^>3 *b C3 , 

^ C3 — 03, 

0^ — 63 , 

, 


192. The three systems have been obtained independently, but they may of 
course be derived each from any other of them: to show how this is, recollecting that 
we have 

HA, RB, RC, RD — Oi, bi, c^, di, 

SA, SB, SO, SD =02, ba, 

TA,TB,TG,TD=a^,h„ d,i 


then to compare 
the similar triangles 

and the similar triangles 


(^ 1 , h, Cl, di) and (a., h, Ca, da); 

SBC give 61 -Cl : -Cs : b^, 
SA.B = Oj — di I — dg : Og, 


RAG give ck-c^: Ci : Oi, 

RBD = 62 — dg : di : 61 ; 

using these equations to determine the ratios of Og, b^, c^, da we have 


that is 


Cto ■ ■■ 0Q Cj 

^ ^ ^ or diOg diC^ — C 1&2 “b ^idg ~ 0 ; 

f H + “■ ' 
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and hence 
that is 
but 


6a (- 5iCi + + Oidi — d^) + Ca (— hid. + Cid + aiCj — CicZi) = 0, 

6a (Oi° - di“) + Ca (OiC^ - hd) = 0, 

chOi-hid = ^^(ci‘-d% 


or the equation gives 62 + ^ Cg = 0, or say &i 

gives all the ratios, or we have 


— di, and this with 


^ — ^2 ssr — * 

CLi ~~ CZi dg ttg 


C &2 • 62 • ^2 • ^2 ^ 1 ) * ^ "* Cl). 

We have then for example 

&2 *“ ^2 * ^2 ^‘2 • ^2 "" ^2 ”” ^ ^ &i 5 &C., 

showing the identity of the forms in (oi, Ji, Ci, di) and (oa? ^> 2 , Cg, dg). 


Article No. 193. Transformation to a New Set of GoncycUo Foci. 

193. Consider the equation 

VZ2l+ Vw® + = 0, 

which refers to the foci A, B, G, and taking D the fourth concyclic focus, let (Ai, A) 
be the antipoints of (A, D) and (jBi, (7i) the antipoints of (5, G ) ; so that (Ai, 5i, Oi, A) 
are another set of concyclic foci. We have ®i.Si = ®.(£, and it appears, No. 104, 
that we can find ?i, mi, Wi, such that identically 

— +m® +7 i( 5 = — Zi2li + mi®i + 7ii®i 

and that miTii = mn. The equation of the curve gives 

— Wi+ m® + wS + 2 Vm7i®S = 0, 
we have therefore 

— ?i2li + mi®i + nfi + 2 V ml?^l®l®l = 0, 

that is, 

VZi2li + \/mi®i + VniSi = 0, 

viz., this is the equation of the curve expressed in terms of the concyclic foci 

Ai, 5i, Cl. 


Article No. 194. The Tetrazomal Curve, Decomposable or Indecomposable. 

194. I consider the tetrazomal curve 

^/i^ -i- - 0, 

where the zomals are circles described about any given points A, jB, (7, D as centres. 
0. VI. 70 
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There is not, in general, any identical equation a2i° + b35° 4- c® + d2) = 0, but 
•when such relation exists, and when we have also then the curve 

breaks up into two trizomals. When the conditions in question do not subsist, the 
curve is indecomposable. But there may exist between Z, rrij n, p relations in virtue 
of which a branch or branches ideally contain =0) the line infinity a certain number 
of times, and which thus cause a depression in the order of the curve. The several 
cases are as follows : 


Article No. 195. Gases of the Indecomposahle Curve. 

195, I. The general case ; Z, m, n, p not subjected to any condition. The curve 
is here of the order =8; it has a quadruple point at each of the points /, J (and 
there is consequently no other point at infinity); it is touched four times by each of 
the circles A, C?, D; and it has six nodes, viz., these are the intersections of the 
pairs of circles 

= 0 , + = 

Vzr +V^=0, = 

the number of dps. is 6 + 2 . 6, = 18, and there are no cusps, hence the class is = 20, 
and the deficiency is = 8. 

IL We may have _ 

VZ+ + Vjo = 0; 

there is in this case a single branch ideally containing (z===0) the line infinity; the 
order is =7. Each of the points /, J" is a triple point, there is consequently one other 

point at infinity; viz., this is a real point, or the curve has a real asymptote. There 

are 6 nodes as before; dps. are 6 + 2.3, =12; class = 18, deficiency =3. 

nr. We may have 

VT+Vm = 0, V% + Vp = 0; 

there are then two branches each ideally containing (z=^Q) the line infinity; the order 
is =6. Each of the points J, J is a double point, and there are therefore two more 

points at infinity. These may be real or imaginary ; viz., the curve may have 

-Resides the asymptotes at /, J) two real or imaginary asymptotes. The circles 
\/Z9r+ VmS = 0, \/^ 2 ® + Vp® = 0, each contain (^ = 0) the line infinity, or they reduce 
themselves to two lines, so that in place of two nodes we have a single node at the 
intersection of these lines ; number of nodes is = 5. Hence dps. are 5+2.1, =7. Class 
= 16, deficiency =3, 

IV, We may have 

Vr : Vm : ^fn : 's/p = a. : b : c : d: 
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there is here a single branch containing (^^=0) the line infinity twice; the order is 
= 6. Each of the points 7, «/ is a double point, and there are therefore two more 
points at infinity, that is (besides the asjmaptotes at 7, 7), there are two (real or 
imaginary) asymptotes. The number of nodes, as in the general case, is = 6. Hence 
dps. are 6 + 2.1, = 8 ; class is = 14 ; deficiency = 2. 

I notice the included particular case where the circles reduce themselves to their 
centres; viz., we have here the curve 

a V^+bV»+cVg + dV® = 0, 

which (see ante No. 93) is in fact the curve which is the locus of the foci of the 
conics which pass through the four points J., jB, (7, D. It is at present assumed that 
the four points are not a circle; this case will be considered post No. 199. If we 
have BG, AD meeting in JJ; CA, BD in S, and AB, CD in T, then these points 
72, S, T are three of the six nodes. In fact, writing down the equations of the two 
circles 

bVS'+cVe = 0, aVai + dv'S^O, 

and observing that when the current point is taken at 72, we have S3 : S=725^ : 720 
^{BADy : {GADy=^& : b^ and similarly 21 : ^=^RA^ : ~ED^^{ABGf i {DBGf = : a^ 

we see that each of the two circles passes through the point 72, or this point is a 
node. Similarly, the points 3 and T are each of them a node. 

V. If „ 

V2 = Vm = Vtz = Vp, 

there are here three branches, each ideally containing {z = ^) the line infinity; the 
order is thus == 5. Each of the points 7, J is an ordinary point on the curve ; there 
are besides at infinity three points, all real, or one real and two imaginary; that is 
(besides the asymptotes at 7, J) there are three asymptotes, all real, or one real and 
two imaginary. Each of the circles V^ + VS = 0, &c., contains the line infinity, and is 
thus reduced to a line ; the number of nodes is therefore = 3. Hence also, dps. = 3 ; 
class = 14 ; deficiency = 3. 


Article No. 196. Cases of the Indecomposable Curve, the Centres being in a Line. 

196. There .are some peculiaiities in the case where the centres A, B, C, D are 
on a line ; taking as usual (a, b, c, d) for the ^-coordinates or distances of the four 
centres from a fixed point on the line, I enumerate the cases as follows: 

I. No relation between Z, m, n, p\ corresponds to I. supra. 

II. VZ + Vm + + Vp = 0 ; corresponds to II. supra. 

III. Vr+ Vm = 0, V9^ + V^) = 0 ; • corresponds to III. supra. 


70—2 
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IV. vT 4- Vm + V?2 ,h- a VT+Sv'm + cVw + d V^ = 0; corresponds to IV. supra, 

viz., there is a branch ideally containing (s^ = 0) the line infinity twice. But, observe 
that whereas in IV. supra, in order that this might be so, it was necessary to impose 
■on Z, 7 fi, n, p three conditions giving the definite systems of values ^/l : Vm : : Vp 

= a : b : c : d, in the present case only two conditions are imposed, so that a single 
arbitrary parameter is left. 

V. VZ = Vm = V'7i = v5; corresponds to V. supra. 

VI. VZ + Vm = 0, + Vp = 0, a VZ + 6 Vm + c + cZ = 0, or what is the 

same thing, VZ : Vw i 'Jn \ '^p ^ d : d — c : h — a : a — & ; the equation is thus 
(c - d)(VC° - V^) - (a - 6) (VSP - V^°) = 0. There is here one branch ideally containing 
(z^ = 0) the line infinity twice, and another branch ideally containing (^ = 0) the line 
infinity once; order is =5. Each of the points I, J is an ordinary point on the 
curve, the remaining points at infinity are a node (21° = S3°, (5° == 2)°), as presently 
mentioned, counting as three points, viz., one branch has for its tangent the line 

infinity, and the other branch has for its tangent a line perpendicular to the axis; 
or what is the same thing, there is a hyperbolic branch having an asymptote perpen- 
dicular to the axis, and a parabolic branch ultimately perpendicular to the axis. The 
number of nodes is = 5, viz., there is the node 21° = 35°, (S° = 3)° just referred to ; and 

the two pairs of nodes ((c — d) — (a — 6) V(5® = 0, —(c — d)yS5° 4-(a — 6) ^2)° = 0) and 

(<5 — d) V2l° + (a — J) V2)° = 0, (o — d) VS3° + ( 0 ^ — 6) O), each pair symmetrically situate 

in regard to the axis. Hence also dps. = 5; class =10; deficiency = 1. 

And there is apparently a seventh case, which, however, I exclude from the present 
investigation, viz., this would be if we had 


1 . 

1 , 

1 , 

1 , )(VT, Vm, Vn, Vp) = 0, 

a , 

h , 

c , 

d , 


a? , 


, 

d\ 


a''\ 

6'^ 

C'\ 

d"% 



that is, a, b, c, d denoting as before, if we had 

VZ : : a/w : Vp— a : b : c : d, and + + -hdd"^ = 0. 

For observe that in this case we have 

ar+bSB'’ + cr + d2)“ = 0, and - + ^ + -+§ = 0; 

abed ' 

that is, the supposition in question belongs to the decomposable case. 


Article No. 197. The Decomposable Curve. 

197. We have next to consider the decomposable case, viz., when we have 

ar + b23°-f-cS° + d5)" = 0; 
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see aTiie, Nos. 87 et seq . — it there appears that (unless the centres A, B, G, D are in 
a line) the condition signifies that the four circles have a .common orthotomic circle ; 
and when we have also 

abed 

The formulae for ■ the decomposition are given ante, Nos. 42 et seq. Writing therein 
21°, 33°, S°, in place of U, V, TT, T respectively, it thereby appears that the tetra- 
zomal curve VZ2l° + Vm33° + =0, breaks up into the two trizomal curves 


where 


VZi2l° + Vmi35° + AS° = 0, ^^^21° + Vm.33° + = 0, 






Vmi = Vm - Y ^ == + Y j b 

Vwi = Vw + ^ c Vm, Vkj = Vw - ^ c Vm, 


and where we have 


a b c a b c 


Article Nos. 198 to 203. Gases of the Decomposable Curve, Centres not in a line. 


198. I assume, in the first instance, that the centres of the circles are not in a 
line; we have the following cases: 

I. No further relation between I, m, n, p\ the order of the tetrazomal is =8; 
the order of each of the trizomals is =4, that is each of them is a bicircular quartic. 

IL Vr+Vm + VW+ V^=rO,' the order of the tetrazomal is =7, that of one of 
the trizomals must be =3. 


To verify this, observe that we have 

! a ~~ 

V^ + \/7rh + Vnl = vr+ Vm + V« + y ^ (c Vm - b \/w). 


or substituting for Vi+Vm + Vw the value — Vp, this is 

= ^_ { a _ d Vf + y/g (c - b )| , 


and similarly for VZ3 + V'm2 + the only change being in the sign of the radical 
But from the two conditions satisfied by I, m, n, p it is easy to deduce 




I— _ /— 


ad 


/_ ./ a /„\2 
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and hence one or other of the two functions 

v7[+ Vw-i + VZo+A/ma-h VtZa IS =0; 
that is, one of the trizomal curves is a cubic. 


III. VT+v5 = 0, Vm+Vn=0; order of the tetrazomal is =6; and hence order 
of each of the trizomals is =3. To verify this, observe that here 




1 / ad 

which since a + b + c + d = 0, gives — = ^; so that, properly fixing the sign of the 


~Vm = 0. We have then 
be 


radical, we may write 

= V^ + V?ii = /y/^^(b + c) Vm; 


/ad 

which last equation, using ^ to denote as above, but properly selecting the signi- 
fication of ±, may be written 


+ V^i = ± /y^ 


Hence 


+ (Vwi -f V^i) = - 

a 


(a + d) Vi + (b + c) Vm| 

tK+VIH =“• 


V^i + (V7ni+ V!? 2 i) with a properly selected signification of the sign + is =0; and 
similarly + + with a properly selected signification of the sign + is =0; 

that is, each of the trizomals is a cubic. 

199. IV. V^:Vm:V7^:^^ = a;b:c:d Rvalues which, be it observed, satisfy 

of themselves the above assumed equation + ^ + g = the order of the tetra- 

zomal is =6; and the order of each of the trizomals is here again =3. We in fact 
have V4 = a + d, V?7ii + V? 2 i = b + c, and therefore VZi + V77Zi + Vwjl = 0; and similarly 
V 44 * V^-h that is, each of the trizomals is a cubic. 


I attend, in particular, to the case where the four circles reduce themselves to- 
the points J., j5, (7, H; these four points are then in a circle; and the curve under 
consideration is 


a VSt+b VS + c V@+ d = 0; 
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in the general case where the points B, (7, D are not on a circle, this is, as has 
been seen, a sextic curve, the locus of the foci of the conics which pass through 
the four given points; in the case where the points are in a circle then the sextic 
breaks up into two cubics (viz., observing that the curve under consideration is 
+ ''/m33 + Vti® 4- = 0, where ^/l : Vm : Vn : Vp = a : b : c : d, these values do 

Z ‘ 772 / 7 Z 7 ? 

of themselves satisfy the condition of decomposability - 4-^-1 1 - 3 == 0), that is, the 

locus of the foci of the conics which pass through four points on a circle is composed 
of two circular cubics, each of them having the four points for a set of concyclic 

foci. It is easy to see why the sextic, thus defined as a locus of foci, must break 

up into two cubics; in fact, as we have seen, the conics which pass through the four 

concyclic points A, B, G, D have their axes in two fixed directions; there is con- 
sequently a locus of the foci situate on the axes which are in one of the fixed 
directions, and a separate locus of the foci situate on the axes which lie in the other 
of the fixed directions; viz., each of these loci is a circular cubic. 

200. Adopting the notation of No. 188, or writing 

RA=cui^ RB = bi, RC=Ci, RD = di, 

^and therefore 6iCi==aidi) we have 

a : b : c : d = — cZi (6i — Ci) : Cj (oi — di) : — 6i (oi — c^i) : Oi (6i — Ci). 

Moreover 

= a + d 

/bed 
a 


Vwi = b + /y/ 
= c — ^ 


bed 

a 


^/i /2 — a d” d, 


and we have 


bed 


and thence 


= = (®i - «ii) suppose; 

= (ui - £?i) (&i - Cl), VX =(ai-di)( 6i-Ci) 

Vmi = (c&i — c?i) (Ci — Oi), Vmg = (Oi — di) ( Ci + Oi) 

^fnl = (oi — c^i) (oi — &i), V712 = (Oi ~ c^i) (-' Oi — 61), 


that is 


VZi : Vmj : = — : Ci — Oi : Oi — &i, 

VZa : Vmg : '/7i3 = &i--Ci : Ci + c&i : — c»i — 

agreeing with the formulae No. 188. 

The tetrazomal curve 

- t?i (61 - Cl) va + Cl (ui - di) Vs - 61 (oi - di) V® + oi (&i - Cl) Vs = 0 
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is thus decomposed into the two trizomals 

(&i — Cl) V2I + (ci 4- Oi) Vs — (oi + &i) Vs = 0. 

201. Observe that the tetrazomal equation is a consequence of either of the 
trizomal equations : taking for instance the first trizomal equation, this gives the 
tetrazomal equation, and consequently any combination of the trizomal equation and 
the tetrazomal equation is satisfied if only the trizomal equation is satisfied. Multiply 
the trizomal equation by — Oi + cZi and add it to the tetrazomal equation ; the resulting 
equation contains the factor Oi, and omitting this, it is 

(61 - Cl) (- VI + V®) + (Oi - di) ( vs - VS) = 0, 

where observe that 61 — Ci is the distance BG, and (h^di the distance AD. But in 
like manner multipl3dng the second trizomal equation by — Oi + cii, and adding it to 
the original tetrazomal equation, the resulting equation, omitting the factor Oj, is 

(6i~Ci)(-Vsr-i-V®)-(ai-cii)(VS~Vg) = 0; 

viz., it is in fact the same tetrazomal equation as was obtained by means of the first 
trizomal equation. 

The new tetrazomal equation, say 

(&i - Cl) (- VsTh- V®) + (Oi - (V» - VS) = 0, 

is thus equivalent to the original tetrazomal equation; observe that it is an equation 
of the form VZ2I + Vm93 + VtiS + V^5) = 0, where 

VZ = — (61 — Cl), Vm = ai — di, Vn = (ai — di), Vp = &i-Ci, 

and where consequently VZ^+Vp = 0, Vm^-V?^=0, that is an equation of the form 
(198) III., decomposable, as it should be, into the equations of two circular cubics. 
Writing 

-V^+V® Vs -Vs ^ 

Oi-di 61-Ci ’ 

where 5 is an arbitrary parameter, the curve is obtained as the locus of the inter- 
sections of two similar conics having respectively the foci {A, D) and the foci (5, G) 
(see Salmon, Higher Plane Curves, p. 174): whence we have the theorem, that if 
A, B, G, D are any four points on a circle, the two circular cubics which are the 
locus of the foci of the conics which pass through the four points A, B, G, D, are 
also the locus of the intersections of the similar conics, which have for their foci 
(Ay D) and (B, G) respectively; and of the similar conics with the foci (B, D) and 
(G, A) respectively; and of the similar conics with the foci (G, D) and (A, B) respectively, 

202. V. VT=Vm = Vn = Vp. The order of the tetrazomal is =5, whence those 
of the trizomals should be =3 and =2 respectively. To verify this observe that the 
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equation ^ J ■*" gives ^ + + ^ = and combining with a + b + o + d = 0, 

these are only satisfied by one of the systems (a + b = 0, c + d = 0), (a + c = 0, b + d = 0), 
(a + d = 0, b + c = 0). Selecting to fix the ideas the firat of these, or writing 


so that we have identically 


(a, b, c, d) = (a, -a, c, -c), 
a(.4°-5“) + c(O°-D“) = 0. 


an equation which signifies that the radical axis of the circles A, B is also the 

radical axis of the circles G, 2); then, writing as we may do, 
we have 









V’?72i = l+-, Vm2 = l--, 

c c 

V^ = l + 1,=2, V^=l-1, =0. 

Here V^i + Vthi — Vrai = 0, which gives one of the trizomals a cubic, viz,, this is the 
trizomal 

(i - Vr + (l + VF + 2 ’JW = 0. 

The other trizomal reduces itself to the bizomal V2l° + V33°=:0, which regarded as a 
trizomal, or written under the form (V2l° 4* V33®)2 = 0, is the line — S3° = 0 twice, viz., 
this is the radical axis of the circles twice ; and the order is thus = 2. By 

what precedes, the line in question is in fact the common radical axis of the circles 
A, B and of the circles 0, D. 


Ai'ticle Nos. 203 to 205. Cases of the Decomposable Curves the Centres in a Line, 

203. We have yet to consider the decomposable case when the centres A, B, G, D 
are on a line ; the equation a2l° b33® + c@° + d3)° = 0 here subsists universally, what- 
ever be the radii a", 6'', c", df'. We establish as before the relation - +^-h-+^==0. 

a D c CL 

The cases are as follows: 

I. No further relation between I, m, n, p) order of tetrazomal =8, of trizomals 
4 and 4. 

II. VZ-t- Vm + ^/ 7 ^ + V^ = 0; order of tetrazomal =7; of trizomals —4 and 3; same 
as II. svpra, 

III. VZ -i- s/p =0, Vm -f sfn = 0 ; order of tetrazomal == 6 ; of trizomals 3 and 3 ; 
same as III. svpra. 

C. VI. 
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204. lY. VT+ Vm + + vj = 0, a + b Vm + cV?i + dVp = 0; order of tetrazomal 

= 6 ; this is a remarkable case, the orders of the trizomals are either 3, 3 or else 4, 2. 

To explain how this is, it is to be noticed that in the absence of any special 

relation between the radii, the above conditions combined with ^ + ^ + 

VZ : Vm : Vw : ^^ = a : b : c : d(^); when I, m, n, p have these values, the case is 
the same as IV. supra, and the orders of the trizomals are 3, 3. But if the radii 
of the circles satisfy the condition 


1 , 

1 , 

1 . 

1 

a , 

6 , 

e , 

d 

, 

6 “ . 

c® , 

6? 

a!\ 

h"\ 

d'\ 

d"^ 


then the two conditions satisfy of themselves the remaining condition ^ + ^ + = 

and the ratios VZ" : Vm : 's/n : instead of being determinate as above, depend on an 

arbitrary parameter. 

We have 

and between I, ni, n, p only the relations 

vT+ Vn + Vp “ 0, a Vz+ 6 Vm + c Vw+ cZ Vp = 0. 

We find first 

V7^ + V97^I + VtIi = VZ + Vm+V?i 


1 Writing ar^, z\ in place of VI, Vin, Vti, Vp, we have to find x, y, z, w from the conditions 

X + y+ z + 10=0, 
ax + hy-i-cz -hdw=0, 

a b c d “ ’ 


where the constajits are connected by the relation 

QA + fth + CO + dd = 0. 

It readily appears that the line represented by the first two equations touches the quadric surface in the point 
X :y :zi w=a : b : c : d, so that these are in general the only values of s/T : VjjT : s/n: In the case next 

referred to in the text the line lies in the surface, and the values are not determined. 
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and then 


whence 


and we have thus 


and similarly 


(d — a) VT = (& — d) Vm -h (c — d) 

(d — a) Vp == (a — b) Vm + (a — c) ^n, 

^ ^ _ 

d'^l — a^p = ^ (b Vn — c 

5+ ^ - yg) (b v; _ o VS) : 

5 + V^ + Vi- (b VJ - 0 VS) ; 


(observe that in the case not under consideration b Vwi — c V???. = 0, and therefore 
VZjH- \/mi + V?2i = 0, VZaH- Vm2 4- Vw2 = 0). 

In the present case we have 

a : b ; c : d = (6— c)(c-d)(d-6) : - (c - d) (d — a) (a-c) : (d-a)(a-&)(&— d) : -(a-6)(&— (?)(c— a). 


and thence 


ad _ (6 — c)® 
be “ (d — a)® ’ 


so that only one of the two sums Vmi + is =0, viz,, assuming 

/g ^ - 0 

_ V be d-a' 

we have + = 

We have then also 

a '>/Ti + b^'nii‘^ 0^^711 = a ^fT+b'^m^^c^/n 


= — ^|g(rfdv'i — oaVp) — /y/ ‘^(6bVw — ccA/m)!; 


but we find 


and thence 

aVS + 6Vmi + cVni = (^3^ ~ \/^) ~ cc ^/m), = 0, 

in virtue of = Hence : V»^, =6-c : c-a : a-b, or the corre- 

V be a-- a 

spondinfif trizomal is a conic, but the other trizomal is a (juartie. 

71—2 


__ j ^ 

dd V? — aa Vjj = - (6b V^i— cc V m), 
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205. V. \/Z = Vm— Vw = yp; order of tetrazomal is = 5; orders of trizomals =3, 2; 
same as V. supra. 

VI. VZ + Vp = 0, Vm + Vw = 0, a VZ + t Vm + c Vw-i-cZ v5==0; order of tetrazomal 
= 5 ; orders of trizomals are 3, 2. 

We have here 

= Vm + /sj c v'm, 

or writing the values of Vmi, in the form 

Vt^ == - Vm 4* >y/^ 3 

then observing that as before Z = ^m, if to fix the ideas we assume = y the 

equations are 

similarly 


= the 


V^r= Vm+gVZ, 


Vma = Vm — g VZ, 


V??^ = — Vm + j VZ, 


=Vm — gVZ, 


whence 


We have moreover 


and thence 


VZi4-Vmi + V^ = 0, VZg— V??22 — V^ = 0. 

a 

5 Vm^ + c V7^ = (6 — c) Vm + ^^^^Vz^ 
aV5 + 6Vmi4-cV7ii = (cD — d)VZ + (6 — c) Vm = 0, 


vX : V?^ : Vw^ = 6 — c : c — a : a — 5; 


the corresponding tiizomal is thus a conic, and it has been seen that the other 
trizomal is a cubic. 
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VII. If we have 


1 , 1 , 1 , 1 
a , h y c , d 
a? 

V\ c"^ 61 ’^ 


= 0, and ( 1 , 1 , 1 , 1 ) ( VZ, Vm, ^ln, Vp) = 0, 

a , h j c yd 
yh^ , , d^ 

d\ d"^ 


the tetrazomal has a branch ideally containing — 0) the line infinity 3 times ; order 
is == 5 ; orders of the trizomals are 3, 2. We have here 


and thence 


VZ : Vm : : v5 = a : b : c : d, 

VZi=a+d , VZ^—a+d 


which give 
Moreover 


and similarly 
whence in virtue of 


V7ns = b + y'^^. 

V^H- Vmi + V?ii = 0, V 4 + Vma + = 0. 

aV^4-&Vmi+cVwi= a(a + d) + 6b + cc 

- (a-d)d-(6-c)^^ 

= d{(a-d)-(6-c)<y/^}. 

a + h + 0 v^«2 = d |(a — d) + (& — c) /y/^1 ? 


be ~ (d - a)2 ’ 

one of the two expressions is = 0 ; and the trizomals are thus a conic and a cubic. 


Article No. 206. The Decomposable Garve; Transformation to a different set of 

Goncyclic Foci. 

206. Consider the decomposable case of 

VZSI 4- V m93 4- V n% + VpiD = 0 ; 

viz., the points Ay By Gy D lie here in a circle, and we have + 

Taking (Ai, A) the antipoints of (A, D); {B^, Gi) the antipoints of (By G); then 



ON POLYZOMAL OUKVES. 


566 


[414 


2li2)j = 2l2), S3i®i = 33S (No. 65) and referring to the formulae, ante. Nos. 100 et seq., 
it appears that vre can find mi, %, pi such that identically 

— M +m58 — ^‘D = — i,2ti + + »Zi(5i — 

and moreover that Ip = liPi, mn = m^n^. 

The equation of the curve gives 

-m +ml8 +n^ -_p2) - 2 VZpSlS) =0, 

which may consequently be written 

- ZiSli + mJ8i + 72iEi - - 2 V + 2 V = 0 ; 

viz., this is 

+ V WiSi + Vpi2)i == 0 ; 

that is, the two trizomals expressed by the original tetrazomal equation involving the 
set of concycKe foci (A, B, 0, D) are thus expressed by a new tetrazomal equation 
involving the different set of concyclic foci (-di, 5i, f/j, A); and we might of course 
in like manner express the equation in terms of the other two sets of concyclic foci 
(ila, A; A) Slid {A^y -Bg, (/g, Dg) respectively. It might have been anticipated that 
such a transformation existed, for we could as regards each of the component trizomals 
separately pass from the original set to a different set of concyclic foci, and the two 
tiizomal equations thus obtained would, it might be presumed, be capable of composition 
into a single tetrazomal equation ; but the direct transformation of the tetrazomal 
equation is not on this account less interesting. 


Ai^nex I. On the Theory of the Jacobian, 

Consider any three curves U=0, F= 0, IF = 0, of the same order r, then writing 

J(JJ y W) _ dxUy djy } dfW I, 

~ d{x,y, z) 

dJJ, d,Y, d,W 

we have the Jacobian curve J{TJy F, TF)=:0, of the order 8?' — 3. 

A fundamental property is that if the curves Z7=0, F=0, TF=0 have any 
common point, this is a point on the Jacobian, and not only so, but it is a node, or 
double point, that is, for the point in question we have J ^0, and we have also 
dgfll 0, dyJ ^ 0, d^J = 0. 

It follows that for the three curves l@ + i<I> = 0, m@ + = 0, n® + A’<E> = 0 

(0 = 0 of the order ^ = 0 of the order Z = 0, 7?2 = 0, w = 0 each of the 

order s\ i = 0, Jlf = 0, i\r = 0 each of the order s) which have in common the 
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(r — s') (r — s) points of intersection of tbe curves © = 0, <I> = 0, each of these points is 
a node on the Jacobian, and hence that the Jacobian must be of the form 

J {l& + m® + n® -f == = 0, 

where obviously the degrees of A, B, C must be r + 2s—S, r-j-s+s'-S, r-f25~3 
respectively. In the particular case where 5' = 0, that is where I, m, n are constants, 
we have J. = 0 ; the Jacobian curve then contains as a factor (<J> = 0), and throwing 
this out, the curve is B® -1- = 0, viz., this is a curve of the order 2r + 5 — 3 

passing through each of r(r — s) points of intersection of the curves © = 0, <I> = 0. 

In particular, if r = 2, s = 1, that is, if the curves are the conics © + = 0, 

© + = 0, © + = 0, passing through the two points of intersection of the conic 

© = 0 by the line <& = 0, then the Jacobian is a conic passing through these same 

two points, viz., its equation is of the form © -f H<I> = 0. This intersects any one of 

the given conics, say © + i<J> = 0 in the points © = 0, <!> = 0, and in two other points 

@ + f2<I> = 0, n — Z = 0 ; at each of the last-mentioned points, the tangents to the two 

curves, and the lines drawn to the two points © = 0, <I> = 0, form a harmonic pencil. 

Although this is, in fact, the known theorem that the Jacobian of three circles 
is their orthotomic circle, yet it is, I think, worth while to give a demonstration of 
the theorem as above stated in reference to the conics through two given points. 

Taking (^ = 0, = 0), y = 0) for the two given points © = 0, = 0, the 

general equation of a conic through the two points is a quadric equation containing 
terais in 0^, zx^ zy^ xy\ takixag any two such conics 

+ 25^^^? + 2hxy = 0, 

Cz^ 2Fyz -f- 2Gzx + 2Hxy = 0, 

these intersect in the two points {x = 0, 2^ = 0), (y = 0, ir = 0) and in two other points; 
let {x, y, z) be the coordinates of either of the last-mentioned points, and take (X, F, Z) 
as current coordinates, the equations of the lines to the fixed points and of the two 
tangents are 

Xz-Zx — 0, Yz -Zy =0, 

Qiy + gz ) {Xz - Zx) -1- {h^ -^fz ){Yz- Zy) — 0, 

{Ey + Gz){Xz-Zx)^(Hx + Fz)(Yz-Zy) = {), 


whence the condition for the harmonic relation is 


(hy -f gz) {Ex + Fz) f Qix + fz) (Ey -f- Gz) — 0, 

that is 

{fG -h gF) z^ + QiF + fE) yz + {gE +hG)zx + 2hExy = 0, 
but from the equations of the two conics multiplying by ^ZT, and adding, we have 
\ (cH + hC) z^ + (hF +fE) yz + {gE ^hQ)zx^ 2hExy = 0 ; 
viz., the condition is thus reduced to 

cE+hG^2{fG+gF)^0, 
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SO that this condition being satisfied for one of the points in question, it will be 
satisfied for the other of them. Now for the three conics 

cz'^ + 2 / yz^-^g zx ^-^liayy — 0 , 

+ 2/' yz + ^g^zx + 2Kxy = 0, 
cV + ^f*^yz + ^g''zx + 2h"xy = 0, 

forming the Jacobian, and throwing out the factor z, we may write the equation in 
the form 

Gs^ 4- "^Fyz + 2Gzx 4- 2Hxy = 0, 

where the values are 

O^g {fd' -/V) + ^ iro -fc" ) + g" {fd --fc), 

H^g Qi'r - hf'f) + g' (hj - hf) 4- g'' {hf - h^f), 

2F=h ifd' -fd) + A' {fo -fd^ ) + h" (fd -fo ), 

2G=h (dg" - d'g') 4- h' (d'g - eg" ) 4- A" (of -dg); 

and we thence obtain 

cE + hG = - (ff -fg) (d'h - ch") 4- (fg -ff') (chf - dh) 

= 2(fG^gn 

viz., the condition is satisfied in regard to the Jacobian and the first of the three 
conics; and it is therefore also satisfied in regard to the Jacobian and the other two 
conics respectively. 

I do not know any general theorem in regard to the Jacobian which gives the 
foregoing theorem of the orthotomic c7rc^e. It may be remarked that the use in the 
Memoir of the theorem of the orthotomic circle is not so great as would at first 
sight appear: it fixes the ideas to speak of the orthotomic circle of three given circles 
rather than of their Jacobian, but we are concerned with the orthotomic circle less as 
the circle which cuts at right angles the given circles than as a circle standing in 
a known relation to the given circles. 


Aotex II, On Casey’s Theorem for the Circle which touches three given ^ Circles. 

The following two problems are identical : 

1. To find a circle touching three given circles. 

2. To find a cone-sphere (sphere the radius of which is =0) passing through 
three given points in space. 

In fact, in the first problem if we use z to denote a given constant (which may 
be =0), then taking a, and i(z — af') for the coordinates of the centre and for the 
radius of one of the given circles; and similarly 6, h\ i(z—V'); c, c\ i(z-c") for the 
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other two given circles; and 8, 8\ for the required circle; the equations of 

the given circles will be 

(os — ay + (y — a'y + (z — a"y = 0, 

(ix! - by + (y - b'f + (z - b"y =^0, 

(oG-cy + (y-c'y + (z- o” y = o, 

and that of the required circle will be 

(x - 8y + (y - 8J + - 8'y - 0. 

In order that this may touch the given circles, the distances of its centre from the 
centres of the given circles must be i (8” — ^ *” <^'0 respectively ; the 

conditions of contact then are 

(S - ay + (8' - a'y + (8" - a"y = 0 , 

(s ~ 6)2 + (S' ^b'y + (8" - b"y = 0 , 

(8--cy + (8' ^c'y+ (8" - c" y = o, 

or we have from these equations to determine 8, S'j 8". But taking (a, a', a"), 
( 6 , 6 ', b"), (c, o', c") for the coordinates of three given points in space, and (8, 8', 8") 
for the coordinates of the centre of the cone-sphere bhrough these points, we have the 
very same equations for the determination of (8, 8\ 8"), and the identity of the two 
problems thus appears. 

I will presently give the direct analytical solution of this system of equations. 
But to obtain a solution in the form required, I remark that the equation of the 
cone-sphere in question is nothing else than the relation that exists between the 
coordinates of any four points on a cone-sphere; to find this, consider any five points in 
space, 1, 2, 3, 4, 5 ; and let 12, &c. denote the distances between the points 1 and 2, &c. 
then we have between the distances of the five points the relation 


0 , 

1 , 

1 , 

1 , 

1 , 

1 

1 . 

0 , 

2 

12 , 

13', 

2 

14, 

15 

1 , 


0 , 



25 

1 , 

sT; 

^2 

32, 

0 , 

34, 

35 

1 , 

2 

41, 

2 

42, 

'—'2 

43, 

0 . 

45 

1 , 

5?, 

52, 

2 

53, 

2 

54, 

0 


whence taking 5 to be the centre of the cone-sphere through the points 1, 2, 3, 4^ 
we have 15 = 25 = 35 = 45 = 0 ; and the equation becomes 


0 , 

12 *. 

2 

13, 

^2 

14 1 = 0, 

1 

2 

21 , 

0 , 

2 

23, 

— i 

24 j 

2 

31, 

2 

32, 

0 , 

8 1 

34 

2 

41, 

'* 2 

42, 

4 

43, 

0 ' 
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whicli is the relation between the distances of any four points on a cone-sphere ; this 
equation may he written under the irrational form 

^.i4-)-3T. ^-1-12. 34 = 0. 

Taking {a, a', a"), (b, V, h"), (o, o', o"), (x, y, z) for the coordinates of the four points 
respectively, we have 

23 = V(6 - c)= + Q)’ - c'f + (b" - d')\ 14 = •/(« - a)= + (y - a')" + al'f, 

31 = V(c - af + {o' - aj + (c" - a'J, 24 = V'(® - hf -1- (y - h'f + {z- b"f, 
l2 = V(a - 6 )* -H {of -h'f + {a" - b"f, 34 = - of + (^-o'f + {z- c" 

or the symbols having these significations, we have 

U. 24+12.34=0 

for the equation of the cone-sphere through the three points ; or rather (since the 
rational equation is of the order 4 in the coordinates (ic, y, this is the equation 
of the pair of cone-spheres through the three given points ; and similarly it is in 
the first problem the equation of a pair of circles each touching the three given circles 
respectively. 

In the first problem the radii of the given circles were i (z — a!% i {z — 6"), i (^ — c") 
respectively; denoting these radii by a, /S, 7, or taking the equations of the given 
circles to be 

(x - cCf + (3^ — oTf — a? =0, 

(^c-c)^ + (y~c')^-.7^^=0, 

the symbols then are 

^ = V(6 -o)"+(6'-c')=-(/ 3-7)". 14 = V(aj - a)= + {y- a'y - a.\ 
n = ^(o-ay‘ + (o' -a')^-(y-a )% ^ = 

12 = V(a — by‘ + (a' — b'y — (a—j8y, 34 = V(x — cy + (y - c')® — 7®, 
and the equation of the pair of circles is as before 

^.14 + ^. ^ + 12. 34 = 0; 

where it is to be noticed that 23, 31, 12 are the tangential distances of the circles 
2 and 3, 3 and 1, 1 and 2 respectively; viz., if a, /9, 7 are the radii taken positively, 
then these are the direct tangential distances. By taking the radii positively or 
negatively at pleasure, we obtain in all four equations — the tangential distances being 
all direct as above, or else any one is direct, and the other two are inverse; we have 
thus the four pairs of tangent circles. 

The cone-spheres which pass through a given circle are the two spheres which 
have their centres in the two antipoints of the given circle ; and it is easy to see 
that the foregoing investigation gives the following (imaginary) construction of the 
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tangent circles; viz., given any three circles A, B, G in the same plane, to draw the 
tangent circles. Taking the antipoints of the three circles, then selecting any three 
antipoints (one for each circle) so as to form a triad, we have in all four complementary 
pairs of triads. Through a triad, and through the complementary triad draw two 
circles, these are situate symmetrically on opposite sides of the plane ; and combining 
each antipoint of the first circle with the symmetrically situated antipoint of the second 
circle, we have two pairs of points, the points of each pair being symmetrically situate 
in regard to the plane, and having therefore an anticircle in this plane; .these two 
anticircles are a pair of tangent circles; and the four pairs of complementary triads 
give in this manner the four pairs of tangent circles. 

I return to the equations 

im-Sf +(jj -sy + (z -s'y=o, 

(a-Bf +{a' -Sy + ia' -S'y==0, 

(b - s)^ -t- {b' - sy + ib" - s'y = 0, 

(c - ST + (c' - sy + (o" - S'y = 0 ; 

by eliminating (jS, S', S") from these equations we shall obtain the equation of 
the pair of cone-spheres through the points (a, a', a"), (b, b', b"), (c, o', c"). Write 
x — S, y — S', z~S" = X, T, Z, then we have X^+Y^ + Z‘ = 0, and, putting for shortness 

^={a-xy> +{a'-yT +{a"-zy 
?B = Q) -«f + {V - yT + (b" - zf, 

={c —xf +(p' —yT + (c" — zT, 

then, by means of the equation just obtained, the other three equations become 

^+%[{a-x)X + (a'-y)Y+ {a" -z)Z]=0, 

^-{-2\(b-x)X + ib'-y) Y+(b"-z)Z\ = 0, 

(g+2{{c-x)X + (c' -y)Y+{o"-z)Z\ = 0. 

These last equations give 

X Y z= m +im'& -1 -v e 

: \'2l +/i'S8 -1-v'® 

where 

X = h'c" - b"c' H- (c' -b')z- {c" - b" ) y, 
y. = o'o!' - c"a' + {a' -o') z - (a" - c" ) y, 

V = a'b" - a"b' +(b' - a') z- {b" - a") y, 

X'=b"o -bo" +(c"-b")x~{c -b )z, 
yf = c"a, — ca" + (a" — o")x — {a—c )z, 
v' = a'b - ah" +<6" -a")x-(b -a ) z, 

X"=bc' —b'o 4-(c —b )y-{(f —V )x, 
yl'=ca' —c'a +(a —c )y — {a' —o' )x, 
v" = ab' —a'b+(b —a)y — (b'—a')x; 
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Aud the result of the elimination then is 

(a 21 + /iS + kS )® + (X'9l + M 95 + v'Sy + (A"2l + m"95 + v'%y = 0. 

But substituting for 21, 35, S their values, and writing, for shortness, 

-i = b'c" - h"o' + da" - d'a' + a'6" - a"b, 

-j =b"c -bd' + d'a -oa" +a"b -a b", 

— k=hd —b'c +c a' — da +a b' — a' b, 

A = o (b'd' - b"c) + a! (b"c - bd') + a" {bd - b'c), 

-p = (b'd' - b"d) (a? + a'* + a"^) + (da" - d'af) (6' + b'^ + b"^) + (a'h" - a"b') (d + c'® + d'% 

— 2 = (b"e - bd ' ) (a® + + a"^) + (d'a - ca" ) + b'^ + b"^) + (a"& - ah" ) (d + o'" + d'% 

— r= (6c' - b'c ) (a= + ~ ^ + c'® + c Oj 

=(c -b )(a= + a'» + a"*) + ( a -c ) (6“ + 6'= + 6"0 + ( 6 -a )(d + d^ + d'% 

-m^(d -b' )(a? + a'^ + a''^) + (a' -d )(b^ + b'^->rb"^) + (b' -a' )(<? + d^ + d'% 

-n=(d' -b" ) (a? + a'" + a"^) + { a"- d' ) Q? + 6'" + b"^) + ( 6" - a" ) (c" + c'= + c"=), 
we find 

XSl + /a 55 + vS 

= — i (iZI® + 2/^ + 

+ (ai® -i- 2/2 + 2?®) - 2 a? (ta? + j2^ + - 2 + ?i 2 / 

with similar expressions for V2[ + /x'S + X"2l + and the result is 

{i (ic® + 2 /" + z^) - 2ic (ix +jy + Ai?) - 2 Aa? ny - mz-pf 

{j(a^ + f + z^)-2y(ia!+jy + kz)- nx -2Ay-{- Iz -g}® 

+ + + + •-2A2r-r}® = 0, 

viz., this is 

(as® 4- 2 /® + -3®)® {i^ +/ 4- A®) 

4- (a?® 4- 2 /^ 4- 2 ;®) {4<A (ia? 4- J2/ ^ {i{riy — mz) (Z;Sf — ' 2 ^a?) 4- A? — ^j)) 

4- 4A® — 2 (ip 4-^2 4- A;r) 4- (l^ 4- m® 4* 

— (Za?4-^?^2^4-?i^)^4-4 {ix+jy-\’hz) (jpx 4- qy + rz) 

4- 4A (_pa?4~ qy + rz) — 2 {p (ny — mz) + q(lz — rix) 4- r (mx — ^ 2 ^)) 

4-i?"4-2" + ^=0, 

viz., this is in the rational form the equation of the pair of cone-spheres. The 

function on the left-hand side must, it is clear, be save to a numerical factor the 

norm of 

V(6 - oy 4- (6' (b" - o'y . V(a? - a)® 4- (y - aj + {z - a'J 

+ V(c - a)® 4- (c - ^7 4- ( 0 " - a")® . V(^ - 6 )^- + (y - 5')" + - 6" ? 

4- V(a - 6 )® + (a' - 6' )" + - 6" . V(^-c)® + (y-c')® + (- 2 -c")®, 
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the numerical factor of the expression in question is in fact = — 4, that is, the 
norm is 

= - 4 (iz^ + 2/2 4- 4- *2) 4- &c. ; 

so that attending only to the highest powers in (a?, y, z) we ought to have 

Norm {^(h^oy+(b'-c'y+(b''-c'y+V(c-ay+(o'-ay+(c''-ay+V(a-by+(a'-by+(a''-b'y} 
= - 4 

It is easy to see that the norm is in fact composed of the terms 

2 (V - o'y { (b - cy - (c - ay -(a- by}, 

+ 2 (o' - a'y {— {b — cy + (c — ay — (a — 5)**}, 

+ 2 (a' - by {- (b - cy - (c - ay + (a- 5)=}, 

and of the similar terms (a, b, c), (a", b", c"), and in (a', b', c'), (a", b", o"); the above 
written terms are = — 4 into 

(b' — c'y (a — b)(a — c) + (c’ — a'y (b — c){b — a) + {a' — b'y (o — a){G — b), 

which is 

= a'® {b - cy + 6'“ (o - ay + c'^ (a - by 

+ 26'c' (a — 5) (o — a) + 2cV (6 — c) (a — 6) + 2a'6' (o -a)(b — c), 

= {a' (6 — c) + b' (c — a) + c' (a — 6)}“ 

and the value of the norm is thus = — 4(i®+j® + A:“), as it should be. 

Annex III. On the Norm o/ (6 — c) VSl” + (c— a)'/95° + (a — 5 ) when the Centres 

are in a Line. 

The norm of VCF + W + '/W is 

=(i, 1 , 1 , - 1 ,- 1 , - 1527 , V, wy, 

whence that of V ?7 + JT + “JV + V + VW + W is 

= ( 1 , 1 , 1 , - 1 ,- 1 , -i$i7, V, wy 

+ ( 1 , 1, 1,-1, -1, - iw > 

+ 2(1, 1, 1, -1,-1, -1$!7, F, W^U', F, TF), 
where the last term is = 2 into 

V- w) + r'(- u+ r- if) + f'(- u-v+w) 

and the norm of ^17+ U' + U" + ‘^V + W + V'' + '^W + W' + W is obviously composed 
in a similar manner. 
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Now, applying the formula to obtain the norm of 

(& — c) 0 + ct 4 - (c — a) Vft- + 5 + (a — &) + ^ 4 - 7 , 

the expression contains six terms, two of which are at once seen to vanish ; and 
writing for shortness („) in place of (1, 1, 1, —1, —1, —1) the remaining terms are 

(„) {(& - cy a, (c - ay (a - hf 7 )= 

+ 2 („) ((6 - oy a, (c - ay A (a - by - cy a^ (c - ay (a - by c=) 

+ 2d („) {(b - cy a, (0 - ay 13, (a - by 7^(6 - cy , (c - ay , (a - by ) 

+ 26 („) ((6 - cya\ (c - ay (a - by <f$_(b - cy , (c - a)= , (a -by ); 

the first of these terms requires no reduction ; the second, omitting the factor 2, is 

(b-cya [ (b-eya^-(c-ayb^-(a-byc^] 

+ (c — ay /S [— (& — c)® a“ + (e — ay b^ — (a — by c®] 

+ (a — by 7 [— (6 — cy a? — {c — ay 6® + (a — by c“] ; 

which is 

= 2(a—b)(b — o)(c — a) [6c (6 — c) a + ca(o — a) ;8 + a6 (a—b) 7]. 

Similarly the third term, omitting the factor 26, is 

(6 — c)® a [ (6 — c)® — (c — ay — {a — 6)®] 

+ (c — ay /8 [— (6 — c)® + (c — ay — {a — 6)®] 

+ (a - by 7 [- (6 - c)® - (c - a)® + (a- 6)®], 

which is 

= 2 (a - 6 ) (6 — c) (c - a) [(6 - c) a + (c - a) y 8 + (a - 6 ) 7 ], 

and for the last term, omitting the factor 26, this may be deduced therefii-om by writing 
(a®, 6®, c®) in place of (a, yS, 7), viz., it is 

= — 2 (a — 6)® (6 — c)® (c — ay. 

Hence, restoring the omitted factors, and collecting, we find 

Norm {(b — c)’>/a!‘ + d + a+(c-a)^b^+6 + ^ + (a-b)V<f‘ + d + y} 

= (6 - c)* a® + (c - + (a - 6)* 7® - 2 (c - a)® (a - by /S7 - 2(a-6)®(6-c)®7a-2(6-c)®(e-a)®a;a 

+ 4^(a-6) (6-c) (c-a) [ (6-c)a+ (c-a)/3+ (a-6)7j 

+ 4 (a-6) (6-c) (c-a) [bc(b-c)a+ca(c-a)ff + ab{a-b)y] 

— 4 s 6 (a — by (b — cy (c — ay. 
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Hence, first writing a- x, h — x, o — x in place of a, &, c ; then for and 
0 -"^ — V'% ~ c"^) for (a, 7) ; and finally introducing z for homogeneity, we find 

Norm {( 6 --c) V(ia? — + 3/2 — 4 , (c — V„ + (a — 6 ) V,,} = into 

{(b - cy + (c - ay b"* + (a - 6 ^ c"^ 

- 2 (c - a )2 (a - 6)2 b"^ c"^ - 2 (a - &)" (& - cy c"^ a"^ - 2 (6 - c)" (c - af b"^) 
( 6 _c)(c~-a)(a- 6 )[ ( 6 -c)a "2 + (c-a) 6"2 + (ci- 6 )c'' 2 ] 

— 4 (6 — 0 ) (c — a) (a — 6 ) { (6 — c) a"^ ( 2 ^^ be — 2 ra; (& + c) + 

+ (c — a) 6 "^ {z^ ca — zx{c a) + a^) 

+ (a — b) c"® (z^ ab -’Zx(a + b) + x^)} 

— {h — of {0 — of {a — by, 

so that the equation (6 — c) a/SF + (c — a) ^/S° + (a — &) = 0 , in its rationalised form, 

contains {z^ = 0 ) the line infinity twice, and the curve is thus a conic. If = V'^ = 
then the expression of the norm is 

= z^ into — 4 (cK — 6)2 (6 — oy (c — a-)f (t/® - 2 ?®), 


viz., when the three circles have each of them the same radius W, the curve is the 
pair of parallel lines — and in particular when &" = 0, or the circles reduce 

themselves each to a point, then the curve is y^ = 0, the axis twice. 


Annex IV. On the Trizomal Curves ^lU+^mV+dnW—O, which have a Cusp, or 

two Nodes, 

The trizomal curve VZ^7‘^-VmF^-V?^T^=0, has not in general any nodes or cusps: 
in the particular case where the zomal curves are circles, we have however seen how 
the ratios I \ m \ n may be determined so that the curve shall acquire a node, two 
nodes, or a cusp; viz., regarding a, b, c as current areal coordinates, we have here a 

conic “ + ^ + “ = 0, the locus of the centres of the variable circle, and the solution 
a b c 

depends on establishing a relation between this conic and the orthotomic circle or Jacobian 
of the three given circles. I have in my paper Investigations in connection with 
Oasey’s Equation,” Quart Math. Jour, vol. viii. (1867), pp. 334 — 342, [395] given, after 
Professor Cremona, a solution of the general question to find the number of the curves 
Vi?7+VmF+VnTr=0, which have a cusp, or which have two nodes, and I will here 
reproduce the leading points of the investigation. I remark, that although one of the 
loci involved in it is the same as that occurring in the case of the three circles 
(viz., we have in each case the Jacobian of the given curves), the other two loci 
S and A, which present themselves, seem to have no relation to the conic of centres 
which is made use of in the particular case. 
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We have the curves U—0, V=0, Tr=0, each of the same order r\ and con- 
sidering a point the coordinates whereof are (I, m, «<), we regard as corresponding to 
this point the curve VZZJ-h Vw/F-f V'w.'Pr==== 0, say for shortness, the curve being as 
above a curve of the order 2r, having r® contacts with each of the given curves 
== 0, 7 = 0, Tr= 0. As long as the point (Z, m, n) is arbitrary, the curve f2 has not 
any node, and in order that this curve may have a node, it is necessary that the 
point (Z, m, n) shall lie on a certain curve A; this being so, the node will, it is easy 
to see, lie on the curve J, the Jacobian of the three given curves; and the curves 
J and A will correspond to each other point to point, viz., taking for (Z, m, n) any 
point whatever on the curve A, the curve H will have a node at some one point 
of J\ and conversely, in order that the curve fl may be a curve having a node at 
a given point of J", the point (Z, m, n) must be at some one point of the curve A. 
The curve A has, however, nodes and cusps; each node of A corresponds to two points 
of Jy viz,, for (Z, m, n) at a node of A, the curve 11 is a binodal curve having a node 
at each of the corresponding points of J ; each cusp of A corresponds to two 

coincident points of J, viz. for (Z, m, at a cusp of A, the curve fl has a node at 

the corresponding point of J, The number of the binodal curves fi is thus equal to 
the number of the nodes of A, and the number of the cuspidal curves is equal to 

the number of the cusps of A; and the question is to find the Pliickerian numbers of 

the curve A. This Professor Cremona accomplished in a very ingenious manner, by 
bringing the curve A into connexion with another curve S (viz., 2 is the locus of 
the nodes of those curves lU-^^mV+nW^O which have a node), and the result arrived 
at is that for the curve A 

Order = 3 (r — 1) (3r — 2), 

Class = 6 (r — 1)®, 

Nodes = f (r — 1) (27r® — 63r® -H 22r -h 16), 

Cusps = 3(r-l)(7r-8), 

Double tangents = f (r — 1) (12r® — 36r® -f 19r + 16), 

Inflexions = 12 (r ~ 1) (r — 2) ; 

so that, finally, the number of the cuspidal curves VZZZ+VmF+VnTT— 0, is found to be 
= 3(r — l)(7r — 8), and the number of the binodal curves of the same form is found 
to be =1 (r — 1) (27r®— 63?^+ 22r+ 16). When the given curves are conics, or for r = 2, 
these numbers are =18 and 36 respectively; but the formulae are not applicable to 
the case where the conics have a point or points of intersection in common; nor, 
consequently, to the case of the three circles. 
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CORRECTIONS AND ADDITIONS TO THE MEMOIR ON THE 
THEORY OF RECIPROCAL SURFACES {Phil Tram. vol. clix. 
1869 , [ 411 ]). 


[From the Philosophical Transactions of the Royal Society of London, vol. clxil (for the 
year 1872), pp. 83 — 87. Received July 22, — Read November 16, 1871.] 

1. I AM indebted to Dr Zeuthen for the remark that although the "" oflp-points ” 
and “off-planes,” as explained in the memoir, are real singularities, they are not the 
singularities to which the d, 6' of the formulae refer. The most convenient way of 
correcting this is to retain all the formulae with 6, & as they stand, but to write 

fi), ft)' for the number of “ off-points ” and “ off-planes ” respectively ; viz. we thus have 

(o, off-points, 

Q, unexplained singular points, 

and 

ct)', off-planes, 

unexplained singular planes, 

the formulae as they stand, taking account of the unexplained singularities Q and ff, 
but not taking any account at all of the off-points and off-planes <», The extended 
formulae in which these are taken into account are; 

a(ri — 2) = /c — jB-l-p + 2cr-f- 3®, 

6 — 2) = p + 2^ + 37-1- %t, 

c — 2) = 2<r + 4)8 + 7 -f 0 + ®, 

a (n - 2) (^ - 3) = 2 (S - a - 3®) + 3 (ac - 3<r - - 3®) -h 2 (06 - 2p - j), 

j — 2)(7i — 3)= 4& -1- (a6 — 2p— j) + 3 (6c — 3y3 — 27- i), 

c (7i-2 )(n -3)= 66 + (oc -3<r-%-3®) + 2(6 c- 3/8-27-i), 

which replace Salmon’s original formulae (A) and (B). 

C. VI. 


73 
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2. In the formulae 

gr — 52 _ j — 87 — 6^, 
r — — — 3/3, 

it is assumed that the nodal curve has no actual multiple points other than the 
t triple points, and no stationary points other than the 7 points which lie on the 
cuspidal curve ; and similar“ly that the cuspidal curve has no actual multiple points, 
and no stationary points other than the ^ points which lie on the nodal curve ; and 
this being so, q is the class of the nodal curve and r that of the cuspidal curve. 
But we may take the formula? as universally true ; viz. q may be considered as 
standing for 6^ — 6 — 2ife — 37— 6^. and r as standing for — c — 2A — 3/S; only then q 
and r are not in all cases the classes of the two curves respectively. 

3. In the formulas No. 6 ^ seq., introducing the new singularity co, we have as 
follows : 

(u - 6 — c) (71 — 2) = (a: — B 0 -f 2a)) — 6/3 ~ 47 — 3^, 

(a -26 -3c) (7^-2)(7^-3)-2(S-^7-3a))-8/fc-18A- 12 (6c- 3/3-27-0; 

and substituting these in = a (a — 1) — 26 — 3c, and wiiting for n' its value 
= a (a — 1) — 2S — Sat, we have, as in the memoir, 

nf = n(n‘- 1)'-* — n (76 + 12c) + 46® + 86 + 9c® + 15c 
— Sic — Sh “f* 18^ 127 “b 12i — 9^ 

-2a-3B-30; 

viz. there is no term in w. 

Writing (?^ -- 2) (n — 3) = a + 26 + 3c -H (— 4?^ + 6) in the equations which contain 
(n — 2) (n — 3), these become 

a (— 4?^ + 6) = 2 (S — (7) — a® — 4p — 9cr — 2j — 3% — loco, 

6 (— 4w 4 - 6) = 4ik — 26 ® — 9 ^ — 67 — 3i — 2p — 
c (— 472. + 6) — 6A — 3ci® — 6^ — 47 — 2i — 3(r — — 3a), 

(Salmon's equations (C)); and adding to each equation four times the corresponding 
equation with the factor (72.-2), these become 

a®-2a = 2(a- (7) + 4(/c-B)-o--2j-3x-3a>, 

26® - 26 = 4A - /S + 67 + 1 2^ - 3i + 2p - j , 

3c® — 2o = 66. “h 10/3 + 4i0 — 2i -b 5(r “ ^ “h o). 

Writing in the first of these a®-2a = 7i' + 2S4-3A:-a, and reducing the other two 
by means of the values of q, r, the equations become 

Ti' -- (X = — 2(7 — 4B 4 - a: — <7 — 2^’ — 3% — 3a), 

2 j 4” ^ 4- 3i 4-y = 2p, 

3r 4- c 4- 2i 4- % — 5(7 4- /3 4- 40 4- o). 
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The reciprocal of the first of these is 

0-'= + a:'- 2/ - Sx-^G' - 45'- 3®'; 

viz. writing a == (n - 1) - 26 — 3c, and /c = 3n(7i-2)— 66 — 8c, this is 

0-' = 49X (?i - 2) - 86 - 1 Ic - 2/ - 3;^:' - 2 C' - 45' - Say ' ; 

and it thus appears that the order <t' of the spinode curve is reduced by 3 for each 
off-plane co'. 

4, As to the other two equations, writing for p, o* their values, these become 
j + Qt + Si + 5yS -h 67 = 6 (2n — 4)— 2q, 

2x + Sq) 4ii + 18y8 + 67 = c (on — 12) *— 6r -h 30, 

equations which admit of a geometrical interpretation. In fact, when there is only a 
nodal curve, the first equation is 

j -i- 6t — b (2n — 4) — 2q, 

which we may verify when the nodal curve is a complete intersection, P = 0, Q = 0 ; 
for if the equation of the surface is (A, 5, O^P, Qy = 0, where the degrees of 
A, B, G, P, Q are n — 2/, n — 2g^f^ g respectively, then the pinch-points are 

given by the equations P = 0, Q = 0, A(7 — 5^ = 0, and the number j of pinch-points 
is thus 

^fg (2^ - 2/- 2g), == (2n - 4)/^ - 2fg (/+ g-2)] 

but for the curve P = 0, Q = 0 we have ^ = 0, and its order and class are h^fg, 
q=fg (f-\- g — 2), or the formula is thus verified. 

Similarly, when there is only a cuspidal curve, the second equation is 

-h 3a> = c (5n - 12) - 6r + 30, 

which may be verified when the cuspidal curve is a complete intersection, P — 0, Q = 0; 
the equation of the surface is here (A, 5, OJP, Q)^ — 0, where A(7 — 5® = AfP-f J7Q, 
and the points %, o) are given as the intersections of the curve with the surface 
(A, 5, -Jf)" = 0. 

Now AG — B^ vanishing for P = 0, Q—0 we must have A — Aol^ + A\ 5 = Aay8+5', 
O = AyS® + O', where A\ 5', O' vanish for P = 0, Q == 0 ; and thence M = AM' -h M", 

N = AN' + N"i where M", N" vanish for P = 0, Q == 0. The equation 

(A, 5, OJA; -iIf)®-0, 

writing therein P = 0, Q = 0, thus becomes A® ( A'a — Af'yS)^ = 0 ; and its intersections with 

the curve P = 0, Q = 0 are the points P = 0, Q = 0, A = 0 each three times, and the 

points P — 0, Q = 0, N'ol — M'ol — 0 each twice; viz. they are the points 2;^ + 3®, 

But if the degree of A is == then the degrees of N', AT, a®, are 2n — Sf— 2g — 

27 z — 2/— 3^ — \, n — 2/—\, n—f—g — X, 9^ — 2^ — \, whence the degree of A® (i7'a — ATyS) 
is — and the nutaber of points is —fg(^n—Qf—&g\ viz. this is 

=fg (591 - 12) - 6/sr (/-^ - 2), 

or it is — 0(59^ — 12) — 6r; so that 0 being =0, the equation is verified. 


73—2 
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5. It was also pointed out to me by Dr Zeuthen that in the value of 24^ given 
in No. 10 the term involving % should be —6% instead of +6x> aJid that in consequence 
the coefiScients of x erroneous in several others of the formulae. Correcting these, 
and at the same time introducing the terms in and writing down also the terms 

in 0 as they stand, we have 


4i = 

— ^x~^ 30— 3ft), 

li 

...— 6;)^ 4- 90— 9ft), 

2or =5 

... — 0— ft), 

8p = 

...4- &x- 9"^ 

8k = 

6% 4- 170 -25ft), 

2S = 

...4- 90 4-15q), 

8«,'= 

. . . — ^9^ 4" 210 — 45ft), 

c' = 

...-12x4- 100 -20ft). 


The equations of No. 11, used afterwards. No. 53, should thus be 

4i 4- 6r = (on — 12) c — 18)8 — 5y — 2x + 80 — Say, 

— 24i — Sg + 18r = (— 8?^ + 16) b 4 - (\5n — 36) c — 34)8 4 - 9 ^ 4 - 4J — 6x 4 - 90 — 9ft) ; 
and from these I deduce 

44g4-^r==(447i-88)5-i-(J^?i-63)c-^/8-^fa7«- 132i--87i-22j--^X + ¥<^* 

6. In No. 32 we have (without alteration) 0 = 16: but in the application (Nos. 40 

and 41) to the surface FP^ + GIt^^ = 0 we have 0 = 0, and there are off-points, 

= 0, P = 0, Q = 0, and x — 9P9, close-points, (? = 0, P = 0, Q = 0. The new equations 
involving w are thus satisfied. 

7. I have ascertained that the value of )8' obtained, Nos. 51 to 64 of the memoir, 
is inconsistent with that obtained in the ""Addition’’ by consideration of the deficiency, 
and that it is in fact incorrect. The reason is that, although, as stated No, 53, the 
values of two of the coefficients P, E may be assumed at pleasure, they cannot, in 
conjunction with a given system of values of A, B, G, be thus assumed at pleasure; 
viz. A, P, G being =110, 272, 44 respectively, the values of P, E are really deter- 
minate. I have no direct investigation, but by working back from the formula in the 
Addition I find that we must have P = ^, P = 315; the values of the remaining 
coefficients then are 

P=^, = / = -198; 

or the formula is 

)8'=2?i(n-2)(ll?^-24) 

-(11071,-272)64-442 

-(^72.-315)04* 

+ ^)8 4-^74- 198^ 

— hG — gB —ad —Xj — jj^x — v0 — fco 

- EG' -g'F- afi' - X'f - - v'd' -fW ; 

but I have not as yet any means of determining the coefficients /, f' of the terms 
in ft), ft)'. 
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From the several cases of a cubic surface we obtain as in the memoir; but 
applying to the same surfaces the reciprocal equation for instead of the results of 
the memoir, we find 

h' =- 4, 

g' + 16v =-198, 
g'+ 2ya= 45, 
g +g' = 18, 

X =5 

(so that now X + \' = — 2, as is also given by the cubic scroll). And combining the 
two sets of results, we have 


h 

= 24, 

X 

= 5, 

H' 

= ¥+k. 

V 


K 

= - 4, 

9' 

= 18-2, 

V 

= - 7, 


n' = 

~ I ~ '3^5' 5 

but the coefficients g, x, of, /, f are still undetermined. To make the result agree 
with that of the Addition, I assume a? = — 86, a?' = — 1, = + 28 ; whence we have 

/S' = 2?i('n,- 2) (1171-24) 

- (11071-272) 6 + 442 

- (^71— 315) C + ^T- 
+ i^/3 + i^7+198t 

- 24C - 285+86?: - 5j + ^ (9 - /a 

+ 40" +105'+ ?' + 7/+ 8x'- 

and if we substitute hei’ein the foregoing value of 442 + ^7", we obtain 

/S' = 27?, (77, - 2) (1177 - 24) 

+ (- 6671 + 184)6 
+ ( — 9377, + 252) c 
+ 153/9 + 93y + 66t 

-24(7-285 -f-27y-38x +J^^-/a 
+ 40" + 105' + f'+ 7/+ 8x'- 

which, except as to the terms in a, a', the coefficients of which are not determined, 
agrees with the value given in the Addition. 

Dr Zeuthen considers that in general %' = i\ I presume this is so, but have not 
verified it. 
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ON THE THEOKY OF EECIPEOCAL SUEFACES. 


\Puhlished as an Addition by Prof. Cayley in Dr Salmon’s Treatise on the Analytic 
Geometry of Three Dimensions^ 4th Ed. (8vo. Dublin, 1882), pp. 592 — 604.] 

620. In further developing the theory of reciprocal surfaces it has been found 
necessary to take account of other singularities, some of which are as yet only imperfectly 
understood. It will be convenient to give the following complete list of the quantities 
which present themselves ; 

order of the surface, 

a, order of the tangent cone drawn from any point to the surface. 

S, number of nodal edges of the cone. 

K, number of its cuspidal edges. 

p, class of nodal torse. 

0 -, class of cuspidal torse. 

b, order of nodal curve. 

k, number of its apparent double points. 
f number of its actual double points. 
t, number of its triple points. 
j, number of its pinch-points. 

q, its class. 

c, order of cuspidal curve. 

hj number of its apparent double points. 
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0j number of its points of an unexplained singularity- 
X, number of its close-points. 
a>, number of its off-points, 
r, its class. 

/3, number of intersections of nodal and cuspidal curves, stationary points on cuspidal 
curve. 

7, number of intersections, stationary points on nodal curve, 
i, number of intersections, not stationary points on either curve. 

(7, number of cnicnodes of surface. 
jB, number of binodes. 

And corresponding reciprocally to these : 
n\ class of surface. 

a', class of section by arbitrary plane. 

S', number of double tangents of section. 

/c', number of its inflexions. 

p\ order of node-couple curve. 

o*', order of spinode curve. 

b\ class of node-couple torse. 

k', number of its apparent double planes. 

number of its actual double planes. 
if, number of its triple planes. 

/, number of its pinch-planes. 
g', its order. 

c', class of spinode torse. 

K, number of its apparent double planes. 

6\ number of its planes of a certain unexplained singularity. 

X, number of its close-planes, 
number of its off-planes, 
its order. 

/3', number of common planes of node-couple and spinode torse, stationary planes of 
spinode torse. 

7', number of common planes, stationary planes of node-couple torse, 
number of common planes, not stationary planes of either torse, 
number of cnictropes of surface. 
jB', number of its bitropes. 

In all 46 quantities. 
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621. In part explanation, observe that the definitions of p and cr agree with those 
given. Art. 609: the nodal torse is the torse enveloped by the tangent planes along 
the nodal curve ; if the nodal curve meets the curve of contact d, then a tangent plane 
of the nodal torse passes through the arbitrary point, that is, p will be the number 
of these planes which pass through the arbitrary point, viz. the class of the torse. So 
also the cuspidal torse is the torse enveloped by the tangent planes along the cuspidal 
curve; and <r will be the number of these tangent planes which pass through the 
arbitrary point, viz. it will be the class of the torse. Again, as regards p' and cr' : the 
node-couple torse is the envelope of the bitangent planes of the surface, and the node- 
couple curve is the locus of the points of contact of these planes ; similarly, the 
spinode torse is the envelope of the parabolic planes of the surface, and the spinode 
curve is the locus of the points of contact of these planes; viz. it is the curve UH 
of intersection of the surface and its Hessian ; the two curves are the reciprocals of 
the nodal and cuspidal torses respectively, and the definitions of p', a' correspond to 
those of p and cr. 

622. In regard to the nodal curve 6, we consider k the number of its apparent 

double points (excluding actual double points) ; f the number of its actual double 
points (each of these is a point of contact of two sheets of the surface, and there is 

thus at the point a single tangent plane, viz. this is a plane f', and we thus have 

/'=/); t the number of its triple points; and j the number of its pinch-points — 

these last are not singular points of the nodal curve pe7' se, but are singular in regard 

to the curve as nodal curve of the surface ; viz. a pinch-point is a point at which 
the two tangent planes are coincident. The curve is considered as not having any 
stationary points other than the points 7, which lie also on the cuspidal curve; and 
the expression for the class consequently is j = 6^ — 6 — 2i — S7 — 6^. 

623. In regard to the cuspidal curve c we consider h the number of its apparent 

double points ; and upon the curve, not singular points in regard to the curve per se, 
but only in regard to it as cuspidal curve of the surface, certain points in number 

d, %, 0) respectively. The curve is considered as not having any actual double or other 

multiple points, and as not having any stationary points except the points /3, which 
lie also on the nodal curve; and thus the expression for the class is r = c® — c— 2A— 3^. 

624. The points 7 are points where the cuspidal curve with the two sheets (or 
say rather half-sheets) belonging to it are intersected by another sheet of the surface; 
the curve of intersection with such other sheet belonging to the nodal curve of the 
surface has evidently a stationary (cuspidal) point at the point of intersection. 

As to the points A to facilitate the conception, imagine the cuspidal curve to be 
a semi-cubical parabola, and the nodal curve a right line (not in the plane of the 
curve) passing through the cusp; then intersecting the two curves by a series of 
parallel planes, any plane which is, say, above the cusp, meets the parabola in two 

real points and the line in one real point, and the section of the surface is a curve 

with two real cusps and a real node ; as the plane approaches the cusp, these 
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approach together, and, when the plane passes through the cusp, unite into a singular 
point in the nature of a triple point (= node -f- two cusps) ; and when the plane passes 
below the cusp, the two cusps of the section become imaginary, and the nodal line 
changes from crunodal to acnodal. 

625. At a point ^ the nodal curve crosses the cuspidal curve, being on the side 
away from the two half-sheets of the surface acnodal, and on the side of the two 
half-sheets crunodal, viz. the two half-sheets intersect each other along this portion of 
the nodal curve. There is at the point a single tangent plane, which is a plane i' ; 
and we thus have i=^i\ 


626. As already mentioned, a cnicnode O is a point where, instead of a tangent 
plane, we have a tangent quadricone ; and at a binode B the quadricone degenerates 
into a pair of planes. A cnictrope G' is a plane touching the surface along a conic; 
in the case of a bitrope jB', the conic degenerates into a flat conic or pair of points. 

627. In the original formulae for a(n—2), 6(71 — 2), c(7i— 2), we have to write fc — B 
instead of /c, and the formulae are further modified by reason of the singularities 6 
and CO. So in the original formulae for a (ti — 2) (7^ — 3), 6 (ti — 2) (tz. — 3), c (ti— 2) ( 7^— 3), 
we have instead of S to write S — G —3q>; and to substitute new expressions for 
[a6], [ac], [6c], viz. these are 

[ab] = a6 - 2p - j, 

[oc] = oc — 3cr— X — ft), 

[6c] =bc-‘ 3)9 — 2^ — i. 


The whole series of equations thus is 

(1) a' = a. 

(2) /'=/. 

(S) i' = l 

(4) a = n (m - 1) - 26 - 3c. 

(5) k! = 8n (n •— 2) — 66 — 8o. 

(6) S' = in(n- 2) (w“ - 9) - (n^-n- 6) (26 + 3c) + 26(6 - 1) + 66c + |c(c - 1). 

( 7 ) a(n— 2)= k — £ +p + 2a- + 3a>. 

(8) 6 (to — 2) = p + 2£ + Siy + 8t. 

(9) c(to-2)= 20- + 4/S+ 7 + 0 + ®. 

(10) a(TO-2)(TO-3) = 2(8-(7-3Q)) + 3(ac-3o--x-3a)) + 2(a6-2p-j ). 

(11) 6 (to— 2)(to-3) = 4* + (ab — 2p—j ) + 3(6c — 3/3-27- i). 

(12) c (to-2)(to- 3) = 6A + (ac-3<r-x-3eo) + 2(6c-3^-27-i). 

(13) q = b^-b-2k-2f-$y-6t. 

(14) r = c® — c — 2A — 3)9. 

C. VI. 


74 
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Also, reciprocal to these 

(15) a'= »'(?i'-l)-26'-3c'. 

(16) K = Zn' (n' - 2) - 66' - 8c'. 

(17) S = in' (n'- 2) (w'= - 9) - (n'‘ -n'-6) (26' + 3c') + 26' (6' - 1) + 66'c' + |c' (c' - 1). 

(18) a'(n'-2) = K'-B'+p' + 2<7' + So>'. 

(19) 6' (n' - 2) = p'+ 2J5' + 3y' + 3f. 

(20) c' (7i' - 2) = 2cr' + 4j3'+ y+ &' + a>'. 

(21) a' (n' - 2) (n' - 8) = 2 (S' - O' - 3®') + 3 (aV - Str' - x' - 3®') + 2 (a'6' - 2p' - /). 

(22) 6'(«'-2)(»'-3)= 4ifc' + (a'b'-2p' -j'} + 3 (6'c' - 3/5' - 2^' - 1'). 

(23) c'(w'-2)(re'-3)= 6A' + (a'c' - -Scr' - - 3®') + 2 (6'c' - S^Q' - 27' - i')- 

(24) q’ = 6'= - 6' - 2A' - 2/' - 87' - Si'. 

(25) r' = c'=-c'-2A'-3jS', 

together with one other independent relation, in all 26 relations between the 46 quantities. 

628. The new relation may be presented under several different forms, equivalent 
to each other in virtue of the foregoing 25 relations; these are 

(26) 2(n — l) (w — 2) (w — 3) — 12 (ti — 3) (6 + c) +6g' 4- 6r + 24t + 42y8 4- 3O7 — = 2 ; 

(27) 26ra - 12c - 40 - 105 4- /S- 7^-8x4-161-4® =2, 

in each of which two equations 2 is used to denote the same function of the accented 
letters that the left-hand side is of the unaccented letters. 

(28) /S' 4- Id' = 2n (n - 2) (Ite - 24) 

4- (— 66ra 4- 184) 6 
-h (— 93« 4- 252) c 

+ 22(254-374-30 
+ 27 (45 + 7 + d) 

-h5 + |d 

- 240 - 285 - 21 3 - 38x - 73® 

+ 40' + 105'+ 7/+ 8x'- 4®'. 

Or, reciprocally, 

(29) 5 4- |d = 2ra' (n' - 2) (11%' - 24) 

+ (-66%' + 184)6' 

+ (-93w' + 252)c' 

+ 22 (2/S' + 37' + 30 
+ 27(45'+ y'+d') 

4- 5' + Id' 

- 240' - 285' - 27/ - 38^' - 73®' 

+ 40 + 105 + I3 + 8x - 4®. 
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The foregoing equation (26) in fact expresses that the surface and its reciprocal have 
the same deficiency ; viz, the expression for the deficiency is 

(30) Deficiency = J (7^ - l)(?^ - 2 ) (?2 - 3) - (w - 3)(i + c) + 1(^ + r) -i- 2]5 + 1/9 + fy + ^ - ^0, 

= ^(n'- l)(w'- 2)(n'- 3) - &c. 

629. The equation (28) (due to Prof. Cayley) is the correct form of an expression 
for yS', first obtained by him (with some errors in the numerical coefficients) from 
independent considerations, but which is best obtained by means of the equation (26) ; 
and (27) is a relation presenting itself in the investigation. In fact, considering a as 
standing for its value (ti -« 1) — 26 — 3c, we have from the first 25 equations 


6 a = S 

+ 2 3n— c— /c — 2 

— 2 a(n — 2) — K + B — p — 2cr -- Bco =2 

— 4 6 (?^ — 2) — p — 2/9 — 3y — 3^ =2 

— 6 c (w — 2) — - 2o- — 4/9 — 7 — ^ — ft) =2 

+ 2 w + a: — ^— 2C — 4iB — — 3% — 30) = 2 

— 3 2g' — 2p + /9 + j =2 

— 2 3r + c — 6<r“/9 — 40 + %--a) =2 


and multiplying these equations by the numbers set opposite to them respectively, and 
adding, we find 

— 2n® + 12n® + 4n 4- 6 (12w — 36) + c (12^1 — 48) 
_0g_6r-4C~lOS-41/9-3O7-24^-7j~8x + 2i9-4® = 2, 

and adding thereto (26) we have the equation (27); and from this (28), or by a like 
process, (29), is obtained without much difficulty. As to the 8 2-equations or symmetries, 
observe that the first, third, fourth, and fifth are in fact included among the original 
equations (for an expression which vanishes is in fact = 2) ; we have from them 
moreover 3w — c = 3a' — k\ and thence 3?i — c — /c = 3a' — /c — /c', which is = 2, or we have 
thus the second equation; but the sixth, seventh, and eighth equations have yet to 
be obtained. 

630. The equations (15), (16), (17) give 
n' = a (a — 1) — 23 — 3/c, 
c' = 3a (a — 2) — 63 — 8a:, 

V = ■J-a(a — 2) (a^ - 9) - (a® - a — 6) (23 4- 3a:) 4- 23 (3 -r 1) + 63a: 4- f/c (« — 1) ; 
from (7), (8), (9) we have 

(a — 6 — c) (?i — 2) — /c “ jB — 6^ — 47 — 3^ — B 4 - 2g>, 

(a — 26 — 3c) (?^ — 2) (^^ — 3) = 2 (3 — (7) — 8A — 18A — 66c 4- 18^ 4- 127 4- 6i — O®, 

74—2 
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and substituting these values for k and S, and for a its value =n.(w — 1)— 26 — 3c 
we obtain the values of n\ c\ V ; viz. the value of n is 

= ^ (7^- 1)2 -72. (7& + 12c) + 4&2+ 86+ 9c2 + 15c 

- 8* - 18A + 18^8 + 127 + 12i - 

-2(7-35-3(9. 

Observe that the effect of a cnicuode C is to reduce the class by 2, and that of a 
binode B to reduce it by 3. 

631. We have 

(?i — 2 ) (tz — 3) = n® — + (— 4?^ + 6) = a + 26 + 3c + (— 4 j?z + 6), 

and making this substitution in the equations (10), (11), (12), which contain (tz- 2) (?z — 3), 
these become 

u (— 4n + 6) = 2 (S — (7) — ^2 _ 4^ — 9^ _ 2j — 3% — 15o>, 

6 (— 4?z + 6) = 4A — 26® — 9/9 — 67 — Si — 2p -j, 
c (— 4?z + 6) = 6A — 3c2 — 6/9 — 47 — 2i — 3cr — — 3<a), 

{the foregoing equations (C) Salmon p. 586) ; and adding to each equation four times 
the corresponding equation with the factor (n — 2), these become 

— 2a = 2 (S — (7) + 4 (a: — 5) — cr — 2J — 3% — 3g), 

26® — 26 = 4^; — jS + 67 + 12t — 3i + 2p — 

3c® — 2c = 6A + lOyS + 40 — 2i + So- — % + 61). 

Writing in the first of these a®— 2a =7^'+ 2S + 3a: — a, and reducing the other two by 
means of the values of q, r, the equations become 

?z' — a = — 2(7 — 45 + /c — <r — 2J — 3% — 3ca, 

2q + ^ + 3i + J = 2p, 

3r + c + 2i + % = 5(7 + yS + 40 + o), 

which give at once the last three of the 8 2-equations. 

The reciprocal of the first of these is 

= a — 7z + /c' — 2/ “ — 2(7' — 45' — So)', 

or writing herein a = 7z(?i — 1) — 26— 3c and a:'= 3 ?i( 7 z — 2) — 66 — 8c, this is 

<7' = 4?z (n - 2) - 86 - 1 1 c - 2/ - 3%' - 2 a' - 45' - 3©', 

giving the order of the spinode curve ; viz. for a .surface of the order n without 
singularities this is = 4?z(7z— 2), the product of the orders of the surface and its Hessian. 
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632. Instead of obtaining the second and third equations as above, we may to 

the value of h (— + 6) add twice the value of 6 (n — 2) ; and to twice the value of 
c (— 4- 6) add three times the value of c {n — 2), thus obtaining equations free from 

p and <7 respectively; these equations are 

6 (—2^ + 2) = 44 — 26^ — 5y8 — + 6^ — 

c (— + 6) = 12A — 6c^ — 57 — 4i ~ 2;3 ^ + 3^ — 3q), 

equations which, introducing therein the values of q and r, may also be written 

h {2n — 4) = 2g + 50 + 6y + + Si + j + 

c (5n — 12) + 3^ = 6r 4- 18/8 + 57 4- 4i 4* 2% + 3a>, 

Oonsidering as given, n the order of the surface ; the nodal curve with its singularities 
fi 5^ 3 the cuspidal curve and its singularities c, h ; and the quantities /8, 7, ^ which 
relate to the intersections of the nodal and cuspidal curves ; the first of the two 
equations gives j, the number of pinch-points, being singularities of the nodal curve 
quoad the surface ; and the second equation establishes a relation between 6, x> the 
numbers of singular points of the cuspidal curve quoad the surface. 

In the case of a nodal curve only, if this be a complete intersection P = 0, Q = 0, 
the equation of the surface is (A, B, Q)®=0, and the first equation is 

6(- 2n4-2) = 4&-26®4-6i5-y; 

or, assuming ^ = 0, say j = 2 (w — 1) 6 — 26*4- 4^, which may be verified; and so in the 
ease of a cuspidal curve only, when this is a complete intersection P = 0, Q = 0, the 
•equation of the surfiice is (A, B, G'^P, Q)® = 0, where AG MP + NQ ; and the 

second equation is 

c (— 5n H- 6) = 12h — 6c® — 2^ H- SO — 3®, 

•or, say 

2x+Sco^ (5n - 6) c - 6c® + 12A -1- 3(9, 

which may also be verified. 

633. We may in the first instance out of the 46 quantities consider as given 
the 14 quantities 

n ; h, k, f, t-, e, h, 9. X ; 7. » ; 0, B, 

then of the 26 relations, 17 determine the 17 quantities 

a, 8 , K , p , O' ; j, q j »■» ® > 

n';a',8',K' ; b', f ; c' ; i', 

and there remain the 9 equations 

(18), (19), (20), (21), (22), (23), (24), (25), (28), 
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Taking then further as given the 5 quantities /, G\ B\ 

equations (18) and (21) give p\ 
equation (19) gives 2/3' + 87' -1- 3^', 

„ (20) „ 4/3'+ 7'+ 

. (28) „ /3' + i0', 

so that taking also t' as given, these last three equations determine /3', 7', 6'] and 
finally 

equation (22) gives k\ 

(23) „ h\ 

(24) „ ff', 

» (25) „ T, 

viz. taking as given in all 20 quantities, the remaining 26 will be determined. 

634. In the case of the general surface of the order w, without singularities, we 
have as follows: 

a = 71 (71 — 1), 

B = ^72 (tz — l)(7i — 2) (n — 3), 

/c = 71 (ti — 1) (7Z— 2), 

72,'= — 

a' = n {71 — 1 ), 

S' = ^71 {71 — 2) (7^® — 9), 

/c' ~ 372. (72. — 2), 

6' = ^71 {n — 1) (tI — 2) (72.® — 71® + 72 — 12), 

X*' = ^72, (t^ — 2) (72^® — M + 1672® — 5472^ + 16472® — 28872® + 54772^ —105872®+ 106872®— 121472 + 1464), 
t' = ^72 (72 — 2) {rH — 472® + 7/2® — 4572^ + 11472® — III72® + 54872 — 960), 

(/' = 72 (72 — 2) (72 — 3) (72® + 272 — 4), 
p' = 72 (72 — 2) (72® — 72® + 72 — 12), 
c' = 472 (72 — 1) (72 — 2), 

A' = ^72 (72 — 2) (1672^* — 6472® + SOrt® — IO872 + 156), 

7^ = 272(72- 2) (372-4), 

(T = 472 (72 — 2), 

^'= 272 (72 -2) (1172 - 24), 

rf = 4?2 (72 — 2) (72 — 3) (72® — 372 + 16), 

the remaining quantities vanishing. 
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635. The question of singularities has been considered under a more general point 
of view by Zeuthen, in the memoir "Recherche des singularit^s qui ont rapport k une 
droite multiple d’une surface/’ Math, Annalen, t. iv. pp. 1 — 20, 1871. He attributes to 
the surface: 

A number of singular points, viz, points at any one of which the tangents form 
a cone of the order /x, and class i/, with y + Tj double lines, of which y are tangents 
to branches of the nodal curve through the point, and z + ^ stationary lines, whereof 
z are tangents to branches of the cuspidal curve through the point, and with ii double 
planes and v stationary planes; moreover, these points have only the properties which 
are the most general in the case of a surface regarded as a locus of points ; and S 
denotes a sum extending to all such points. {The foregoing general definition includes the 
cnicnodes v = % y = rj ^ z = = and [also, but not properly] the binodes {fju = 2, 

77 = 1, i/ = 2/ = &c. = 0), [it includes also the off-points (/a = z; = 3 , z — v = 7/ = 77 = (= 0)].} 

And, further, a number of singular planes, viz. planes any one of which touches 
along a curve of the class ya' and order v\ with y' + rj' double tangents, of which y' 
are generating lines of the node-couple torse, / + stationary tangents, of which / are 
generating lines of the spinode torse, u' double points and v' cusps; it is, moreover, 
supposed that these planes have only the properties which are the most general in 
the case of a surface regarded as an envelope of its tangent planes; and S' denotes 
a sum extending to all such planes. {The definition includes the cnictropes = 2, 

y = 77' = / = f' = ^4' = ?;' = 0), and [also, but not properly] the bitropes (yf = 2, y = l, 
z/' = y = &c. = 0), [it includes also the off-planes (y = z/' = 3, z'^v' — 1, / = 77'=:C'=0)].} 

636. This being so, and writing 

X = v + 2i] + 3f, x' = v '•{' 27) H- SJ*', 

the equations (7), (8), (.9), (10), (11), (12), contain in respect of the new singularities 
additional terms, viz. these are 

a (?i - 2) = ... + S (ya- 2) - 97 - 2^], 

6 (n - 2) = ... -h S [2/ (yu, - 2)], 
c (?i-2)= ... +2 [-sr (yLt-2)], 

a{n — 2) (n’-S) = ... -h2 [x(—4jll + 7) + 27) + 4f], 

6 (?^ - 2) (?^ - 3) = . . . + 2 [y (- 4/^ + 8)] - 2' (4u' + 3v'), 

c(n^2)(n-^ 3) = ... + 2 [z (- 4/4 + 9)] -2' {2v% 

and there are of course the reciprocal terms in the reciprocal equations (18), (19), (20), 
<(21), (22), (23). These formulae are given without demonstration in the memoir just 

referred to : the principal object of the memoir, as shown by its title, is the consider- 

ation not of such singular points and planes, but of the multiple right lines of a 
surface; and in regard to these, the memoir should be consulted. 
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NOTES AND EEFEEENCES. 

384. The conclusion arrived at Nos. 27 — 30 that the transformed curve of the 
order D + 1 depends upon 4 jD — 6 parameters is at variance with Eiemann’s theorem 
according to which the number of parameters is 3p — 3, (p Eiemann =i) Cayley), =3D — 3, 
and this last is the correct value. My erroneous conclusion is referred to in the 
preface to Clebsch and Gordau’s Theorie der AheVschen Fwnctionen (Leipzig, 1866), 
“Unter den von Eiemann behandelten Theilen der Theorie haben wir die Frage nach 
der Anzahl der Moduln einer Klasse von Aberschen Functionen ausschliessen zu milssen 
geglaubt. Diese Frage ist durch die scharfsinnigen Betrachtungen des Herrn Cayley 
Gegenstand der Controverse geworden : sie ist uberhaupt wohl zunachst nur durch tiefe 
algebraische Untersuchungen endgiiltig zu entscheiden, fiir deren Schwierigkeiten die gegen- 
wartig bekannten Methoden nicht mehr auszureichen scheinen.*’ In the case D (or p) = 3, 
my value is 10, Eiemann’s is 9 : that the latter is correct was shown by a direct 
proof in the paper Brill, “Note bezuglich der Zahl der Moduln einer Klasse von 
algebraischen Gleichungen,” Math. Ann., t. I. (1869), pp. 401 — 406 : the explanation of 
my error is given in the paper, Cayley, “Note on the Theory of Invariants,” Math. 
Ann., t. III. (1871), pp. 268—271. 

400. The question here considered, viz., the expression of a binary sextic f in 
the form v and u a cubic and a quadric respectively, forms the basis of 

the very interesting investigations contained in the Memoir, Clebsch “Zur Theorie 
der binaren Formen sechster Ordnung und zur Dreitheilung der hyperelliptischen 
Functionen,” Qott. Ahh., t. xiv. (1869), pp. 1 — 59. Considering / as a given sextic it is 
remarked that the number of solutions, or what is the same thing the number of 
the functions u or v, although at first sight = 45, is really = 40 ; supposing that there 
is a given solution u, v, or that the sextic function is in the first instance given in 
the form — then if any other solution is u', we have — where 

v\ u' are functions to be determined : there are in all 39 solutions, a set of 27 and a set 
of 12 solutions: viz. writing the equation in the form (v+v')(v—v')=(u—u')(u--6u')(u—^'), 
e an imaginary cube root of unity, then either the v + v^ and the v — v' contain each 
of them as a factor one of the quadric functions w— w', (which gives 

the set of 27 solutions) or else the and the v — v' are each of them the product 

of three linear factors of the quadric functions respectively (which gives the set of 12 
c. VI. 75 
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solutions). It may be added that the 27 solutions form 9 groups of 3 each and that 
these 9 groups depend upon Hesse’s equation of the order 9 for the determination of 
the inflexions of a cubic curve; and that the 12 solutions are determined by an 
equation of the order 12 which is the known resolvent of this order arising from 
Hesse’s equation and is solved by means of a quartic equation with a quadrinvariant 
= 0. As appears by the title of the memoir, the question is connected with that of 
the trisection of the hyperelliptic functions. 

401, 403. On the subject of Pascal’s theorem, see Veronese, Nuove teoremi sail’ 
hexagrammum mysticum,” R. Accad, dei Lincei (1876 — 77), pp. 7 — 61 ; Miss Christine 
Ladd (Mrs Franklin), “ The Pascal Hexagi’am,” Amer. Math. Jour., t. Ii. (1879), pp. 1—12, 
and Veronese, “Interpretations gdometriques de la thdorie des substitutions de n lettres, 
particuliferement pour = 3, 4, 5, en relation avec les groupes de 1 Hexagramme Mysti- 
que,” Ann. di Matem., t. XL 1882—83, pp. 93—236. See also Eichmond, “A Sym- 
metrical System of Equations of the Lines on a Cubic Surface which has a Conical 
Point,” Quart. Math. Jour., t. xxii. (1889), pp. 170—179, where the author discusses a 
perfectly symmetrical system of the lines on the cubic surface and deduces from them 
equations of the lines relating to a Pascal’s hexagon ; there are of course through the 
conical point 6 lines lying on a quadric cone and these by their intersections with the 
plane give the six points of the hexagon : the interest of the paper consists as well 
in the connexion established between the two theories as in the perfectly symmetrical 
form given to the equations. 

406, 407. A correction was made by Halphen to the fundamental theorem of 
Chasles that the number of the conics (X, 4iZ) is = a/i, + ^v, he finds that a diminution 
is in some cases required, and thus that the general form is, Number of conics 
(X, 4}Z) = (Xfji. + ^V'-T: see Halphen’s two Notes, Gomptes Rendus, 4 Sep. and 13 Nov., 
1876, t. LXXXIIL pp. 537 and 886, and his papers “Sur la theorie des caractdristiques 
pour les coniques,” Proc. Lond. Math. 8oc., t. ix. (1877 — 1878), pp. 149 — 170, and “ Sur 
les nombres des coniques qui dans un plan satisfont . k cinq conditions projectives et 
independantes entre elles,” Proc. Lond. Math. Soc., t. x. (1878 — 79), pp. 76 — 87 : also 
Zeu then’s paper “Sur la revision, de la thdorie des caractdristiques de M. Study,” 
Math. Ann., t. xxxYn. (1890), pp. 461 — 464, where the point is brought out very clearly 
and tersely. 

The correction rests upon a more complete development of the notion of the 
line-pair-point, viz. this degenerate form of conic seems at first sight to depend upon 
three parameters only, the two parameters which determine the position of the coincident 
lines, and a third parameter which determines the position therein of the coincident 
points: but there is really a fourth parameter. {Compare herewith the point-pair, or 
indefinitely thin conic, which working with point-coordinates presents itself in the first 
instance as a coincident line-pair depending on two parameters only, but which really 
depends also on the two parameters which determine the position therein of the vertices.} 
As to the fourth parameter of the line-pair-point the most simple definition is a 
metrical one; taking the semiaxes of the degenerate conic to be a and h (a = 0, 6 = 0) 
then we have two positive integers p and q prime to each other such that the ratio 
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aP : is finite ; and this being so the fractional or it may be integer number 'p : q 

is the fourth parameter in question. But it is preferable to adopt Halphen’s purely 
descriptive definition, viz. we consider a conic 1° in reference to three given points 
y, ^ on a given line, and take x, x' for the intersections of the conic with the 
line : we take a = (y, t, x) — (y, z, t, x') for the difference of the corresponding anhar- 
monic ratios of the three points with the points x, d respectively; and 2° we consider 
the conic in reference to three given lines F, Z, T through a given point and take X, X' 
for the tangents from the given point to the conic; we take h=(Y, Z, T, X)—(F, Z, T, X') 
for the difference of the corresponding anharmonic ratios of the three lines with the 


lines X, X' respectively 

7 _ X-X' 
Z--X.Z^X' • 


^observe that these values are a = - 

Y-T 


x — x 




,, and 


z — x.z^-x' ' z — y , z — 

Y ^ — y j . Here when the conic is a line-pair-point, x = d and 


X = X', where a = 0 and 6 = 0, but we have as before the integers p and q such that 
: 6^ is finite, and we have thus the fourth parameter p : q. 


Halphen’s correction is now as follows, starting fi:om the formula number of conics 
(X, 4<Z) = afjb+ ^Vy we may have among the a/ju + iSv conics line-pair-points any one of 
which if we disregard altogether the fourth parameter is a conic satisfpng the five 
conditions, but which unless the fourth parameter thereof has its proper value is an 
improper solution of the problem and as such it has to be rejected : if the number 
of such solutions is = F, then there is this number to be subtracted, and the formula 
becomes. Number of conics (X, 4F) = -f — F. 


It may be asked in what way the fourth parameter comes into the question at 
all: as an illustration suppose that a, h denoting the semiaxes of a conic, or else the 
above mentioned descriptively defined quantities, then p, q, h denoting given quantities 
{p and q possitive integers prime to each other) the condition X may be that the 
conic shall be such that this implies oP : 6^ finite, and hence clearly if the 

system of conics (X, ^Z)^ contains line-paii*-points, no such line-pair-point can be a 
proper solution unless this relation = k is satisfied. 

412. Zeuthen’s Memoir of 1876 presently referred to contains applications to the 
theory of Cubic Surfaces, the numerical results given in the table p. 539 agree for 
the most part with those of the Memoir 412, see p. 363, but for the surfaces IH, VI, IX 
and XII discrepancies occur in the values of r' and h' relating to the spinode develope. 
As to this observe that Zeuthen’s h'y or say N includes actual as well as apparent 
double planes, and we have d = — c' — 27i' — S/S', my h' relates to apparent double 
planes only, but as I assume that there are no actual double planes the formula is 
r' = c'® — c' — 2A' — 3/3', and as the values of c' and /S' agree we have in fact in eaph of 
the four cases r' + 2h' (Cayley) = r' + 2A' (Zeuthen). The values found are 



III 

VI 

IX 

xn 

III 

VI 

IX 

XII 

Cayley 

72 

24 

12 

6 ■ 

/ 42 

24 

32 

9 

Zeuthen n 

84 

30 

24 

7 

r' 18 

12 

8 

7 
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and assuming the correctness of Zeuthen’s values it would seem to follow that the 
four forms of surface have 

12 , 6 , 12 , 1 


actual double planes respectively. 


413. In the equation No. 36. a=AP + Bq + GR + .. = Q, it is implicitly assumed 
that the number of terms P, Q, It, - . is finite, viz. the implied theorem is that any 
given fc-fold relation whatever {k of course -a. finite number)^ there is always a finite 
number of functions P, Q, R, - . . such that every onefold relation included in the A-fold 
relation is of the form in question fl, =AP+BQ + OR-^..., =0; this seems self- 
evident enough, but I never succeeded in finding a proof: a proof of the theorem has 
however been obtained by Hilbert, see his papers “Zur Theorie der algebraischen 
Gebilden (Erste Note),” Gott. Nachr. No. 16, (1888), pp. 450—457. 


411, 415, 416. The first and second of these papers precede in date Zeuthen’s 
Memoir of 1871 referred to in 416, but I ought in that paper to have referred also 
to his later Memoir, “Revision et extension des formules num^riques de la theorie 
des surfaces rdciproques,” Math. Ann. t. x. (1876), pp. 446 — 546. I compare the 
notations as follows, viz. for the unaccented letters we have 


Cayley. 

n, a, B, K, p, a 

h, q, k, t, 7 

c, r, h, R, 6, <0 

h X 
C, B 

f> i 

23 letters in all. 


Zeuthen. 

n, a, S, a:, p, a- 
&, q, k, t, y I s 
c, r, h, I m 
X 

B, U,0 
f> i d, g, e 
27 letters in all. 


Here for Zeutbenla A, A, I have written A, K viz. these numbers represent the 
Pliickerian equivalents of the number of double points for the nodal and cuspidal curves 
respectively. Zeuthen considers also the general node, say E (/x-, v, y u, v), 

see 416, this includes the cnicnode G and off-point ce>, and accordingly he includes 
under it and takes no special notice of these singularities, but it does not properly 
include, and he takes special notice of, the binode B\ it does not extend to the 

case where the tangent cone breaks up into cones each or any of them more than 

once repeated, and accordingly not to the case of a unode U where the tangent 
cone is a pair of coincident planes. He introduces this singularity, and also the 
singularity of the osculating point 0 which is understood rather more easily by means 
of the reciprocal singularity of the osculating plane O', this is a tangent plane 
meeting the surface in a curve having the point of contact for a triple point; and he 
disregards my unexplained singularity 6. The letters 5 , m do not denote singularities; 

s is the class of the envelope of the osculating planes of the nodal curve, m the 
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class of the envelope of the osculating planes of the cuspidal curve. Finally d denotes 
the number of stationary points (cusps) of the nodal curve, exclusive of the points 7 
which lie on the cuspidal curve; and g and e denote, g the number of ordinary 
actual double points of the cuspidal curve, e the number of stationary points (cusps) 
of the same curve, exclusive of the points ^ which lie on the nodal curve. 

Moreover with Zeuthen, the nodal curve has 

3^+/+ 30' 4- 2' double points 

(^ = A; + 3^+/+30' + 2'5 if Tc denotes, as with me, the number of apparent double points 
of the curve), and it has 

7 + cZ + 2' stationary points. 

The cuspidal curve has 

9 -H 6%' + 125' + f7' + 40' + 2 + 2' double points 

(A = A + ^r + 6%' + 125'+ i7' + 40' + 2 + 2', if A denotes, as with me, the number of 
apparent double points of the curve), and it has 

/3 + e + 20' stationary points 

and the nodal and cuspidal curves intersect in 

3y5 + 27 + + 120' +2 + 2' points ; 

where I have written 2 and 2' to denote sums (different in the different equations) 
determined by Zeuthen, and depending on the singularities ® and S' respectively. 

For comparison of my formulae with Zeutheffs it is thus proper in my formulae to 
write 0 = 0, c«) = 0, 0 = 0 (but in the first instance I retain 6) and in his formulae to 
write !7 = 0, 0 = 0, ci = 0, 5^ = 0, 6 = 0, 2 = 0, 2' = 0. Doing this the last mentioned 
formulae give as with me 3i +/ double points and 7 stationary points for the nodal 
curve, but they give for the cuspidal curve 6%' + 12^' (instead of 0) double points and 
yS stationary points; and the two curves intersect (as with me) in 3yS + 27 + i points. 
There is a real discrepancy in the number Qx + double points on the cuspidal 

curve. 
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I compare his (6 + 26 + 1 =) 33 relations : 

(1) a = a'. d — d'. 

i=i', h = h'. 

(6) w(n— 1) = a + 26 + 3c. 

(7) a(a-l) = w + 2S' + 3«'. 

(8) c~k' — S (n — a). 

(9) h{b-l) = q + 2k + By + M + T. 

(10) [3 (6 — 3') = 7 + d — s + S', determines s], 

(11) c(c-l) = r + 2A + 3;S + 60' + 3e. 

(12) [3(c— r)=:/3 + c — m + 20' + S', determines ?n]. 

(13) flr (w — 2) = ac — 5 + P + 2^ + S. 

(14) 6 (ji — 2) = p + 2^ + 87 + 3t + 90' + S. 

(15) c (n ~ 2) = 2<r + 4/3 + 7 + 8 %' + 16.8' + 120' + S. 

(16) a(n - 2)(?i - 3) = 2(8 - 30)+ 3 (oo- So-- %) + 2 (a6 - 2p -j). 

(17) 6(w-2)(n-3) = 4(A-3t-/) + (a6-2/j-j) + 3(6c-3/3-27-i) + 390' + S + S'. 

(18) c (n - 2) (w - 3) = 6(k-6x'-12B'~n'' - 40' -p) + (ae -3cr~x)-h 2(6c -B^-2y- i). 

-300' + S + S', 

with the like reciprocal equations (6) to (18); 

(19) 0- +m -r -/3 -4/-3;t'~140' + S' 

= 0-' + w' — / — jS' — 4j — 3% — 14 O + S. 


where k = 
1 = 
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and my (3 + 22 + 1 =) 26 relations as follows : 

( 1 ) a — a\. 

( 2 ) /=/'. ... 

(3) i =i', 

(4) a — « (n — 1) — 26 — 3c. 

(5) k" = 3w (w — 2) — 66 — 8c. 

(6) S' = (ra — 2) {n^ — 9) — &c. 

(A) (13) q —h^ — h — 2k — 2f—Zy — ^t 

(B) (14) r =c^-c-2h-Z^. 

(C) (7) a{n~2} = k-B + p + 2ff + tim. 

(B) (8) 6 (ji “ 2) = jC + 2y8 + 3^ + 3fe 

(E) (9) c (ji — 2) = 2(r + 4^ + ly + ^ + ®. 

(F) (10) a(?i-2)(?i-3) = 2(S-0-3ffl)+3(ac-3(r-x-3®) + 2(a6-2/)-; ). 

(G) (11) b(n-2)in~Z)= ‘ 4>k + (ab-2p-j ) + 3(6c -2/3-2y-f). 

(H) (12) c(«-2)(n-S)= Qh + (ac-3o— %-3 g))+2(6c - 3yS-2y-i), 

with the like reciprocal equations (4) to (14); 

(I) (26) 2(n -1)(« -2)(n -3)-12(w -3)(6 +c) + 65 +6r +24t +42(S + 30y -f^. 

= 2(?i' - \)(n’ - 2){n' - 3) - 12 (n' - 3)(6' +e') + 6/ + 6/ + 24t' + 42^' + 30y' - f 

k + 3/" + 3t + 30' + 2. 

h+g + 6x' + l^B'+ I7'+40'-+2+2'. 
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Substituting for h, Ji their values we have instead of (A), {B\ (G), (D) the 
equations 

(A') ¥-h + 6t+ 60'+ 37+ 3S + 2 + 2'. 

(B') C--C =r + 2A + 2^ + 12%' + 245' + 227' + 140' + 3^6 + 3^ + 2 + 2'. 

(O') J(7i- 2)(9 z- 8) = 4^; + 270' + (a6- 2p -j) + 3 (&c- 3y8- 27 - i) + 2 + 2'. 

(H') c(7i-2)(n-3) = 6/i-S00' + (ac-.3o‘-%) + 2(&c-3^-27-i) + 2 + 2'. 

Writing as before 0 = 0, ftj = 0; U=0, 0=^0y g = 0, e = 0, and neglecting the 

terms in 2, 2', the two equations (E) become 

Zeuthen c — 2) = 2o- + 4/3 + 7 + 8x + 165', 

Cayley 0 — 2) = 2cr + 4/3 + 7 + ^, 

which can be made to agree by writing ^ = 8%' + 165'. But we have 

Zeuthen (5') — c =r + 2/i + 3j8 + 12;^' + 245', 

Cayley (5 ) c- — c = r + 2A + 3/3, 

values which differ by the terms 12%' + 245', or if 6 has the value just written down, 
the term f 0. 

I refrain from a comparison of the two equations (I.), and of the expressions for 
the deficiency given by these two equations respectively — but I notice here the 
expression for the deficiency obtained by Zeuthen in the last section (XIV.) of his 
Memoir, viz. this is 

24 (5 + 1) = c' — 12(Z + 24?i + /8 + Sr — 15c + 2cr + 6% + 12%' +6g-h9e 
+ 85+245' + 18!7+60’'+60' 

+ 2 (3i/ + 3^ + 897 + 13?) + 2'(6?). 

The problem is a very diflScult one, and it cannot be held that as yet a complete 
solution has been obtained. Take in plane geometry the question of reciprocal curves : 
here, using throughout point-coordinates, we start with a curve represented by the general 
equation (x, 3/, z)'^ = 0, such a curve has only isolated singularities, viz. the line-singularities 
of the inflexion and the double tangent, we know the expression in point-coordinates of 
any such singularity (inflexion or double tangent as the case may be), viz. we can at 
once write down the equation of a curve of the order n having a given stationary 
tangent and point of contact therewith, or a given double tangent and two points of 
contact therewith. Returning to the general curve (x, y, 5r)^ = 0, we know that the 
reciprocal curve has other isolated singularities, viz, the point-singularities which corre- 
spond to these, the double point (or node) and the stationary point (or cusp), and we 
know the expression of any such singularity (node or cusp as the case may be), viz. 
we can at once write down the equation of a curve of the order n having at a given 
point a node with given tangents, or a cusp with given tangent. And then starting 
afresh with a curve of the order n having a node or a cusp we obtain the effect 
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thereof as regards the line-singularities of the inflexion and the double tangent. We 
are thus led to consider as ordinary singularities in the theory the above-mentioned 
four singularities of the inflexion, the double tangent, the node and the cusp; and we 
know further that any other singularity whatever of a plane curve is compounded in 
a definite manner of a certain number of some or all of these singularities. 

But in the theory of surfaces, starting in like manner with the general equation 
{x, y, z, wY = 0, such a surface has torse-singularities, the node-couple torse, and the 
spinode-torse ; each of these is in general an indecomposable torse of a certain kind 
(but there is the new cause of complication that it may break into two or more 
separate torses), but we do not know the analytical expression of these singularities, 
nor consequently the analytical expression of the curve-singularities which correspond 
to them, the nodal curve and the cuspidal curve. Thus if we attempt to start with 
a surface {x, y, z, wY == 0 having a nodal curve, we can indeed write down the equation 
in its most general form, viz. if the nodal curve has for its complete expression the h 
equations P = 0, Q = 0, P = 0, &e. (viz. if the curve is such that every surface whatever 
through the curve is of the form XI, =-4P + PQ-{- CP -h =0) then the most general 
equation of the surface having this curve for a nodal curve is (u4, P, G, ...][P, Q, P, ...)^ = 0, 
but this form is far too complicated to be worked with ; and if for simplicity we take 
the nodal curve to be a complete intersection P = 0, Q = 0, and consequently the 
equation of the surface to be {A, P, OJP, Qf—O, then it is by no means clear that 
we do not in this way introduce limitations extraneous to the general theory. The 
same difficulty applies of course, and with yet greater force, to the cuspidal curve; 
and even if we could deal separately with the cases of a surface having a given 
nodal curve, and a given cuspidal curve, this would in no wise solve the problem for 
the more general case of a surface having a given nodal curve and a given cuspidal 
curve. It is to be added that the general surface of the order n has no plane- or 
point-singularities, and thus that such singularities (which correspond most nearly to 
the singularities considered in the theory of reciprocal curves) present themselves in 
the theory of reciprocal surfaces as extraordinary singularities. 


END OF VOL. VI. 
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